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Abstract

In this paper, we defined new norms in 2-normed spaces derived from the 2-norm with respect
to its quotient spaces. Moreover, these norms were used to observe some aspects of 2-normed
spaces, namely a Convergent sequence, a Cauchy sequence, completeness, a closed set, and
a bounded set. Furthermore, we used these aspects to prove the Fixed-Point Theorem in a
2-Banach Space.
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1 Introduction

A normed space is a vector space that is equipped with a norm. Let X be a vector space, then a
function || - || : X — R that satisfies

L. [jz]| >0, for all z € X;

2. |jz|| =0, if and only if z = 0 and =z € X;
3. |lax|| = |||z, for any a € R and z € X;
4z +yll < llzfl + [lyll, for all z,y € X;

is called a norm. A pair (X, || -||) is called a normed space [1].

Moreover, in the 1960s Gahler introduced a concept that is generalized from the concept of
normed spaces [2], [3], [4], [5], [6], [7]. Since then, many researchers have developed some aspects
in this space, see for instance [8], [9], [10], [11], [12], [13].

Let X be a vector space with dim(X) > 2, a function [|-,-|| : X x X — R that satisfies:

Ll yl = 0;
2. ||z, y|| = 0 if and only if x,y are linearly dependent;
3. |lazx,y|| = |||z, y|| for all z,y € X and a € R;
4. ||z +y, z|| < ||z, 2| + ||y, 2| for all z,y,z € X;
is called 2-norm and the pair (X, ||-,-||) is called a 2-normed space [14].
For example, R? is a 2-normed space with the 2-norm defined by
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with @; = (241, 2:2) and i = 1,2. Moreover, a function ||z, y||; : R? — R that is defined by

1
(z,2) (z,9)))?
x, = [ det ,
I sl < ((y,@ (y:y)
is also a 2-norm on R2. This 2-norm is called a standard norm on R2. This 2-norm can be

interpreted as an area that is spanned by vectors z1,zs [15]. In [16], one can see that in a
2-normed space we have

21 + g, wal| = [|l21, 2o (1)

Let (X, ||-,-||) be a 2-normed space. We can define a function on a 2-normed space, which is
defined

]l = [lz, yll + [l 2], (2)

with y, z are linearly independent vectors on X. One can check that this function that defined
on (2) is a norm derived from the 2-norm. Thus (X, || - ||«) is a normed space. The readers can
also compare these results with those in [16].

Several previous researchers who have investigated aspects in 2-normed spaces have not
employed the viewpoint of quotient spaces. They observed various aspects in 2-normed spaces
using either the 2-norm itself or norms derived from the 2-norm. Furthermore, this study provides
a new perspective by examining these aspects through a new tool, namely the quotient space.
This new viewpoint offers a deeper understanding of the aspects that have been studied so far.
Moreover, under this new perspective, a fixed point theorem in 2-normed spaces is established.

In the next section, we will observe the 2-normed space using norms of its quotient space.
Quotient spaces in normed spaces play a central role in functional analysis because they allow us
to simplify complex structures by “factoring out” subspaces while still retaining a meaningful
normed structure. They provide a natural framework for understanding equivalence classes of
functions or vectors, especially when analyzing kernels of linear operators and factor spaces.

Moreover, quotient constructions are essential in the development of Banach space theory,
duality, and applications to differential equations and optimization.

2 Preliminaries

In this study, we conducted a literature-based investigation centered on the concept of 2-normed
spaces. Our first step was to define quotient spaces that arise from a given 2-normed space.
Within these quotient spaces, we introduced several norms derived from the original 2-norm.
These newly defined norms provide a useful perspective for examining topological properties
such as the behavior of sequences, completeness, closed sets, and finite sets. These insights form
the groundwork for establishing and proving a Fixed Point Theorem within the framework of
2-normed spaces.

To construct the main tool, let us define quotient spaces on a 2-normed space. Let (X, |-, ||) be
a 2-normed space and A = {a1, a2} be a linearly independent set. Consider a set A\ {a2} = {a1}.
Next, we define a subspace on X that is spanned by A\ {as} = {a1}:

Ay =span{a;} = {aa; : a € R}.
Next, for any u € X, the coset that corresponds to v in X with respect to A is
u=wu+span{a;} = {u+ aa; : v € X and o € R}.

Thus, one can check that
1. 0 =span{a;} = Ay,
2. Let u,w € X, u=w if and only if u —w € Aj.
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Moreover, we have a quotient space X; = X/A; = {u:u € X}. Next, one can see that for
any u,w € X| and o € R, then

1. u+w=u+w,

2. oau = ou.

In this space, we define a function || - || : X — R defined by

[all = [lu; a]]. (3)

Remark 1. Note that the function defined in (3) is well defined. For anyu,u € X} with u,u, we
have u—w € Ay, which means u—w = aay or u = w+aay. Then we have ||u, a;|| = ||lw+aay, a1,
by equation (1) we can write ||u,a1| = [|w,a1||. As a result, |[@|; = ||@]|7.

Based on this function, we have the following theorem.
Theorem 1. Let (X, |-,-||) be a 2-normed space, then (X7,| - ||T) is a normed space.

Proof. The proof is quite easy, we need to prove that the function defined in (3) is a norm. Let
A = {a1, a2} be a linearly independent set in X. Using properties of 2-norm, we have

i. If u = 0, then it is clear that |||t = ||u, a1]| = 0. Conversely, if ||@||f = 0, then ||u, a1|| = 0,
which means u, a1 are linearly dependent. We can write u = aaq, o € R. Thus u € Ay,
then @ = 0.

ii. For any a € R,

leally = llaw, ar|| = |aflju, ax]| = |alf|u]y.
iii. Let u,w € X7, then
la+ @l = [Ju+w, a1l < |lu, ar| + [Jw, ax[| = [[alli + [lwll7.
Thus, || - ||] is @ norm on X7, as a consequence (X7, | - ||7) is a normed space. O
We have defined (X7, | - ||i) as a normed space, where X7 is a quotient space with respect

to Ay. Next, we will construct another quotient set with respect to the following set. Now we
consider the set

A\{ar} = {as}.
Using the same method to define the quotient space, we have a subspace that is spanned by
Ag, namely

A9 = span{as} = {fag : 5 € R}.

We also have,

1. 0 =span{as} = As,

2. Let s,t € X, 5=t if and only if s — ¢ € As.

The quotient space is X5 = X/Ay = {u: u € X}. One can see that for any u,w € X5 and
a € R, then

1. u+w=u+w,

2. au = ou.

In this space, we define a function || - || : X5 — R defined by

[all3 = [lu, az]|. (4)

Note that the function defined in (4) is well defined. The reader can verify this by referring to
Remark 1. By replacing the vector a; with as the desired result can be obtained. We also have
the following theorem.

Theorem 2. Let (X, ||-,-||) be a 2-normed space, then (X5, || -|3) is a normed space, where || - ||5
is a function defined on (4)
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Proof. We prove this theorem by showing that || - |5 is a norm in X3. In the proof Theorem 1,
we use a linearly independent vector a;. To prove this theorem, we can replace vector a; with as.
By following the proof steps presented in Theorem 1, this theorem can be established. O

As we can see, we got two quotient spaces with this type of construction (by “eliminating”
one vector from a linearly independent set A = {aj,a2}). We collect these two quotient spaces
in a set and call it class-1.

Next, we construct another quotient space by “eliminating” two vectors from A using the
same steps as the construction earlier. Let (X, ||-,-||) be a 2-normed space and A = {a1,a2}.
Consider the set A\ {a1,a2} = 0. We define a subspace of X that is spanned by A\ {a1,as2},
namely A; 2 = span(A \ {a1,a2}) = {0}.

The coset that correspond with u € X is u = {u + span(A \ {a1,a2})} = {u}. This means:

1. 0= {0},

2. Let u,v € X, u = v if and only if u — v € 0 which means u = v.

Moreover, the quotient space in X with respect to A; 2 is defined as

Xik72 = X/ALQ = {ﬁ u € X} =X.
We define a function || - [|7 5 : X{ o — R defined by
a7 == llu, aal| + Jlu, az]). ()

Theorem 3. Let (X, |-,-||) be a 2-normed space, then (X7 o, - ||12) 48 a normed space, where
|- lI12 s a function defined on (5).

Proof. The proof is analogous to the proof of Theorems 1 and 2. A simple explanation will be
elaborated in the following Remark. O

Remark 2. One can see that using the last construction (by “eliminating” two vectors of V).
We have one quotient space. We put it in a set and called it class-2. Furthermore, one can also
see that this quotient space we got from the construction is actually X itself. Thus, the norm
that we defined on X7, is the same norm we mentioned earlier in equation (2). The process of
the last construction and Theorem 3 can be another simple way to explain how we got the norm
defined in equation (2).

There is a relation among norms of quotient spaces of class-1 and class-2, as we can see in
equations (3), (4), and (5), we have

[allt2 = llu, arl| + flu; a2l = [l + (]2

Using these norms of quotient spaces of class-1 and class-2, we will define some topological
properties of 2-normed spaces.

3 Results and Discussion

Using the construction norms from the previous section, we will investigate some aspects of a
2-normed space. We start with sequences.

Definition 1. Let (X, |-,-||) be a 2-normed space and A = {a1,az2} be a linearly independent set
in X. A sequence {x,} C X is said to converge to x € X with respect to class-1, if for any e > 0,
there exists an N € N such that for any n > N, we have ||z, — z||} <€, for each i € {1,2}.

We use all norms of quotient spaces in class-1 in Definition 1. Next, we define a convergent
sequence with respect to class-2 as follows.
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Definition 2. Let (X, |-,-||) be a 2-normed space and A = {a1,a2} be a linearly independent
set in X. A sequence {x,} C X is said to converge to x € X with respect to class-2, if for any
€ >0, there exists an N € N such that for any n > N we have ||z, —z|]5 <e.

We have two definitions of the convergent sequence in a 2-normed space. Fortunately, these
definitions are equivalent. Then we can use either of them to investigate the convergence. We
show the equivalence in the following theorem.

Theorem 4. Let (X, ||-,-]|) be a 2-normed space and A = {a1, a2} be a linearly independent set
in X. A sequence {x,} C X is convergent with respect to class-1 if and only if it is convergent
with respect to class-2.

Proof. Let a sequence {z,,} C X converges to x € X with respect to class-1. For any ¢ > 0,
there exists an N € N such that for any n > N we have

9 £
[T =2l = o — 21l < 5 and [Fn =3l = 2w — 2,02 < 5.

Then,

[zn =212 = llzn = 2, a1l + |20 =z, a2]| <e.

This means the sequence {z,} C X converges to x € X with respect to class-1.
Conversely, let a sequence {x,} C X converges to z € X with respect to class-2. For any
€ > 0 there exists an N € N such that for any n > N we have

[2n = 2[[i2 <e.

or
|xn — z,a1]] + ||zn — x, 02| < € (6)

This means each term of the left-hand side of equation (6) is less than €. We write it as
|z —z,a1|| <e and |z, —z,a2] <e,

or
|zn — x| <e fori=1,2,

which means the sequence {z,} C X converges to x € X with respect to class-2. O

The above theorem states that to investigate a convergent sequence in a 2-normed space, we
can use either definition 1 or 2. Since it is equivalent, from this point forward, we will only say a
sequence is convergent. We will also say « is a limit point of {z,} (unless we need to specify the
class). Next, we define a Cauchy sequence with respect to class-1 and class-2.

Definition 3. Let (X, |-,-||) be a 2-normed space and A = {a1,az2} be a linearly independent set
in X. A sequence {x,,} C X is called a Cauchy sequence with respect to class-1 if for any e > 0,
there exists an N € N such that for m,n > N we have

7% — Tl <&, forie{1,2}.

Definition 4. Let (X, |-,-]|) be a 2-normed space and A = {a1, a2} be a linearly independent set
in X. A sequence {x,,} C X is called a Cauchy sequence with respect to class-2 if for any e > 0,
there exists an N € N such that for m,n > N we have

[z — Ty, <e

We also have the following theorem, which states that Definitions 3 and 4 are equivalent.
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Theorem 5. Let (X, ||-,-||) be a 2-normed space and A = {a1,a2} be a linearly independent set
in X. A sequence {x,} C X is Cauchy with respect to class-1 if and only if it is Cauchy with
respect to class-2.

Proof. This proof is quite straightforward. By following the proof of Theorem 4, we can transform
the properties of a convergent sequence into those of a Cauchy sequence. The result will follow. [

Since it is equivalent, from this point forward, we will only say a sequence is convergent
(unless we need to specify the class). Recall that in a normed space, if a sequence is convergent,
then it is Cauchy. We still have this property in a 2-normed space, as stated below.

Theorem 6. If a sequence is convergent in a 2-normed space, then it is Cauchy.

Proof. Since both types (with respect to class-1 and 2) of convergent sequence and Cauchy
sequence are equivalent, respectively, it is sufficient to prove the above theorem with respect to
class-2. Let {z,,} C X converges to z € X, then for any € > 0 there exists an N € N such that
for m,n € N we have

[~ Flia <5 and |7 —lis <5

Then we have
1Zn — Tmlli2 < 1Tn — Zl12 + |Tm — 7|72 < e

This proves the theorem. ]

Let (X, ], -]|) be a 2-normed space, we say X is complete if all Cauchy sequences in X are
convergent. Moreover, X is called a 2-Banach space. Furthermore, to prove the Fixed-Point
Theorem, we define a closed set and a bounded set as follows.

Definition 5. Let (X, |-, -]|) be a 2-normed space. A set H is said to be closed if each point in
H is a limit point of a sequence in H.

Note that a closed set is defined in terms of limit points (convergent sequences). Since
convergence with respect to class-1 and class-2 is equivalent, the notion of a closed set with
respect to class-1 and class-2 is also equivalent. For this reason, in the above definition we simply
use the term ‘closed set’ without specifying the class. Next, we give two definitions of a bounded
set with respect to class-1 and class-2, respectively.

Definition 6. Let (X, ||-,-||) be a 2-normed space. A set B is said to be bounded with respect to
class-1 if there exists a K > 0, for all x € B such that |Z||} < K and ||Z||5 < K.

Definition 7. Let (X, ||-,-]|) be a 2-normed space. A set B is said to be bounded with respect to
class-2 if there exists K > 0, for all x € B such that ||Z]|7 o < K.

Definitions 6 and 7 are also equivalent, as we show in the following theorem.

Theorem 7. Let (X,|-,-||) be a 2-normed space. A set B is said to be bounded with respect to
class-1 if and only if it is bounded with respect to class-2.

Proof. Let B be bounded with respect to class-1 then there exists a K > 0, for all z € B such
that [|Z]|7 < & and ||Z|5 < &. We have |Z[]7 o = [|Z[]7 + [|Z||3 < K. This means B is bounded
with respect to class-2. Conversely, let B be bounded with respect to class-2 then there exists
a K >0, for all z € B such that [|Z|], = [|Z||7 + [|Z]|5 < K. Since the value of the norms will
always be nonnegative, we have ||Z||; < K and ||z||5 < K. This means B is bounded with respect
to class-1. This ends the proof. O

Below, we give definitions of a contractive mapping and a continuous mapping, as well as a
relation between both functions.
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Definition 8. Let (X, ||-,-||) be a 2-normed space. A mapping f:X — X is said to be contractive
with respect to class-1 if there exists a C € (0,1) such that for every z,y € X, we have

1 () = W)l < Cliz =3lli and [[f(x) = F)ll5 < CllT - 7ll5-

Definition 9. Let (X, |-, -||) be a 2-normed space. A mapping f:X — X is said to be contractive
with respect to class-2 if there exists a C € (0,1) such that for every x,y € X, we have

() = fWlli2 < Clz =71,
From the two definitions above, we have the following theorem

Theorem 8. Let (X, ||-,-||) be a 2-normed space. If a mapping f is contractive with respect to
class-1, then it is contractive with respect to class-2.

Proof. Let a mapping f is contractive with respect to class-1, then there exists a C' € (0, 1) such
that for any z,y € X, we have

1f(z) = fW)li <Clz-glli and |[[f(z) - f(y)lz < CllT—7l>

This means

() = fWlie < Clz -7l + Clz -yl = Cllz - 7l7,-

Then, f is contractive with respect to class-2. O

Note that, the constant C' makes the converse of the theorem is a bit hard to prove. But
this theorem is already sufficient for us to prove the Fixed Point Theorem. Next, we have the
definition of a continuous mapping.

Definition 10. Let (X, ||-,-||) and (Z, |-, -||2) be 2-normed spaces. A mapping f : X — Z is said
to be continuous at a point y € X, with respect to class-1 if for all € > 0, there exists a § > 0 such

that for any y € X that satisfies ||T — |7, < and [|T — 7|5, < we have ||f(x) — f(y)li, <e

and || f(x) = f(y)l5, <e.

Definition 11. Let (X, ||-,-||) dan (Z,]|-,-||2) be 2-normed spaces. A mapping f: X — Z is said
to be continuous at a point y € X, with respect to class-2, if for all € > 0, there exists a § > 0

such that for any x € X that satisfies ||z —Y|[(; ), <0, we have || f(z) — f()[|f; ), <&

Note that the norm |[-[|7, and ||-||3, are norms of class-1, which are constructed with respect
to a linearly independent set in X that contains two vectors. Meanwhile, the norms |[|-[|7, and
[-l5, are norms of class-1, which is constructed with respect to a linearly independent set in
Z that contains two vectors. It also applies to the [|-[|f; 5 and |[-[[f; 5), as norms on class-2.
Moreover, we have the following theorem

Theorem 9. Let (X, ||-,-||) be a 2-normed space. If a mapping f is a contractive mapping with
respect to class-1, then it is continuous with respect to class-1.

Proof. Let f: X — X be a contractive mapping with respect to class-1, this means there
exists a C € (0,1) such that for every z,y € X, we have ||f(z) — f(¥)||] < C ||z — 7||] and

|f(x) — f(y)ll5 < C||z — 7|5 Given any ¢ > 0, choose § < ¢/C, such that for any z € X that

satisfies [T — g1 < ¢ and [|7 — g5 < & we have [|f(z) = f(y)lli <eand [[f(x) - f(W)z <&
This means f is continuous with respect to class-1 O

Theorem 10. Let (X,|-,-||) and (Z,]|-,-||2) be 2-normed spaces. A mapping f is continuous
with respect to class-1 if and only if it is continuous with respect to class-2
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Proof. Let f be a continuous function with respect to class-1, then we have for all € > 0, there

exists a 0 > 0 such that for any z € X that satisfies |7 — 7ll1, < $ and ||T — |2y < §

g

implies |[f(z) — f(y)l1, < 5 and |[f(z) = f(y)ll3, < 3. From these, we have |z — ||, 5,

1z =7ll1, + [T =7lz, < then [|f(x) = f(W){12), = IF(2) = FWIT, + /(@) = fW)ll5, <e
This shows that f is continuous with respect to class-2. Conversely, let f be a continuous function
with respect to class-2, then given any ¢ > 0, there exists a d > 0 such that for any = € X that

satisfies |7 -yl + |7 —Ylz, = [T =Tl 2) ) <0 then [[f(z) — fW)lli, = [F(=) = FW)ll5, =

I|f(x) — f(y)HE*1 5), < & One can see that for the first inequality, each term will be less than
e. We can write it as for any y € X that satisfies |7 — 7||i, < d and ||T —g[[5, < ¢ imply

I f(z) = f(W)lli, <eand [ f(z)— f(y)|3, <e. This means that f is continuous with respect to
class-1. This ends the proof O

We need the theorem below before we prove the Fixed-Point Theorem.

Theorem 11. Let (X, |-, |x) and (Z,||-,-||z) be 2-normed spaces and {x,} C X is convergent
to an x € X. If a mapping f:X — Z is continuous, then f(x,) — f(x).

Proof. We will prove the theorem using norm of class-2. Let {z,} C X is convergent to an = € X,
then for any § > 0 there exists an N € N such that for any n > N we have ||z — Z|{, ), <.
For any continuous mapping f: X — Z we have for all ¢ > 0, choose a § > 0 such that for
170 — Z{1 2y, <9, we have |[f(zn) — mem)Z < e. This means f(x,) — f(x) with respect to
class-2. As mentioned before, since the convergence of a sequence and continuity of a mapping
are equivalent with respect to class-1 and class-2, we say f(z,) — f(x). O

Now, we will prove the Fixed-Point Theorem.

Theorem 12. Let (X, ||-,-||) be a 2-Banach space and H C X be a non-empty, and closed set.
If fH — H be a contractive mapping with respect to class-2, then f has a unique fized point.

Proof. Let up € H and {uy} be a convergent sequence in K such that,

uk:f(uk—l) :fk(u0)7 k:1727

Let f:H — H be a contractive mapping, for ug,u; € K, we have

12 (uo) = f2(wa)ll1 2 = I1F (£ (uo)) — f(f (un))IT 2-

Since f is a contractive mapping, there exists a C' € (0,1) such that

1F(f(u0)) = F(fu)llie < Cllf(uo) = fur)lli2-

Once again, because f is a contractive mapping, we can write

1f (o) = f(u)lli 2 < Cluo —wilfi 2.

Then,

1£2(uo) = F2(u)llF2 < C* |[wg — wll] »-

Using mathematical induction, we have

1F5 (o) — FF(ur) i o < CF |l — w7 2.

Moreover, without losing of generality, choose k > m with m = k + p; k,m,p € N. Then

[k =Tl 2 = ok = wkrillie < [k — Terilli g + - 4 [[Whp—1 — Trplli e
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Using the property of sequence {x,}, we have

[k — e < [1f5(uo) = fEun) T+ -+ 15427 (uo) — fFHP=1 ()7,
(C* 4+ P g — w7 o
= (C* 4+ 0™ Y|[ug — w7

IN

The constant C' € (0, 1) implies

lim (C* 4+ C™ Y @ — T} 2 = 0.
k,m—o00 ’

This means, {ux} is a Cauchy sequence. Since (X, |-, -||) be a 2-Banach space, {ux} is
convergent. Let u be the limit point of the sequence, we write up — u. Because f is a continuous
mapping with respect to class-2, then it is continuous with respect to class-2. By Theorem 11,
we have

f(u) = lim f(ur) = lim ug41 = u.
k—o0 k—o0

Now, for the uniqueness, let u and ' be two fixed points of f. We can see that,

[z = l[i 2 = [If () = f(u)]

with C' € (0,1). The above inequality is only true if ||z — u/[|{ 5 = 0. This means u = u’. It
means the fixed point is unique. ]

125C HH_UHT,Q‘

Note that, in Theorem 12, we used a contractive mapping with respect to class-2.

4 Conclusion

We used a new viewpoint to investigate some topological properties of 2-normed spaces. We got
a new viewpoint by constructing some quotient classes in the 2-normed space with respect to a
linearly independent set. Using the norm that is defined in each quotient space, we define several
topological properties, namely convergent sequences, Cauchy sequences, closed sets, bounded
sets, contractive mappings, and continuous mappings. These properties were defined with respect
to class-1 and class-2. We showed that two types of definitions of each property are equivalent.
In the end, using these properties, we proved a fixed point theorem in 2-normed spaces. The
results presented here suggest several avenues for further research. One natural extension would
be to investigate whether similar constructions can be applied to n-normed spaces with n>2,
thereby generalizing the equivalence of topological properties beyond the 2-normed framework.
Another promising direction is the exploration of quotient constructions in probabilistic or fuzzy
2-normed spaces, which could provide insights into uncertainty modeling and applications in
applied sciences.
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