CAUCHY - JURNAL MATEMATIKA MURNI DAN APLIKASI
Volume 4 (4) (2017), Pages 138-145
p-ISSN: 2086-0382; e-ISSN: 2477-3344

Fixed Point Theorems in Complex-Valued b-Metric Spaces

Dahliatul Hasanah

Mathematics Department, Universitas Negeri Malang
JI. Semarang No. 5 Malang Jawa Timur Indonesia 65145

Email: dahliatul.hasanah.fmipa@um.ac.id

ABSTRACT

Fixed point theorems in complex-valued metric spaces have been extensively studied following the
extension of the definition of a metric to a complex-valued metric. The definition of b-metric, which is
considered as an extension of a metric, is also extended to complex-valued b-metric. This extension causes
the study of existence and uniqueness of fixed point in complex-valued b-metric spaces. Fixed point
theorems that have been studied in b-metric spaces are now of interest whether the theorems are still
satisfied in complex-valued b-metric spaces.

In this paper, we study the existence and uniqueness of fixed point in complex valued b-metric spaces. We
consider some fixed point theorems in b-metric spaces to be extended to fixed point theorems in complex
valued b-metric spaces. By using the definition of complex-valued b-metric spaces and the properties of
partial order on complex numbers, we have obtained some fixed point theorems in complex-valued b-metric
spaces which are derived from the corresponding theorems in b-metric spaces.
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INTRODUCTION

Fixed point theorems have been the main topic of many researches in various spaces
including metric spaces. Fixed point theorems in metric spaces have been studied extensively by
many researchers as in [1], [2], and [3]. After Bakhtin [4] introduced the notion of b-metric spaces
in 1989, researchers started to develop fixed point theorems in the spaces, for example in [5], [6],
and [7]. In 2011, Azzam et. al [8] introduced a new metric space called complex-valued metric
space as an extension of the classical metric space in terms of the defined metric. Fixed point
theorems are still of interest to study in the new space. This is shown by many articles talked
about fixed point theorems in complex valued-metric spaces as in [9], [10], dan [11]. The
extension of the notion of metric into complex-valued metric causes the extension of b-metric
spaces into complex-valued b-metric spaces. In this paper, we observe fixed point theorems which
have been established in b-metric space whether the theorems are still applicable in the spaces.

METHODS

First, we recall some basic definitions and properties of b-metric spaces given in [5] and
of complex-valued b-metric spaces given in [12].
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b-Metric Spaces

A b-metric space is considered as a generalization of a metric space regarding the
definition of the metric as defined as follows.
Definition 1 (see [5]). Let X be a nonempty set and let s > 1 be a given real number. A function
d:X X X - [0,) is called a b-metric space if for all x,y,z € X the following conditions are
satisfied.

d(x,y) = 0ifand only if x = y;

d(x,y) = d(y,x);

d(x,y) <s[d(x,z) +d(z,y)].

The pair (X, d) is called a b-metric space. The number s > 1 is called the coefficient of
X,d).

Example 2. Let (X, d) be a metric space. The function p(x, y) is defined by p(x,y) = (d(x, y))z.
Then (X, p) is a b-metric space with coefficient s = 2. This can be seen from the nonnegativity
property and triangle inequality of metric to prove the property (iii).

Complex-Valued b-Metric Spaces

Unlike in real numbers which has completeness property, order is not well-defined in
complex numbers. Before giving the definition of complex-valued b-metric spaces, we define
partial order in complex numbers (see [12]). Let C be the set of complex numbers and z,, z, € C.
Define partial order < on C as follows. We have z; < z, if and only if Re(z;) < Re(z,) and
Im(z;) < Im(z,). This means that we would have z; < z, if and only if one of the following
conditions holds:

(i) Re(z;) = Re(zy) and Im(z;) < Im(zy),

(ii) Re(z1) < Re(zy) and Im(z;) = Im(z,),
(iii) Re(z;) < Re(zy) and Im(z;) < Im(z,),
(iv) Re(z;) = Re(zy) and Im(z;) = Im(z,).

If one of the conditions (i), (ii), and (iii) holds, then we will write z; 5 z,. Particularly, we have
71 < z, if the condition (iv) is satisfied.
From the definition of partial order on complex numbers, partial order has the following
properties:
(i) If0 <2z = 2z, then|z;| <|z|;

(ii) 2z < zyandz, < zz imply z; < z3;
(iii) IfzeC,a b€ Randa < b,thenaz < bz.

A b-metric on a b-metric space is a function having real value. Based on the definition of
partial order on complex numbers, real-valued b-metric can be generalized into complex-valued
b-metric as follows.

Definition 3 (see [13]). Let X be a nonempty set and let s = 1 be a given real number. A function
d:X X X = Cis called a complex-valued b-metric on X if, for all x, y, z € C, the following conditions
are satisfied:
(i) 0<d(xy)andd(x,y)=0ifandonlyifx =y,
(i) d(x,y) = d(y,x),
(iii) d(x,y) < s[d(x,z) + d(z y)].
The pair (X, d) is called a complex valued b-metric space.
Example 4. Let X = C. Define the mapping d: C X C —» C by d(x,y) = |x — y|? + i|x — y|? for all
x,y € X. Then (C, d) is complex-valued b-metric space with s = 2.
Definition 5 (see [13]). Let (X, d) be a complex-valued b-metric space.
(i) A point x € X is called interior point of set A € X if there exists 0 < r € C such that
B(x,r) ={yeY:d(x,y) <r}cA.
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(ii) A point x € X is called limit point of a set A if for every 0 < r € C, B(x,7) N (A — {x}) #
@.
(iii) A subset A € X is open if each element of A is an interior point of A.
(iv) AsubsetA C X is closed if each limit point of A4 is contained in A.
Definition 6 (see [13]). Let (X, d) be a complex valued b-metric space, (x,) be a sequence in X
and x € X.
(i) (x,)isconvergentto x € X if for every 0 < r € C there exists N € N such that foralln >
N, d(x,,x) < r.Thus x is the limit of (x,) and we write lim(x,,) = x or (x,) > x asn —

00,
(i) (x;) is said to be Cauchy sequence if for every 0 < r € C there exists N € N such that for
alln > N, d(xp, Xp4m) <1, wherem € N.
(iii) If for every Cauchy sequence in X is convergent, then (X, d) is said to be a complete
complex valued b-metric space.
Lemma 7 (see [13]). Let (X, d) be a complex valued b-metric space ad let (x,,) be a sequence in X.
Then (x,) converges to x if and only if |d(x, y)| » 0 asn — oo.
Lemma 8 (see [13]). Let Let (X, d) be a complex valued b-metric space ad let (x,,) be a sequence
in X. Then (x,,) is a Cauchy sequence if and only if |d(x,, Xp+m)| = 0 asn — oo, where m € N.

RESULTS AND DISCUSSIONS

The following fixed point theorem is studied by Mishra,et.al [5] in b-metric spaces:
Theorem 9. Let (X, p) be a complete b-metric space and let T: X — X be a function with the
following

p(Tx,Ty) < ap(x,Tx) + bp(y,Ty) + cp(x,y),Vx,y € X
where a, b, and ¢ are non-negative real numbers and satisfy a + s(b + ¢) < 1fors > 1thenT has
a uniqe fixed point.

This theorem is extended to a fixed point theorem in complex valued b-metric spaces as

follows.

Theorem 10. Let (X,d) be a complete complex valued b-metric space and let T: X — X be a
function with the following
d(Tx,Ty) < ad(x,Tx) + bd(y,Ty) + cd(x,y),Vx,y € X
where a, b, and ¢ are non-negative real numbers and satisfy a + s(b + c¢) < 1fors = 1then T has
a uniqe fixed point.
Proof. Let x, € X and (x,,) be a sequence in X such that
Xp = Txp_q = T"x,.

Note that for all n € N, we have
d(Xn42, Xn41) = A(Txnyq, Txy)

< ad(Xpy1, Txny1) + bd(xpn, Txy) + cd(Xpp1, X5)

< ad(Xpy1, Xny2) + bd(xn, Xp41) + cd(Xpg1, Xn)

< ad(Xp42,Xp41) + (b + 0)d (x4, xn)
(1 = a)d(xn42, Xn41) < (b + )d(Xp41, Xn)

b+c
ACtns2 1) < (1) Ot a0

b o :
If we take y = ﬁ and continuing this process, then we have

d(xpi2, Xpe1) < y"+1d(x1, Xo)-

Form € N,

d(xn' xn+m) < S[d(xn' xn+1) + d(xn+1lxn+m)]
< sd(Xp, Xpyq) + SZd(xn+1lxn+2) + Szd(xn+2:xn+m)
< Sd(xn'xn+1) + Szd(xn+1:xn+2) + Sgd(xn+2:xn+3) + e+ Smd(xn+m—1rxn+m)
< sy™d(xg, x1) + s2y™ d(xg, x1) + 3y 2d (%, x1) + -+ + sy (x, x1)
< sy™d(xg, x)[1+ sy + (sp)* + -+ (sy)™ ]
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Now,
|d () Xnam)| < Isy™d (o, x1)[1 + sy + (sy)? + -+ (sy)™ ]
= sy™d(xo, x)[1 + sy + (s¥)? + -+ + (sy)™ 7]
Sincea + s(b +c) < 1fors = 1theny < 1and sy < 1. Taking limitn — oo, we have y™ — 0. This
implies |d(x,, Xp+m)| = 0 as n - . By Lemma 8, the sequence (x,,) is Cauchy sequence in X.
Since X is a complete complex valued b-metric space then (x,) is a convergent sequence.
Let x* be the limit of (x,,). We show that x* is a fixed point of T.

We have
d(x*, Tx*) < s[d(x*, x,) + d(x,, Tx*)]

= s[d(x*,x,) + d(Txp_1,Tx*)]

< sld(x*, x,) + ad(xp—1, Txp—q) + bd(x*, Tx*) + cd (%1, x)]
(1 —bs)d(x*,Tx*) < s[d(x*,x,) + ad(xp_1, Txp_1) + cd(xp_1,x")]

d(x*,Tx*) < [d(x*, x,) + ad(xp_1, Txp_1) + cd(xp_q1,x¥)]

1—bs

d(x*, Tx*) < T bs [d(x*, x,) + ad(xp—1,x,) + cd(xp_1,x")]
Taking the absolute value of both sides, we get

S
|G, T < T |d(", %) + ad Conr, Xn) + €1, 27

<

1 _SbS

< T35 UG, xn)l + ay™ld (x, xo)| + cld (-1, D

Since (x,) converges to x", taking n — o implies |d(x", x,)| = 0 and |d(p—1,%")| = 0. Thus for
n — oo, we have

(1d(x™, x2)| + lad (xn—1, %)| + [cd (tn—1, X))

lim|d(x*,Tx*)| = 0.
This yields

x*=Tx"
Hence x* is a fixed point of T
Now we show the uniqueness of the fixed point of T. We assume that there are two fixed
points of T which are x = Tx and y = Ty. Thus,
d(x,y) = d(Tx,Ty)
< ad(x,Tx) + bd(y,Ty) + cd(x,y)
< ad(x,x) + bd(y,y) + cd(x,y)
< cd(x,y).
Taking the absolute value of both sides, we have
ld(x, Y| < led(x, y).
This implies d(x,y) = 0. Based on the properties of complex valued b-metric, we get x = y. This
completes the proof.

Corollary 11. Let (X, d) be a complete complex valued b-metric space with the coefficient s > 1.
Let T: X — X be a mapping (for some fixed n) satisfying
d(T"x, T"y) < ad(x,T"x) + bd(y,T"y) + cd(x,y)
for all x,y € X where a, b, c are non-negative real numbers with a + s(b + ¢) < 1. Then T has a
unique fixed pointin X.
Proof. Suppose S = T", then by the Theorem 10, there is a fixed point u such that
S(u) =u.

Thus T"(u) = u.
We have
d(T(u),u) = d(T(T”(u)),u)

= d (T"(T(W), T"(w))

< ad (T(u), T”(T(u))) + bd(u, T”(u)) + cd (T (w),u)

= ad (T(u), T(T"(u))) + bd(w,w) + cd(T (W), w)
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= ad(T(u), T(w)) + bd(u,u) + cd(T (u),u)
= cd (T (u),u).
Taking the absolute value of both sides, we have
1d(T (W), w)| < cld(TwW),uw)l.

Hence
(1-0)|d(T(w),w)| < 0.
This must be
|d(T(w),w)| =0,
which is

T(w) =u=T"(w.
So T has a fixed point.
To prove its uniqueness, suppose v is also a fixed point of T. We need to prove that u = v.
We see that
d(w,v) = d(T™(w), T"(v))
< ad(u, T"(w)) + bd(v, T"(v)) + cd(u,v)
= ad(u,u) + bd(v,v) + cd(u, v)
= cd(u,v).
Taking the absolute value of both sides we get
(1-c)duv)<0.
Since ¢ < 1, this yields
d(u,v) = 0.
Thusu = v.
This completes the uniqueness of the fixed point.

Theorem 12. Let (X, d) be a complete complex-valued b-metric space with constant s > 1 and let
T:X — X be a mapping such that

d(Tx,Ty) < ad(x,Ty) + fd(y,Tx)
for every x,y € X, where a,f = 0 with as < 1%5 or fs < 1%5 Then T has a fixed point in X.

Moreover, if a + f < 1, then T has a unique fixed point in X.
Proof. Let x, € X and (x,,) be a sequence in X such that
Xn = Txp_q1 = T"x,.

Now, for every n € N we have
d(xny2, Xne1) = d(Txpg1, Txy)

< ad(xpy1, Txn) + Bd(xn, Txpy1)

= ad(Xp4+1, Xn+1) + Bd(Xn, Xn42)

= Bd(xp, Xn+2)

< sPd(xp, Xni1) + SPA(Xny1, Xny2)
(1 - .Bs)d(xn+1'xn+2) < Sﬁd(xn: xn+1)

d(Xp+1, Xne2) S 1= ,Bsd(xn'xnﬂ)'
Takingy = 1i—’;g and continuing the process yields

d(xn+1'xn+2) < Vd(xn' xn+1)
< y2d(oxp_1, %)

< yn+1d(x0' xl)'
On the other hand,
d(xn' xn+m) < S[d(xn' xn+1) + d(xn+1lxn+m)]
< sd (X, Xpg1) + 52d (n41, Xni2) + 52d (42, Xnem)
< Sd(xn' xn+1) + SZd(xn+1lxn+2) + Ssd(xn+2:xn+3) + ot Smd(xn+m—1rxn+m)
< sy™d(xg, x1) + s2y™ d(xg, x1) + s3y™2d (%, x1) + -+ + sy (xg, x1)
< sy™d(xg, x)[1 + sy + (sy)? + -+ (sy)™ 1.
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Since fis < ﬁ then y € (0, %) and sy < 1. Taking limit n — oo, we have y™ — 0. This implies

|d (%, Xpem)| = 0 asn — co. By Lemma 8, the sequence (x,,) is Cauchy sequence in X. Since X is a
complete complex valued b-metric space then (x,,) is a convergent sequence.
Suppose that (x,) converges to x* € X. We show that x* is a fixed point of T.
d(x*,Tx*) < s[d(x*, x,) + d(x,, Tx™)]
= sd(x*,x,) +sd(Tx,_1,Tx")
=sd(x*,x,) + sad(xp_1,Tx*) + sBd(Txp_1,x")
=sd(x", x,) +sad(x,_1,Tx*) + sBd(x,, x*)
= (s +sB)d(x*, x,) + s?ad(x,_q,x*) + s?ad(x*, Tx*)
(1 —as?)d(x*,Tx*) < (s + sp)d(x*, x,,) + s?ad(x,_1, x*).
Since (x,) converges to x* thatis |d(x", x,,)| = 0 as n — o. and taking the absolute value of both
sides, we have
|d(x*,Tx*)| < 0.
This means that |d(x*, Tx*)| = 0,i.e. x* = Tx". So the limit of the sequence is a fixed point of T.
Now we suppose that « + f < 1. Assume that there are u,v € X such thatu = Tu and v = Tv.
d(u,v) = d(Tu,Tv)
< ad(u, Tv) + Bd(v, Tu)
= ad(u,v) + d(v,u)
= (a + B)d(u,v).
This means that |d(u, v)| < (a + B)|d(u, v)|. Since a + B < 1, then we must have |d(u,v)| =0,
i.e.u = v. The proof of the uniqueness of the fixed point of T when a + < 1 is complete.
Mir [14] studied the following fixed point theorem in b-metric spaces and we generalize
it into complex-valued b-metric spaces.

Theorem 13. Let (X, d) be a complete b-metric space with constant s > 1 and define the sequence
(x,) by the recursion
Xp=Txp_q1 =T"xg,n=12,..
Let T: X — X be a mapping for which there exists u € [o, %) such that
d(Tx,Ty) < uld(x,Tx) + d(y, Ty)]
for all x, y € X. Then there exists x* € X such that x;, = x* and x* is unique fixed point of T

Theorem 14. Let (X, d) be a complete complex-valued b-metric space with constant s > 1. Let
T:X — X be a mapping for which there exists u € [o, %) such that

d(Tx,Ty) < u[d(x,Tx) + d(y, Ty)]
for all x, y € X. Then there exists unique fixed point of T
Proof. We construct a sequence (x;,) in X by
Xp =Txp_q1 =T"x9,n=12,..

for any x, € X. We show that this sequence (x,,) is Cauchy sequence in X and hence is convergent
sequence.
For every n € N we have
d(Xn42, Xn41) = A(Txnyq, Txp)

< u(dQpgr, Thngr) + d(xn, Txy))

= .u(d(xn+1'xn+2) +d(xy, Txn))
(1 — wWd(Xn42, Xn41) < pd(xn, Txn)

d(xn+2' xn+1) < m d(xn+1: xn)

If this process continues, for alln € N we have
po\nHl
ACtszxns)) < (7o) A xo)
Therefore,
d(xp, Xp4m) < s[d(xn Xng1) + d(Xny1, Xnam)]
< 5d(xn, Xni1) +52d (41, Xn42) + 52d(Xnt2, Xnim)
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< Sd(xn:xn+1) + Szd(xn+1;xn+2) + S3d(xn+2rxn+3) + ot Smd(xn+m—1:xn+m)

uo\" po\nt §o\n+2
<sS (1 — ,u) d(xg, x1) + 5° (_1 M) d(xg,x1) + 53 (ﬂ) d(xg, %) + -

>n+m—1

+s™ (1MTM d(xg, xX1)-

ves () (s(75) +...+(s(lgu))’"‘1].

) € [0,1). Taking the absolute value of both sides gives

TN
<s (1 _ #) d(xO!xl)

Note that u € [o, %) implies (ﬁ
|d(xn, Xp4m)| = 0asn - .
Thus (x,,) is Cauchy sequence in X and is therefore a convergent sequence. Suppose x* € X is the
limit of sequence (x,,). We show that x* is a fixed point of T..
Using the properties of b-metric and the mapping T, we get
d(x*, Tx*) < s[d(x*, x,) + d(x,, Tx")]
=sd(x",x,) + sd(Txp_1,Tx")
= sd(x*,x,) + sud(xp—1, Txp_1) + sud(x*, Tx™)
= sd(x*,x,) + sud(x,_1, %) + sud(x*,Tx™)
(1 —=swd(x*,Tx") < sd(x*, x,) + sud(x,_1, %)

u n—-1
= sd(x",xy) + su (m) d(xq,%0)

1 o\l
a=sp sd(x*,xp) + su (m) d(xq, %) |-
Taking the absolute value of both sides and taking n — oo, we have
limd(x*, Tx*) = 0.

This implies x* is a fixed point of T, i.e. x* = Tx".
Now we assume that there exists another fixed point v of T, thatis v = Tv.
We have
d(x*,v) =d(Tx",Tv)

< u(d(x*,Tx*) +d(v, Tv))

= u(d(x*,x*) +d(v, v))

=0.
Taking the absolute value of both sides we obtain |d(x*, v)| < 0 which is a contradiction to the
distinct fixed points. Hence x* is the unique fixed point of T.

d(x*,Tx™) <

CONCLUSION

Complex valued b-metric spaces are considered as a generalisation of b-metric spaces by
changing the definition of real valued metric into complex valued metric. This change is expected
to bring wider applications of fixed point theorems. In this paper, we extend fixed point theorems
in b-metric spaces into fixed point theorems in complex valued b-metric spaces. By using the
properties of partial order on complex numbers, a mapping T on a real valued b-metric space
which has unique fixed point still has unique fixed point in a complex valued b-metric space.
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