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Abstract

A common problem in inventory planning is the uncertainty of demand. One technique for
determining the demand approximation value is the fractal interpolation. The aim of this
study is to develop a fractal interpolation technique using a Fractal Interpolated Function
constructed by the affine function that forms the Box Fractal shape. The developed method
is applied to interpolate rice demand data based on prices at a rice milling factory. Mean
Absolute Percentage Error (MAPE) is used to measure the accuracy of the interpolation
results. For the n'" iteration, the number of boxes formed is 5", and the number of pairs of
points is 4 x 5™. Based on the rice demand data from one of the factories, the best MAPE
was obtained at the 6 iteration, with a value of 16.319%, which falls into the good category.
Based on the data used, the affine function forming the Box Fractal as a Fractal Interpolated
Function can be applied in fractal interpolation techniques.
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1. Introduction

Fractal interpolation is a technique for estimating values between two known values using the
concept of fractals. Fractal interpolation and fractal concept has been applied in various fields.
Among them is the application of fractal interpolation to seismic problems [1], time series data
analysis [2], [3], [4], deep learning analyze [5], analyzing mass transfer in shrimp during convective
drying [6], analysis of COVID-19 spread based [7], and in the financial sector [8]. The development
of fractal interpolation is carried out by determining the variation of the vertical scaling factor
[9], [10], [11]. In addition, development can be carried out on Fractal Interpolated Function (FIF)
[12], [13]. FIF development can use nonlinear functions [10], [14] and affine function that forms a
fractal shape. The affine function that forms the Sierpinski triangle is used as the FIF [15]. In
the [16], the Sierpinski Carpet is used as the FIF. The results of developments [15] and [16] were
applied to interpolate rice demand data. Based on the results of study [15], the MAPE value
was obtained at 23.77% within the sufficient criteria and was carried out in 6 iterations. The
results of study [16] obtained a MAPE value of 7.15% within the very good criteria. The results
of this study illustrate that the selection of fractal shapes in formulating FIF greatly affects
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the interpolation results. In this study, an affine function is developed to form a box fractal
structure as an FIF. The results of this development are applied to rice demand data at a rice
milling factory. The novelty in this study is that the FIF used in fractal interpolation is an affine
function that forms a box fractal structure to interpolate rice demand data.

2. Methods

In this study, a fractal interpolation scheme was developed with an affine FIF, that is a box
fractal forming function. The FIF construct the Box Fractal is five affine functions defined as
follows.
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The function wy, we, w3, wy, ws are mapped the initial box into a congruent box so that the
size of the box is % smaller than the shape produced in the previous iteration. Beside that, ws
translates the shape along the vertical axis by a factor of % units. Subsequently, w3 is mapping
the original shape to a new box and shifting it % units in both the horizontal and vertical
directions to the right. Then, wy shifts the box horizontally by % units. The last, ws maps the
original shape to a new box and shifts it % units in both the horizontal and vertical directions to

the right.

The fractal interpolation calculation algorithm is given as follows.

1. Given the initial data {(z;,y;)T € R?:i=1,2,3,4},21 < 22 < 23 < x4 and the number of
iterations desired. The selection of initial conditions is based on the consideration that the
box region described from the four initial conditions will include all values in the data or
dummy. The four pairs of points selected must form a regular box shape.

2. Determine distance between x1, xo, x3, z4 and distance y1, Y2, Y3, ya

d1:|x1—x2\, d2:|x1—x3\, d3:|.7}1—l‘4‘, d4:|x2—x3\,
ds = |x2 — 4], de = |v3 — 4], dr = y1 — val, ds = |y — ysl,
= |y1 — yal, dio = |y2 — y3l, di1 = |y2 — y4l, di2 = |y3 — ya

3. Determine w; (BJ) based on Eq. (1), w (B ]) based on Eq. (2), ws (l‘;*]) based on

Eq. (3), wy (lj]) based on Eq. (4), and ws ( v ]) based on Eq. (5).
)

y*
4. We get a new box B* = (J;_; w;(B*) = w1 (B*) Uwa(B*) Uws(B*) Uws(B*) Uws(B*).
5. Proceed back to Step 2

Eka Susanti 462



Box Fractal as an Iterated Function System in Fractal Interpolation

6. B* is now a new box involving the interpolated points. The iteration stops when a very
good MAPE value is obtained.

3. Results and Discussion

This section reports the theoretical and empirical results of the proposed approach. We first
formulate the Box Fractal mappings within the IFS framework and then apply the resulting FIF
to the rice demand dataset to assess interpolation accuracy.

3.1. Fractal Interpolation Function

In fractal interpolation theory, an Iterated Function System (IFS) is defined as a set of contractive
mappings used to construct a Fractal Interpolation Function (FIF) as its attractor. An attractor
is a fixed set or curve obtained through infinite iterations of an IFS and remains invariant under
the application of the system. In other words, the desired fractal curve, namely the FIF, is the
attractor of the IFS. Given a complete metric space (X, d) and a finite family of contractions
(fi)ier, where f; : X — X, there exists a unique nonempty compact subset A of X such that

A= fi(A).

i€l
The set A is called the attractor of the IFS
S = ((X,d), (fi)ier) [12].

Given
Z ={(zi,y)T €I x[o,¢]:i=0,1,...,N},

where I = [zg,zny] C R is a closed interval and R denotes the set of all real numbers, consider a
continuous function

fitl— [Ja ()0]
that interpolates the data points such that

f(xi):yi, Vi:O,l,...,N.

On the compact set
K =1Ixlo,¢l,

the collection of continuous mappings

{w, : K- K, n=1,2,...,N}
forms an IFS whose attractor GG is the graph

G={(z, f) :z eI}
Furthermore, the IFS is defined by
wy(z,y) = (Ln(x), Fulz,y)t), ¥Yn=1,2,...,N,

which satisfies the following conditions:

Ly(xz0) =xp-1, Ln(zn)=2xn,

| Ln(21) = Ln(22)] < Alzy — a2,

Fn(ﬂjO) = Yn—1, Fn(xNa yN) = Yn,
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‘Fn(%%bl) - Fﬂ(‘rvw2)| < V|1r[}1 - 2r[)2|>

for all z1, 29 € I, all ¥1,19 € [0, ¢], and some
0<A<l, O<v<I1[17].

The existence and uniqueness of attractors from an FIF in fractal interpolation have been
discussed in previous studies [18], [19]. Based on these results, a fractal interpolation technique
was developed using a Fractal Interpolation Function (FIF) constructed by an affine function
that forms a box fractal.

Proposition 3.1. The affine mapping on a compact set

5
B* = wi(B")
i=1

s contractive.

Proof. Given the initial data
{(:U,-,yi)TER2:i:1,2,3,4}, 1 < T < x3 < T4,
and the collection of affine mappings

{wn: K — K, n=1,2,3,4,5},

(o) () 0) () oeeee

Take two points on B*, namely (z1,y1) and (z2,y2). Then, for simplicity of notation, the
expression below is written in vector form.

5

y ]

fen(e) —wa @I = (3) @1~ 02+ (3) @2 - o

(1 1) 1
v=max|-,- | = o,
33 3

where 0 < v < 1. This implies that

defined by

wn () — wa(y) = (

S wi
wli— O

Using Euclidean norm, we obtain

For example, let

[wn () = wa ()| < wllz =yl

and therefore it can be concluded that w,, is contractive. ]

3.2. Application of fractal interpolation

The results of the development were applied to interpolate rice demand data in the rice milling
factory. Rice price and demand data are presented in Table 1.
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Table 1: Rice Price and Demand Data

Period Price (IDR) Demand (Kg)
March 2020 8,900 46000
August 2020 9,000 42000
March 2021 9,300 48000
August 2021 10,300 41000
March 2022 10,500 63000
August 2022 10,700 52000
March 2023 11,000 51000
August 2023 10,600 47000
March 2024 11,700 57000
August 2024 12,000 40000
March 2025 12,500 40000
August 2025 12,700 37000

The data in Table 1 are the inventory data from the last five years, namely 2020 to 2025.
The data period is March 2020 and August 2020 to March 2025 and August 2025. March and
August are the main harvest periods. Based on the data in Table 1, the pairs of points selected
as original conditions are (8900, 46000), (10700, 52000), (12700, 37000), (14500, 43000). The
point pair (14500, 43000) is a dummy variable taken with the aim of forming a box. The dummy
point is introduced solely to ensure that the initial conditions form a regular box required by
the Box Fractal construction. This point is not included in the MAPE evaluation and does not
represent observed demand data. Therefore, its role is limited to defining the geometric boundary
of the interpolation domain rather than influencing the evaluation of interpolation accuracy. The
selection of dummy point is based on the consideration that the iteration process can be carried
out if the boxes formed are regular. In this case, the dummy is taken outside the known data
interval with the aim that all data can be covered in the box area formed. The horizontal axis is
price and the vertical axis is demand. The choice of original condition is not unique, alternative
pairs of points can be chosen as original conditions. The visualization of the box fractal based
on the original conditions is provided in Fig. 1 and Fig. 2.
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Fig. 1: Data Visualization based on Table 1

Fig. 2: Box Fractal Iteration 0
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There are 4 pairs of points outside the box namely (9000,42000), (10300,41000), (10500,
63000) and (11700, 57000). These points will be used for the MAPE calculation. The following
is the calculation of fractal interpolation iteration 1.

1. Let

z1 = 8900, y; = 46000,

z2 = 10700, y2 = 52000,
zg = 12700, y3 = 37000,
x4 = 14500, y4 = 43000

2. Determine the distance to the x and y axes

dy = |21 — @o| = 8900 — 10700| = 1800
dy = |21 — @3] = 8900 — 12700| = 3800
ds = |21 — 24] = |8900 — 14500| = 5600
dy = |z — x3] = [10700 — 12700| = 2000
ds = |z — x4] = [10700 — 14500| = 3800
dg = |z3 — 24| = |12700 — 14500| = 1800
d7 = |y1 — | = 46000 — 52000] = 6000
ds = |y1 — ys| = [46000 — 37000| = 9000
dg = |y1 — y4| = 46000 — 43000| = 3000
d1o = |y2 — y3| = 52000 — 37000| = 15000
di1 = |y2 — ya| = 52000 — 43000| = 9000
dis = |ys — ya| = 37000 — 43000| = 6000

The distances dq, ds, d3, d4, d5, dg are the distance calculation for the horizontal axis while
d7,dg,dy, d1o,d11,d1o are the vertical axis.

3. Determine fractal interpolation based on FIF Eq. (1) to Eq. (5). An illustration of the
calculation process and application of FIF 1 to 5 based on Fig. 2 is given in Fig. 3 below.

W
Y W &
Ny

Fig. 3: An illustration Box Fractal Iteration 1

All affine mappings wi,...,ws are applied independently to the same set of points in
each iteration (parallel implementation). The equalities shown below indicate geometric
equivalence (coincident coordinates) in the geometric construction and should not be
interpreted as sequential function composition. Each iteration applies all mappings to the
same current point set; no mapping output is recursively used as input within the same
iteration step.

fi(zl,y7) = (z1,y1) = (8900, 46000)
fi(ab,ys) = (z1+ $|lzn — 22|, y1 + $ly1 — v2))
= (8900 + #[8900 — 10700/, 46000 + £|46000 — 52000
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—~

8900 + 1(1800), 46000 + 1(6000))
9500, 48000)

—~

fi(@h,u3) = (m + Slen — ), g1+ Sl — vs)
= (8900 + £[3900 — 12700], 46000 + 146000 — 37000])
= (8900 + 5(3800), 46000 + 3(9000))
= (10167, 43000)
(@i i) = (w1 + a1 — 2al, 91— 3o — )

8900 + £[8900 — 14500|, 46000 — 4|46000 — 43000])

I
T NN 7N

8900 + £(5600), 46000 — %(3000))
10767, 45000)

—~

fo(at,yi) = (w1 + a1 — w2, y1 + 3y — val)

8900 + 2[8900 — 10700|, 46000 + 2[46000 — 52000|)

I
/N - NN

8900 + 2(1800), 46000 + 2 (6000))

10100, 50000)
2,12) = (10700, 52000)

—

f2(l§> y2)
fa(x3,y3)

I
—

Ty + Elxa — @3], yo — $|y2 — y3|)
10700 + 410700 — 12700], 52000 — }[52000 — 37000])

I
/N 77 N N

10700 + £(2000), 52000 — %(15000))
11367, 47000)

—~

Ty + |xo — 24|, Yo — S|y2 — y4])
10700 + 410700 — 14500], 52000 — }[52000 — 43000])

fa(xy, vx)

I
/N 77 N N

10700 + £(3800), 52000 — %(9000))
11967, 49000)

—~

fs(@1, 1) = fi(x], ya) = (10767, 45000)
f (23,95) = fa(x3,y5) = (11367, 47000)
3(23,93) = <I3 Hzo — x3, ys + 3ly2 — y3|)
= (12700 — 1[10700 — 12700], 37000 + 52000 — 37000 )
- (12700 — 1(2000), 37000+ 4(15000))
(12033, 42000)
3(25,yh) = (24 — Yo — za], ya+ SHon — y4|>

/N N

14500 — 1[8900 — 145001, 43000 + 1|46000 — 43000|)

(14500 — 1(5600), 43000 + % (3000))
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= (12633, 44000)

T+ 3 !361 x3l, y1—§|y1—y3|)

4(x1, Y1) (
(8900 +3 ]8900 — 12700], 46000 — ]46000 — 37000\)

8900 + 2(3800), 46000 — g(9000))
= (11433, 40000)

2(x5,y5) = (3 — 3lwe — x3, Y3+ 3ly2 — y3|)

(
(12700 — 110700 — 12700], 37000 + £[52000 - 370001)
(

12700 — £(2000), 37000 + (15000))

= (12033, 42000)
(z3,y3) = (12700, 37000)

(533,93)

a(zy, y1)

<9C3 + 3lwa — 3], ys + 3lya — y3|)
(12700 + 4[14500 — 12700}, 37000 + 443000 — 37000 )

12700 + 1(1800), 37000 + 1 (6000))
(13300, 39000)

fs(@t,yt) = (24 — $lo1 — 24, y4+%|y1—y4|)

14500 — £[8900 — 14500|, 43000 + 1[46000 — 43000|)

I
/N 7N N

14500 — 1(5600), 43000 + 1 (3000))

= (12633, 44000)
fo(@3,93) = (w1 = $lwz = wal, ya + §lyo — vl
= (14500 — 1110700 — 14500|, 43000 + 52000 — 430001)
= (14500 — 1(3800), 43000 + % (9000))
= (13233, 46000)
fs(x3,93) = (903 + Z|wg — 3, ys + 3ys — y3|)
= (12700 + 2|14500 — 12700/, 37000 + %]43000 — 37000])
= (12700 + 3(1800), 37000 + 2(6000) )
= (13900, 41000)
fs(21,yx) = (w4, y2) = (14500, 43000)

The results of the first iteration calculation are given in Table 2.
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Table 2: Fractal Interpolation Result 15 Iteration
Price (IDR) Demand (Kg) Demand Interpolation (Kg)

8900 46000 46000
46000

9000 42000

9300 48000

10300 41000

10500 63000

10700 52000 52000
52000

11000 51000

10600 47000

11700 57000

12000 40000

12500 40000

12700 37000 37000
37000

14500 43000
43000

9500 48000

10767 45000
45000

10167 43000

10100 50000

11367 47000
47000

11967 49000

12633 44000
44000

11433 40000

12033 42000
42000

13233 46000

13300 39000

13900 41000

In Iteration 1, twenty pairs of points were obtained which will form five boxes. For the nt"
iteration, the number of boxes formed is 5 and 4 x 5" pairs of points. The calculation continues
to the next iteration using the results of the previous iteration. Iterations are carried out until
the desired accuracy value is obtained. The visualization and the results of Iteration 5 and 6 are
given in Fig. 4, Fig. 5 and Table 3.

.
<. ﬁ‘”*@f@%s&% R
g - i - g —= ,.ri"i'cv, i

Fig. 4: Box Fractal Iteration 5

Fig. 4 is a visualization of the 5" iteration. There are 5° boxes and 4 x 5° pairs of points
are formed. While in Fig. 5, there are 5% boxes and 4 x 5% pairs of points. The resulting point
pairs are the result of fractal interpolation.
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Fig. 5: Box Fractal Iteration 6

Table 3: Fractal Interpolation Result Iteration 5 and Iteration 6

Price (IDR) Demand (Kg) Demand Interpolation
Iteration 5 Iteration 6

8,900 46000 46000 46000
9,000 42000 45975 45778
9,300 48000 47333 47333
10,300 41000 50667 50667
10,500 63000 51333 51333
10,700 52000 52000 52000
11,000 51000 45420 51247
10,600 47000 51309 44593
11,700 57000 48914 48914
12,000 40000 42247 41741
12,500 40000 43556 43556
12,700 37000 37000 37000
MAPE 16.437% 16.319%

The following presents the MAPE calculation for the 5th iteration:

MAPE — 100% (’ 42000 — 45975‘ ’41000 - 50667‘ ’63000 — 51333‘ ’57000 — 48914 D
4 42000 41000 63000 57000
= 16.437%.

The MAPE obtained for the 5" iteration is 16.437%. Using the same calculation, the MAPE
obtained for the 6" iteration is 16.319%. The best MAPE value, namely 16.319%, is achieved
at Iteration 6, which falls into the good category. This indicates that the fractal interpolation
technique using a Fractal Interpolation Function (FIF) based on the Box Fractal structure can
effectively approximate demand values within the observed data range.

4. Conclusion

For the nt" iteration, the number of boxes formed is 5" and 4 x 5" pairs of points. Based on
the rice demand data and demand interpolation results at one of the factories, the best MAPE
was obtained at the 6" Iteration, which was 16.319%. The MAPE value is in the good category.
Based on the research data used, the development of fractal interpolation using box fractals can
be used as a Fractal Interpolated Function and can provide good interpolation performance for
the observed data.
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