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Abstract

This study presents a deterministic damped Hessian-free Newton—CG method for weighted
multiclass neural classification. The method is built from a weighted categorical cross-entropy
objective, a damped local quadratic model, and a matrix-free curvature representation through
Hessian—vector products. The search direction is computed by an inexact conjugate gradient
solve, while Armijo backtracking and adaptive damping are used to improve stability. The
method is implemented for the classification of academic predicate categories using prepro-
cessed student data with mixed categorical and numerical features. Its numerical behavior is
compared with SGD with momentum, RMSProp, and Adam under the same loss, initializa-
tion, and network architecture. The proposed method is computationally feasible, attains
the best overall weighted test-set performance among the compared methods, and exhibits a
distinct optimization trajectory driven by curvature-informed updates. These results show
that a damped Hessian-free formulation provides a mathematically transparent, reproducible,
and practically competitive framework for second-order optimization in multiclass neural
classification.
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1. Introduction

Optimization is central to neural-network training. In multiclass classification, empirical risk
minimization is usually carried out by first-order methods such as SGD, momentum-based variants,
RMSProp, and Adam because they are simple to implement and scale well in practice [1-5].
Their updates, however, are driven mainly by gradient information and can therefore be sensitive
to ill-conditioning, local curvature variation, and unfavorable geometry of the objective [1, 6].
This motivates continued interest in second-order and curvature-informed methods, particularly
in settings where more structured search directions may improve optimization behavior [7, 8].
A standard second-order viewpoint is based on a local quadratic model. Let 8 € RP denote
the parameter vector and let £(#) be the empirical loss. Around the current iterate, one considers

me(d) = L(0) +VLO) d + %dTVQL(Q)d, (1)
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where d is a search direction. Minimization of Eq. (1) leads formally to a Newton step [6]. For
neural networks, however, explicitly forming and inverting the Hessian is often too expensive.
Hessian-free approaches address this difficulty by using Hessian—vector products instead of the
full Hessian matrix [7, 9-11].

A practical variant is damped Hessian-free optimization, in which the Newton system is

regularized as

(H(0) + A)d = —g(6), (2)
with g(0) = VL(0), H(9) = V2L(#), and A\ > 0 a damping parameter. The term A improves
numerical robustness when the local curvature is poorly conditioned or indefinite. When products
with H(0) + Al are available, Eq. (2) can be solved approximately by conjugate gradient (CG),
producing a Hessian-free Newton—CG method suitable for large-scale settings [6, 9, 12].

Despite the maturity of Hessian-free ideas in numerical optimization, many applied machine-
learning studies still treat the optimizer largely as a black box. The mathematical structure
of the objective, the role of damping, the matrix-free curvature construction, and the relation
between predicted and actual decrease are often left implicit. From a computational-mathematics
viewpoint, however, these are precisely the ingredients needed to interpret an algorithm as a
genuine second-order method rather than as a heuristic update rule.

This work adopts that perspective for multiclass neural classification on educational data. The
task is to predict academic predicate categories from student records containing both categorical
and numerical features. Rather than using the dataset merely as a benchmarking vehicle, we use
it to study a mathematically explicit and reproducible damped Hessian-free Newton—CG method
under a weighted categorical cross-entropy objective. The resulting method is compared with
three standard first-order optimizers: SGD with momentum, RMSProp, and Adam.

The present work is also related to recent curvature-based studies for classification, including
inexact generalized Gauss—Newton—CG for binary cross-entropy minimization and Gauss—Newton-
based neural-network optimization for classification tasks [13—15]. Relative to those studies, the
present work moves to weighted multiclass neural classification and adopts a damped Hessian-free
Newton—CG formulation.

The main contributions of this study are threefold. First, we formulate a deterministic damped
Hessian-free scheme for weighted multiclass neural classification, including the weighted empirical
objective, the damped quadratic model, and the matrix-free Hessian—vector product construction.
Second, we present a reproducible implementation based on inexact CG, adaptive damping,
Armijo backtracking, and a descent safeguard. Third, we provide a numerical study showing how
this curvature-informed method behaves relative to SGD with momentum, RMSProp, and Adam
under the same loss, initialization, and network architecture.

The remainder of the paper is organized as follows. Section 2 presents the mathematical
formulation, computational properties, and experimental protocol. Section 3 reports and discusses
the numerical results. Section 4 concludes the paper and outlines future work.

2. Methods

This section presents the weighted multiclass classification model, the damped Hessian-free
Newton—-CG method, several basic computational properties of the algorithm, and the experimen-
tal protocol. The goal is to keep the mathematical formulation, implementation, and reported
diagnostics tightly aligned.

2.1. Problem Setting and Data Representation

Let
Draw = {(gl, Ci)}z]'\il

denote the original dataset, where &; is the raw feature record of the ith observation and

¢ €{1,2,3,4}
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is the corresponding academic predicate label. The class ordering used in this study is

1 +» Cukup (Sufficient),

2 +» Memuaskan (Satisfactory),

3 +» Sangat Memuaskan (Highly Satisfactory),
4 +» Cumlaude (Cum laude).

The predictors consist of categorical and numerical variables. After cleaning, a preprocessing
map
T : Xpaw — RY

is applied, where categorical variables are one-hot encoded and numerical variables are standard-
ized. Each observation is therefore represented by

T = T({z) S RY.

For the multiclass formulation, labels are also written in one-hot form:

4
Yi = (yilayi27yi37yz‘4)T € {0,1}4, Z yir = 1,
k=1

with
1, k= Ci,

=
vi {0, k 75 Cj.
Thus the processed dataset used by the optimizer is

D= {(xz,yz)}i\;h T € Rd, yi €40, 1}4.

2.2. Deterministic Neural Network Classifier

Let 6 € RP denote the vector of all trainable parameters. The classifier used in this study is
a fully connected feedforward neural network without dropout, so the empirical objective is
deterministic once the data and parameters are fixed.

The network consists of three hidden layers with ReLU activation and one softmax output
layer. Writing the parameter blocks as

0= (W17 bla W27 b?y W3a b37 W4) b4)7

the forward propagation is

AV (z) = o(Whz + by),

h?) (z) = oc(Wah™M () + by)

K3 (z) = o(Wsh P () + bs),
zo(x) = Wih®) (x) + by

where o(u) = max{0,u} is the ReLU function applied componentwise [16, 17].
The class probabilities are

exp (2,1 (7))
Z?:l exp(20,j()) ’
The class probabilities are obtained through the softmax mapping in Eq. (3). These probabilities

define the multiclass predictive distribution used throughout the paper, and they enter directly
into the weighted loss function introduced in Eq. (4). Hence

pg,k(l') = k= 1, 2, 3, 4. (3)

po(x) = (o1 (%), po2(x), pos(x), poa(x)) | € RE,
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Remark 1. Because ReLlU is not twice differentiable at zero, second-order expressions are
understood on regions where the activation pattern is fixed. In automatic differentiation,
Hessian—vector products are evaluated almost everywhere, which is sufficient for the present
numerical method [10].

2.3. Weighted Empirical Objective

All compared methods are trained under the same weighted categorical cross-entropy objective.
Let
_ T 4
W = (CL)1,CL)2,0J3,W4) € R-‘r-i-

be the vector of positive class weights computed from the training data. Class weighting is used
to mitigate the imbalance of the target distribution [18, 19].

Definition 1. For each sample (x;,y;), define the weighted categorical cross-entropy loss

by
4

6:(0) = = wi yir log po.k(s). (4)
k=1
Because y; is one-hot encoded,

&(9) = —Wg Ingé?,ci (:L‘l)

Definition 2. The weighted empirical risk is

T 1 4
LO)=—=> 6(0)=—=> > wiyirlog po (i), (5)
N = NHo
and the optimization problem is
min £(6). (6)
6cRP

The sample-wise weighted loss in Eq. (4) induces the weighted empirical risk in Eq. (5).
Accordingly, the optimization problem considered in this work is the minimization problem stated
in Eq. (6). This is the same loss used for all compared optimizers, so the observed numerical
differences can be interpreted more directly as consequences of the optimization mechanism
rather than differences in the loss function itself. Let

g(0) =VLO) and  H(9) = VL)
denote the gradient and Hessian of the weighted empirical risk, wherever defined [1, 19, 20].

2.4. Damped Quadratic Model and Matrix-Free Curvature

At the current iterate 6, the objective is approximated locally by a damped quadratic model.
Definition 3. For a search direction d € RP and a damping parameter A > 0, define
1
mg (d) = £(0) + 9(6) d + 5" (H(0) + AD)d, (7)

where [ is the identity matrix.

The corresponding damped Newton system is

(H(0) 4+ X)d = —g(0). (8)
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Definition 4. For § € RP and A > 0, define the damped curvature operator

By = H() + AL (9)

The damped local model in Eq. (7) leads to the regularized Newton system in Eq. (8).
The shifted operator in Eq. (9) plays a central role in the proposed method, since it is this
operator—rather than the undamped Hessian alone—that determines the curvature-informed
search direction.

The full Hessian is never formed explicitly. Instead, the method uses Hessian—vector products.

Lemma 1. Assume that L is twice differentiable at 6. Then for every v € RP,

H(0)v = Vg(g(0) Tv). (10)
Proof. Since
o N0L0),
9(0) —]Z_:l 00, J

Hence

O

The identity in Eq. (10) is the basis of Hessian-free optimization and enables efficient second-
order computation through automatic differentiation [7, 9-11]. Using Eq. (10), the action of the
damped curvature operator can be evaluated in matrix-free form by Eq. (11), so the method
never needs to assemble the full Hessian explicitly. Therefore,

B97/\’l} = H(@)U + Av. (11)

2.5. Vectorized Parameter Representation

In implementation, the network parameters are stored as tensors of different shapes. For
second-order optimization, these tensors are flattened and concatenated into a single vector:

6= (0, .. . M) vec(d) € RP.
Likewise, any search direction d € RP is reshaped back into the original tensor structure before
being applied. This representation allows the gradient, Hessian—vector product, and CG iteration
to be written in a unified Euclidean form.

2.6. Inexact Damped Newton—CG Iteration

At outer iteration ¢, let
0, € Rp, gt = VL(Ht), By = H(et) + Al

At outer iteration t, the proposed method computes an approximate solution of the damped
linear system in Eq. (12) by conjugate gradient, using only matrix-free products with the operator
B;. The resulting vector d; is then interpreted as an inexact curvature-informed search direction.

Btdt = —0t (12)
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Starting from d(®©) = 0, the standard CG recursions are

r0 = —9t;
p(O) _ r(0)7

GNT ()
aCC — (r9) r

dU+D) — q0) 4 ajCGp(j),

PO+D — G _ Oé;?GBtp(j)’
ca  (PUTDYTRGHD)
T (e TG 7

pUHD = D) 4 5OG6)

After a finite number of inner iterations, the final CG iterate is used as an inexact curvature-
informed search direction [6, 12].

For a candidate direction d;, the model-based decrease is measured by the predicted reduction
in Eq. (13). To globalize the iteration, the method applies Armijo backtracking: the trial step
length is reduced according to Eq. (14) until the sufficient decrease condition in Eq. (15) is
satisfied or a minimum threshold is reached.

1
pred, = — (gtTdt + thTBtdt) . (13)

The method then applies an Armijo backtracking line search. Starting from an initial trial
step length ag > 0, the step size is reduced by

a +— Pa, 0<p<l, (14)

until
L0 +ady) < LO) +crag/d, 0<e <1, (15)

or a minimum step threshold is reached [6, 21].

Once a step is accepted, the parameters are updated by Eq. (16). The observed decrease in
the objective is then measured by the actual reduction in Eq. (17), while the agreement between
the local model and the nonlinear objective is quantified by the ratio in Eq. (18). This ratio is
used to update the damping parameter through the rule in Eq. (19): good agreement makes the
method more Newton-like, whereas poor agreement leads to stronger damping.

Or+1 = 0, + cudy. (16)
The actual reduction is
aredt = E(Gt) — £(9t+1); (17)
and the reduction ratio is 1
ared;
= . 18
PE= Dred, (18)

The damping parameter is updated by

A, pe>0.75,
Air1 =13 2\, py < 0.25, (19)

At,  otherwise.

Thus, good agreement between predicted and actual reduction leads to weaker damping, whereas
poor agreement leads to stronger damping.
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Because the system in Eq. (12) is solved only approximately, the computed direction may
occasionally fail to be sufficiently reliable. For that reason, the implementation checks whether
the candidate direction is descent-like and whether the predicted reduction in Eq. (13) is positive.
If either condition fails, the method replaces the candidate direction by the steepest descent
safeguard in Eq. (20). The implementation therefore checks whether

g/ di <0 and pred, > 0.
If either condition fails, the direction is replaced by the steepest descent direction
di = —g;. (20)

The formulation is methodologically close to recent inexact curvature-based approaches for
classification, but differs in two ways: it addresses weighted multiclass neural classification rather
than binary logistic regression, and it uses a damped Hessian-free Newton-CG mechanism rather
than a generalized Gauss—Newton or QR-based Gauss—Newton construction [13-15].

2.7. Basic Computational Properties

The deterministic weighted Hessian-free method has several basic properties that clarify its
optimization behavior. The basic properties below explain why the damped operator in Eq. (9),
the exact system in Eq. (21), and the globalization mechanism in Eq. (15) together provide a
mathematically meaningful optimization framework.

Proposition 1. Assume that H(0;) is symmetric at the current iterate. If
>\t > _)\rnin(H(et)),

then
By = H(0:) + M1

is positive definite.

Proof. Let u be any eigenvalue of H (6;) with eigenvector u # 0. Then
Biu = (H(0:) + Mel)u = (e + \e)u.
Hence the eigenvalues of B; are p + A;. Since
f+ A = Amin(H (01)) + A > 0,
all eigenvalues of B; are positive. Therefore By is positive definite. O
Remark 2. When )\, is large,

H(Gt) + )\t-[ [ )\t.[,

so the damped Newton direction behaves approximately like

Thus, strong damping makes the method more gradient-like and conservative.
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Proposition 2. Suppose that B, is symmetric positive definite and that g; # 0. Let df be
the exact solution of

Then dy is a strict descent direction for L at 6, i.e.,

g/ di <0. (22)

Proof. Since B; is symmetric positive definite, its inverse exists and is also symmetric
positive definite. From Eq. (21),
d: = —Bt_lgt.

Therefore
g9 df = —g, B; ' .

Because ¢g; # 0 and B, L is positive definite, one has
9! B tg: > 0.

Hence
g) df <O0.

O

Thus, when the system in Eq. (21) is solved exactly, the direction characterized by Eq. (22)
is guaranteed to be a descent direction.

Corollary 1. Under the assumptions of the previous proposition, if dy # 0, then

1
pred; = — (g:dz‘ + 2(d§)TBtd§) > 0.

Proof. Since Bid; = —g;, one has
9 di = —(df)" Bud;.
Substituting this into the definition of pred; gives

predf = =(df) " B;d;.

1
2

Because By is positive definite and d; # 0, the right-hand side is strictly positive. O

This shows that, in the exact positive definite setting, the model-based quantity in Eq. (13)
is strictly positive.

Proposition 3. If g: # 0 and the safequard direction

dy = —gt

is used, then d; is a strict descent direction for L at 0,.
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Proof. One has
9¢ di = g/ (—g¢) = —llge* < 0,
provided g; # 0. O

Therefore, the safeguard direction in Eq. (20) preserves descent whenever the inexact curvature
step is considered unreliable.

Proposition 4. Assume that L is differentiable in a neighborhood of 6; and that d; is a
descent direction, i.e.,
g/ d; <0.

Then there exists a > 0 such that the Armijo condition holds for all o € (0, &].

Proof. Since L is differentiable at 6,
L(0; + ady) = L(0;) + ag, di + o(a) as a — 0.
Because g, d; < 0 and 0 < ¢; < 1, the quantity
ag/ di + o(a)

is eventually no larger than
ClagtT dy

for sufficiently small @ > 0. Hence the Armijo inequality holds for all sufficiently small step
lengths. ]

Hence the sufficient decrease test in Eq. (15) is theoretically compatible with any descent
direction generated either by the inexact Newton step or by the safeguard in Eq. (20).

Proposition 5. If the backtracking procedure accepts a step length oy > 0, then the actual
reduction satisfies
ared; = ,C(Ht) = E(Qt e Oétdt) > 0.
Proof. If the Armijo condition holds, then
ﬁ(gt + Oétdt) < ﬁ(@t) + ClOétgtTdt.
Since g d; < 0 and ¢; > 0, the right-hand side is strictly smaller than £(6;). Therefore

E(et + Oétdt) < £(6t),

which implies ared; > 0. O

In particular, acceptance under Eq. (15) guarantees positivity of the actual reduction defined
in Eq. (17).

The reduction ratio in Eq. (18) compares the observed decrease in the nonlinear objective
with the decrease predicted by the damped quadratic model in Eq. (13). If p; is close to one,
the local model is accurate; if p; is small, stronger damping through Eq. (19) is justified. The
method should therefore be interpreted as an inexact damped Newton—CG method with descent
safequarding.

From a computational viewpoint, if J; denotes the number of CG iterations at outer iteration
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t, then the dominant cost of one outer iteration consists of one full-batch gradient evaluation,
approximately J; evaluations of the damped Hessian—vector product in Eq. (11), and several
additional full-batch loss evaluations during Armijo backtracking. This leads to the per-iteration
cost model in Eq. (23). Hence, if Costgraq denotes the cost of one full-batch gradient computation,
Costhyp the cost of one Hessian-vector product, and Costjs the total cost of line-search tests,
then

Costy ~ Costgraq + J; Costyyp + Costs. (23)

An important advantage of the method is that it avoids explicit storage of the full Hessian. If
the parameter vector has dimension p, storing the full Hessian would require O(p?) memory. By
contrast, the matrix-free implementation stores only the parameter tensors, the gradient vector,
and a small number of CG-related vectors, so the memory requirement grows essentially linearly
with the number of parameters [6, 9].

This trade-off between curvature quality and per-iteration cost is also consistent with recent
literature showing that modern second-order methods can be attractive in large-batch settings,
provided curvature information is approximated and exploited efficiently [7, 8, 11].

2.8. Experimental Protocol

The dataset consists of student records with categorical and numerical attributes related to
demographic background, prior educational experience, language and computer proficiency, and
semester grade indicators. The prediction task is to classify each student into one of four academic
predicate categories:

{Cukup, Memuaskan, Sangat Memuaskan, Cumlaude}.

The predictor variables are:
gender,

school type,
boarding-school background,
admission pathway,
Arabic proficiency,
English proficiency,
computer proficiency,
major,

1IPS 1,

IPS 2,

. IPS 3,

12. IPS 4.

© 0N Ue W=

[ S
= O

The preprocessing stage retains the selected predictors and target variable, treats empty
strings as missing values, imputes missing categorical entries by the mode, and imputes missing
numerical entries by the median. Categorical predictors are then one-hot encoded and numerical
predictors are standardized. The preprocessing transformer is fitted on the training subset only
and then applied to the validation and test subsets.

The dataset is partitioned by stratified sampling into training, validation, and test subsets
with proportions

60% training, 20% validation, 20% test.

A fixed random seed is used throughout, and the label distribution is recorded to verify that the
class imbalance pattern is preserved.
All methods are trained on the same feedforward network with:

1. an input layer of dimension d,
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2. a first dense hidden layer with 19 ReLU units,

3. a second dense hidden layer with 12 ReLLU units,
4. a third dense hidden layer with 9 ReLLU units,

5. an output dense layer with 4 softmax units.

No dropout is used so that the objective remains deterministic.

To improve fairness, all methods start from the same initial parameter values. One base model
is initialized using a fixed random seed, and its initial weights are copied to each optimizer-specific
model.

Three first-order optimizers are used as baselines: SGD with momentum, RMSProp, and
Adam. Each is trained for 50 epochs using mini-batches of size 32. The settings are:

1. SGD with momentum: learning rate 0.01, momentum coefficient 0.9;
2. RMSProp: learning rate 0.001;
3. Adam: learning rate 0.001.

The proposed Hessian-free method is trained in full-batch mode for 50 outer iterations with:
initial damping parameter A\g = 0.1,

maximum of 30 CG iterations per outer step,

initial trial step length ag = 1.0,

backtracking factor 8 = 0.5,

Armijo parameter ¢; = 1074,

A S

minimum allowable step length 1075,

The experiments record both predictive and optimization-related outputs. For all methods,
training and validation loss and accuracy are stored across epochs. For the Hessian-free method,
additional outputs include the gradient norm, step norm, predicted and actual reduction, reduction
ratio, accepted step length, damping parameter, number of CG iterations, final CG residual
norm, and number of backtracking reductions.

To support the matrix-free formulation, the Hessian—vector product is also validated numeri-
cally by comparing the automatic-differentiation product

H(0)v
with the finite-difference approximation

9(0 +¢ev) — g(9)

9

for several randomly generated vectors v and a small positive parameter &.
Final model assessment is performed on the held-out test set. For each method, the predicted
class label is

&(w) = arg max pox(v).

The reported measures are accuracy, weighted precision, weighted recall, and weighted F1-score.
A confusion matrix is also produced for each method to examine class-wise prediction behavior.
Total training time and average training time per epoch are recorded as well.

To promote reproducibility, the random seed is fixed at 42, deterministic execution is enabled
whenever supported, the train—validation—test split is fixed, the preprocessing pipeline is fitted
once on training data and reused on validation and test data, the network architecture is identical
across methods, all methods start from the same initial weights, and the number of epochs is
fixed at 50.
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3. Results and Discussion

This section presents the numerical results obtained from the protocol in Section 2. Because
all compared methods use the same loss, initialization, and network architecture, the observed
differences can be interpreted more directly as consequences of the optimization mechanism.
The discussion is organized around training dynamics, optimization diagnostics of the proposed
method, comparative test performance, and computational cost.

3.1. Training and Validation Dynamics

The training dynamics of all compared methods are shown in Fig. 1. Panel (a) reports weighted
training and validation loss, while panel (b) reports training and validation accuracy over 50
epochs.

(@ (b)

Lol g b = N gh
25 Jh Ta%e - I‘\
\' \ / -

P>
§ 1.0 % :
Qo
0.8 < 0.5
0.6 0.4
0.4 0.3
10 20 30 40 50 10 20 30 40 50
Epoch Epoch
——— SGD+Momentum < Adam Training
RMSProp = HFO ===+ Validation

Fig. 1: Training dynamics of the compared optimization methods over 50 epochs. Panel (a) shows training
and validation loss, while panel (b) shows training and validation accuracy for SGD with momentum,
RMSProp, Adam, and the proposed Hessian-free optimization method.

The first-order methods and the proposed Hessian-free method display clearly different
trajectories. The first-order baselines perform repeated mini-batch gradient updates, whereas
the Hessian-free method computes one full-batch curvature-informed update per epoch. This
distinction is consistent with recent observations that second-order methods may become more
attractive in larger-batch regimes, where curvature can be exploited more systematically [8].

For the proposed Hessian-free method, the recorded run shows a substantial decrease in
weighted training loss, from 1.4454 at the first outer iteration to 0.2943 at the last. Over the
same interval, training accuracy rises from 0.2846 to 0.8030. On the validation set, accuracy
increases from 0.2958 to 0.7886, while validation loss changes from 1.2579 to 1.3574. Thus, the
method achieves strong predictive improvement, although the validation loss is less monotone
than the training loss. This is compatible with a full-batch second-order method driven by
curvature information and line-search acceptance rather than by the smoothing effect of stochastic
mini-batches.

Overall, Fig. 1 shows that the proposed method is numerically viable under the common
weighted objective and follows a training trajectory that is qualitatively different from those of
SGD with momentum, RMSProp, and Adam.
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3.2. Optimization Diagnostics of the Hessian-Free Method

A major advantage of the revised implementation is that it records diagnostics tied directly to
the mathematical formulation. These are displayed in Fig. 2, Fig. 3, Fig. 4, and summarized
numerically in Table 1 and Table 2.

(a) Gradient Norm [|g¢| (b) Damping Parameter A;

1.2 1.50

1.0 1.25

0.8 1.00
2 06 = 0.75

0.4 0.50

0.2 0.25

0.0 0.00

0 10 20 30 40 50 0 10 20 30 40 50
Epoch Epoch
(c) Predicted vs Actual Reduction (d) Reduction Ratio p¢

1.2 —— Predicted

1.0 == Actual
= 0.8
L
©
S 06
ks
Q
~ 0.4

0.2 }\\\J V\J

-
~
0.0 it L‘
0 10 20 30 40 50 0 10 20 30 40 50
Epoch Epoch

Fig. 2: Main optimization diagnostics of the proposed Hessian-free method over the outer iterations.
Panel (a) shows the gradient norm ||g¢||, panel (b) the damping parameter \;, panel (c) the predicted and
actual reduction, and panel (d) the reduction ratio p;.

Table 1: Summary of optimization diagnostics for the proposed Hessian-free method.

Quantity Value
Initial gradient norm 0.8473
Final gradient norm 0.1286
Mean reduction ratio ps 0.5153
Median reduction ratio p; 0.3841
Accepted steps 50/50
Fallback activations 0
Backtracking-triggered iterations  24/50
Total backtracking reductions 44
Mean accepted step length 0.6977
Mean CG iterations 21.34
Mean final CG residual 0.3314
Final damping parameter 1.6

The gradient norm is the most direct indicator of first-order progress. Fig. 2(a) shows that
it decreases from 0.8473 to 0.1286, suggesting that the iterates move toward a region where
first-order stationarity is better approximated.

Fig. 2(b) shows the adaptive damping trajectory, which reaches 1.6 at the final iteration. This
behavior is consistent with the update rule in Eq. (19), which adjusts the damping parameter
according to the quality of the local model. Fig. 2(c)—(d) compare the predicted reduction in
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Fig. 3: Auxiliary optimization diagnostics of the proposed Hessian-free method over the outer iterations.
Panel (a) shows the step norm ||d;||, panel (b) the accepted step length «, panel (c) the final CG residual
norm, and panel (d) the number of backtracking reductions.

Table 2: Validity summary of the computed Hessian-free steps.

Quantity Value
Iterations with pred, > 0 20
Iterations with ared; > 0 50
Accepted steps 50
Fallback activations 0

Eq. (13) and the actual reduction in Eq. (17), and report the corresponding ratio defined in
Eq. (18). Across the 50 outer iterations, the mean value of p; is 0.5153, the median is 0.3841,
the minimum is 0.0070, and the maximum is 1.4990. Hence the damped quadratic model is
often informative, although not uniformly accurate. Small values of p; justify stronger damping
in the next iteration, while larger values support more Newton-like behavior. This pattern is
consistent with the trust-model interpretation of the method and with recent studies emphasizing
the balance between curvature quality and computational cost [7, 11].

The auxiliary diagnostics provide further detail. The accepted step length has mean value
0.6977, minimum 0.0078125, and maximum 1.0, indicating that the full trial step is often accepted,
although backtracking is occasionally substantial. Backtracking is triggered in 24 out of 50
iterations, with a total of 44 reductions. Nevertheless, every outer iteration produces an accepted
step, and the gradient-fallback safeguard is never activated.

Fig. 4 further shows that the angle between the computed search direction and the steepest
descent direction remains acute throughout the run:

_ 9 d
gell ll el

Thus, even though the Hessian-free step is computed only approximately, it remains aligned with

cos(Z(—gt,dy)) > 0.
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Fig. 4: Alignment between the steepest descent direction —g; and the computed search direction d;,
measured by cos(Z(—gs, di)) = —g di/(||g:||||d¢||). Positive values indicate that the computed direction
remains aligned with descent.

descent. This agrees with the absence of fallback activations and indicates that the inner CG
solve provides meaningful curvature-informed directions.

The absence of fallback activations indicates that the safeguard in Eq. (20) is not needed
in the recorded run. Moreover, the positivity of both the predicted reduction in Eq. (13) and
the actual reduction in Eq. (17) for all outer iterations is fully consistent with the descent and
acceptance mechanism described in Section 2. Table 2 provides an even more direct confirmation
of the descent mechanism. In all 50 iterations, the predicted reduction is positive and the actual
reduction is also positive. Hence the recorded run is fully consistent with the role of the damped
quadratic model and the Armijo acceptance rule. Taken together, the diagnostics support the
interpretation that the implemented procedure behaves as a genuine inexact damped Newton-CG
method rather than as an ad hoc second-order heuristic.

3.3. Conjugate Gradient Residual Histories

The residual histories of the inner CG iteration for selected outer epochs are shown in Fig. 5.

CG Residual Histories at Selected Epochs

—e— Epoch 1
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—eo— Epoch 25

—e— Epoch 50

e
o

Residual Norm
o
i~

0.2

N3y

0 5 10 15 20 25 30
CG Iteration

0.0
Fig. 5: Residual histories of the conjugate gradient inner iteration for selected outer epochs of the
proposed Hessian-free method.

These curves correspond to the inexact solution of the damped linear system in Eq. (12).
They indicate how effectively the damped Newton system is solved on representative iterations.
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A decreasing residual profile shows that the matrix-free CG iteration reduces linear-system error
within the explored Krylov subspace. Together with the absence of gradient-fallback activation,
this suggests that the inexact inner solves are sufficiently accurate to produce meaningful
curvature-informed search directions. From a computational-mathematics viewpoint, Fig. 5
strengthens the interpretation of the method as an inexact Newton—-CG procedure rather than
merely a heuristic second-order optimizer.

3.4. Numerical Validation of the Hessian—Vector Product

To support the matrix-free curvature formulation, the automatic-differentiation Hessian—vector
product is compared with a finite-difference approximation of the gradient difference. The
corresponding relative errors are shown in Fig. 6.

Finite-Difference Validation of Hessian-Vector Product
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0.0 e
1 2 3 4 5
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Fig. 6: Finite-difference validation of the Hessian—vector product used in the proposed Hessian-free
method. The bars represent the relative error between the automatic-differentiation Hessian—vector
product and the finite-difference approximation for several randomly generated test vectors.

The recorded relative errors are 0.8301, 0.1455, 0.0063, 0.1293, and 0.0081, with mean value
0.2239 and median value 0.1293. Most trials therefore show small to moderate error, although one
trial exhibits a noticeably larger discrepancy. This is not unexpected in a ReLU network, where
the model is only piecewise smooth and finite differences may be sensitive to local activation
changes. In particular, the numerical comparison supports the practical use of the Hessian—vector
identity in Eq. (10) and its damped form in Eq. (11). Overall, the validation still supports
the practical consistency of the implemented Hessian—vector product, while indicating that
second-order quantities in piecewise-linear networks should be interpreted with appropriate
numerical caution.

3.5. Comparative Test-Set Performance

The quantitative comparison on the held-out test set is summarized in Table 3. The proposed
Hessian-free method attains the best value on all four reported weighted metrics.

Table 3: Test-set performance of all compared optimization methods under the common weighted
objective.

Method Accuracy Weighted Precision Weighted Recall Weighted F1l-score
SGD + Momentum 0.7468 0.8458 0.7468 0.7885
RMSProp 0.7937 0.8476 0.7937 0.8094
Adam 0.7994 0.8414 0.7994 0.8138
Hessian-Free Optimization 0.8038 0.8499 0.8038 0.8188

A visual summary of these results is shown in Fig. 7.
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Fig. 7: Comparison of test-set accuracy, weighted precision, weighted recall, and weighted F1-score for
SGD with momentum, RMSProp, Adam, and the proposed Hessian-free optimization method.

Table 3 shows that the proposed Hessian-free method reaches the highest test accuracy, 0.8038,
compared with 0.7994 for Adam, 0.7937 for RMSProp, and 0.7468 for SGD with momentum.
The same pattern appears for weighted F1-score, where the proposed method reaches 0.8188,
compared with 0.8138 for Adam, 0.8094 for RMSProp, and 0.7885 for SGD with momentum. Its
weighted precision, 0.8499, is also the highest among the four methods.

These results indicate that the proposed full-batch curvature-informed method is not only
computationally feasible, but also competitive in predictive terms under the common weighted
objective. In the present experiment, the use of second-order information, adaptive damping, and
inexact Newton directions does not merely reproduce first-order performance; it yields the best
overall weighted test-set metrics among the compared methods. This predictive improvement is
accompanied by stable optimization behavior: the gradient norm decreases, descent steps are
repeatedly accepted, the damping parameter responds to the reduction ratio, and the CG inner
solver remains well behaved. The result is also consistent with recent classification-oriented second-
order studies based on Gauss—Newton variants, suggesting that curvature-informed optimization
remains competitive when extended from binary and specialized neural settings to weighted
multiclass neural classification [13-15].

3.6. Class-wise Prediction Behavior

The class-wise behavior can be examined through the classification reports and the confusion
matrices in Fig. 8. The dataset remains highly imbalanced, with only 5 test observations in the
Cukup class and 60 in the Memuaskan class, compared with 785 and 536 in the two majority
classes. Accordingly, the smallest classes should be interpreted cautiously.

For the minority class Memuaskan, the proposed method attains recall 0.7000 and precision
0.2763, which is higher in precision than RMSProp (0.2577) and Adam (0.2685), while greatly
outperforming SGD with momentum in recall. For the rarest class Cukup, the proposed method
attains precision 0.1667 and recall 0.4000. Although the support is only five samples, the result
still indicates that the method does not collapse completely on the smallest class.

For the majority class Sangat Memuaskan, the proposed method attains precision 0.8997,
recall 0.7541, and Fl-score 0.8205, slightly exceeding the corresponding F1l-score of Adam. For
the Cumlaude class, the proposed method attains precision 0.8475, recall 0.8918, and F1-score
0.8691, remaining highly competitive, although SGD with momentum yields a slightly higher
class-specific Fl-score on this class. Overall, the proposed method also achieves the highest
macro-average Fl-score, namely 0.5803, which is noteworthy because macro averaging is more
sensitive to minority-class performance than weighted averaging.

Hence the improvement of the proposed method is not due solely to stronger performance on
the dominant classes. The class-wise results suggest a more balanced predictive profile, especially
relative to SGD with momentum.
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Fig. 8: Confusion matrices on the test set for the compared optimization methods. Panels (a)—(d)
correspond to SGD with momentum, RMSProp, Adam, and the proposed Hessian-free optimization
method, respectively. Rows represent true classes and columns represent predicted classes.

3.7. Runtime and Computational Trade-off

The runtime comparison is summarized in Fig. 9.

Runtime Comparison Across Optimization Methods
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Fig. 9: Runtime comparison across optimization methods. The bars report the total training time for
SGD with momentum, RMSProp, Adam, and the proposed Hessian-free optimization method.
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The total training times are 22.58 seconds for SGD with momentum, 22.74 seconds for
RMSProp, 22.91 seconds for Adam, and 62.27 seconds for the proposed Hessian-free method. The
corresponding average time per epoch is 0.4516, 0.4548, 0.4583, and 1.2455 seconds, respectively.
Thus, the proposed method is approximately 2.7 times slower per epoch than the first-order
baselines.

Such a trade-off is consistent with the current second-order optimization literature, where
improved optimization structure is often accompanied by higher per-iteration overhead, especially
when Hessian or subspace-curvature information is used [7, 8, 11].

This runtime increase is consistent with the theoretical structure of the algorithm and, more
specifically, with the per-iteration cost model in Eq. (23). Each outer iteration of the proposed
method requires a full-batch gradient evaluation, repeated applications of the damped curvature
operator in Eq. (11), an inner CG solve for Eq. (12), and line-search safeguards based on Eq. (15).
Therefore, the improved predictive performance of the proposed method should be interpreted
together with its higher computational cost.

3.8. Discussion Summary

The numerical study leads to three main observations. First, under a common weighted objective,
common initialization, and deterministic architecture, the proposed Hessian-free method achieves
the best overall test-set performance among the compared methods. Second, the recorded diag-
nostics show that the method behaves coherently as an inexact damped Newton—CG procedure:
the gradient norm decreases substantially, every outer iteration produces an accepted step, the
damping parameter adapts according to the reduction ratio, the computed directions remain
aligned with descent, and the CG solve remains effective without triggering the fallback safeguard.
Third, the improvement in predictive performance comes with a clear computational trade-off,
since the Hessian-free method is substantially slower per epoch than the first-order baselines.

Taken together, these results support the conclusion that a deterministic damped Hessian-free
formulation provides not only a mathematically transparent framework for multiclass neural
classification, but also a practically competitive alternative to standard first-order optimization
methods in the present educational dataset.

4. Conclusion

This study has presented a deterministic damped Hessian-free Newton—CG method for weighted
multiclass neural classification. The method is built from a weighted categorical cross-entropy
objective, a damped local quadratic model, and a matrix-free curvature operator based on
Hessian—vector products. The study has emphasized the mathematical and computational
structure of the method, including the inexact CG solve, Armijo backtracking, adaptive damping,
and descent safeguarding.

Numerically, the proposed method proved feasible for multiclass classification on preprocessed
student data with mixed categorical and numerical features. Under a common architecture,
common initialization, and a common weighted objective, the Hessian-free method achieved the
best overall test-set performance among the compared methods, with accuracy 0.8038, weighted
precision 0.8499, weighted recall 0.8038, and weighted F1l-score 0.8188. The optimization
diagnostics further supported the interpretation of the method as a genuine inexact damped
Newton—CG scheme: the gradient norm decreased substantially, every outer iteration produced
an accepted step, the damping parameter adapted to the reduction ratio, and the inner CG solve
remained stable throughout the run.

At the same time, the results confirmed the expected computational trade-off. The Hessian-
free method required substantially more training time per epoch than the first-order baselines
because each outer iteration involves full-batch gradient evaluation, repeated Hessian—vector
products, an inner CG solve, and line-search safeguards. Its practical usefulness should therefore
be judged by the balance between predictive gain and computational cost.
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Overall, the present study shows that a damped Hessian-free formulation provides a mathemat-
ically transparent, reproducible, and practically competitive framework for studying second-order
optimization in multiclass neural classification, while also extending recent curvature-based
developments for classification and neural-network optimization toward a weighted multiclass
setting [13—15]. Future work may include preconditioning for the CG inner iteration, alternative
curvature approximations such as generalized Gauss—Newton or Fisher-type operators, repeated-
run experiments for stronger statistical assessment, and extensions to larger architectures and
broader educational datasets.
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