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Abstract

Infectious disease has become a serious problem over the past few years. At the same time,
research on disease dynamics keeps advancing, especially on diseases caused by viruses. One
concept that has been used in epidemic models is fractional calculus, or more specifically,
fractional differential equations. This paper discusses the analytical properties of a fractional-
order SEIR model, which are then verified by numerical simulations. Fractional-order has
the property of memory effect, which represents the past experience effect on the current
behavior of people. Mathematically, the present state is affected by previous states. Analytical
results have shown that fractional-order value does not change the stability condition for
each equilibrium. It is shown that there exists a stronger sufficient condition for disease-free
equilibrium to be globally asymptotically stable. For the endemic equilibrium, it is only
proven to be locally asymptotically stable when the basic reproduction number is greater
than 1. Simulation results from Explicit Fractional Order Runge-Kutta (EFORK) method
are confirmed to be in agreement with the basic properties provided by the analysis. The
results also illustrate the impact of fractional-order and infection clearance rate, indicating
that smaller fractional-orders converge faster compared to larger orders.
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1. Introduction

Infectious diseases have been an issue at many different times throughout the history of humanity.
World Health Organization (WHO) reported that three major causes of death globally in 2021
were infectious diseases. The three diseases are COVID-19, lower respiratory infections, and
tuberculosis. COVID-19, as the most recent disease, took 8.8 million lives in 2021. Furthermore,
in low-income countries, malaria and HIV/AIDS are also among the ten major causes of death
[1]. There are also other infectious diseases that can cause an outbreak, such as the sudden mpox
outbreak in 2022, which spread rapidly in Europe, America, and all six WHO regions [2]. In
response to this issue, studies on infectious disease dynamics have been increasing in recent years.

Research on disease dynamics dates back to 1927, when Kermack and McKendrick developed
a mathematical model capable of describing disease dynamics by categorizing the population into
three different compartments: susceptible, infected, and recovered. This model, known as the
SIR model, serves as a foundation in many studies of various diseases, which are then modified
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with different formulas and assumptions [3], [4], [5], [6]. One of the advancements of the SIR
model is the implementation of the memory effect with fractional calculus. In comparison to
integer-order, fractional-order presents an additional parameter when fitting the model to real
data [7]. Models that are closer to real data can give insights on how the disease spreads, such as
the values of transmission and recovery rates, thereby aiding in the process of preventing disease
outbreaks. In this study, we will discuss a modification on the SIR model in [8], which is a SEIR
model. This research aims to analyze the basic properties of a fractional-order SEIR model
with an infection clearance rate parameter, where people recover with no acquired immunity
post-infection.

Following the past research, we will use the Caputo definition of fractional derivative from
the many established definitions in fractional calculus. A simple formula of a fractional-order
SIR model is given by

DS = —p*SI,
DT = ST — o1,
DR = 1%1.

where D® is the Caputo fractional derivative operator with the fractional-order a € (0,1).
Parameters such as 5 and 7 have an exponent of o because the dimension of D® is (time)™®
[7]. Other works simplify the writing of the formula without the exponent «, but essentially all
parameter’s dimension is still (time) ™.

Fractional-order « has the concept of memory effects, which represents how past experiences
influence the current behavior of people. Mathematically, the present state of a system is affected
by its previous states. Models with fractional-order are generally closer to the actual data [7].
Thus, epidemic models with fractional-order have become a topic of discussion in epidemiology.
There are a number of research, including those that take into account the possibility of reinfection
[8], [9].

The basic assumption of SIR epidemic model is that a previously infected individual will
recover naturally after a period of time and gain permanent immunity. However, there are
diseases that are able to infect an individual more than once either because the immunity to those
diseases is only temporary or there is no post-infection immunity. This particular assumption
is implemented in one of the studies regarding the fractional-order SIR model. The study has
shown that a smaller fractional-order results in faster convergence towards equilibrium state.
Additionally, increasing the value of treatment cure rate effectively reduces the number of infected
people [8].

We will then proceed to carry out this idea in the fractional-order SEIR model below.

DS =A—(pn+~)S = BSI +wl,
D°E = ST — (5 + ) E,

D =6FE — (1+ p+w)l,

DR =~S+71I — uR,

(1)

where o € (0,1]. S, E, I, and R represent the susceptible, exposed, infected, and recovered
individuals separately. The initial values (S(0), E(0), I(0), R(0)) and all parameters are assumed
to be nonnegative. Parameters used in the model include A as the population growth rate,
as the mortality rate, 5 as the transmission rate, v as the vaccination rate, § as the rate of
transition from E to I, 7 as the rate of transition from I to R, and w as the infection clearance
rate. Individuals in compartment R are those who have received permanent immunity, either
from vaccination or as an aftermath after recovery. However, individuals in compartment I could
become susceptible as soon as the infection is cleared up. In this case, the individual returns to
compartment S. Additionally, infection is caused by physical contact or close-distance interaction
with individuals in compartment I. This means that people in compartment E cannot spread
the disease.
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We present some properties used in this research, such as the definition, lemma, and theorem
in Section 2. The basic analytical properties of the model are presented in Section 3, starting
from nonnegativity and boundedness of solution to the stability analysis of equilibrium points.
Additionally, numerical simulations are also presented in Section 3 to support the analytical
results. Finally, we conclude the results of this research in Section 4.

2. Methods

As stated in the Introduction, the goal is to find the analytical properties of the fractional SEIR
model in Eq. (1) and verify it by running numerical simulations. To preface, we must introduce
some mathematical statements from previous research. As mentioned before, below is the Caputo
definition of the fractional derivative.

Definition 1. [10] Caputo fractional derivative of the function h : R — R with respect to
« is defined by

1 ¢ —a_1d"h(p)
Da == — = - 1 <
) I'(n—a) /0 (t=p) dp ’ " sasn

To analyze the nonnegativity and boundedness of the solution, we introduce the following
Lemmas 2-5.

Lemma 2. [8] Suppose that a system of fractional differential equations is given by
DWW (t) = G(W),W(0) = Wy
where G : R” - R*", n €N, 0 < a <1, and Wy € R™. If the two conditions below are
satisfied, which are
1. G(W) and iG(W) are continuous in R™, and

ow
2. ||GIW)|| < ur + ug||W|| for all W € R™ such that uj,ugs > 0,

then the system has a unique solution for all t € [0, 00).

Lemma 3. [11] Let h(t) and its fractional derivative Dh(t) be continuous functions on
[a,b] where o € (0,1]. There exist h(t) such that for every t € (a,b],

h(t) = h(a) + DY)t —a)a< (<t

b
I(e)
Lemma 4. [11] Let h(t) and its fractional derivative DYh(t) be continuous functions on
[a,b] where o € (0,1]. If D*h(t) is nonnegative for all t € [a,b], then h(t) is nondecreasing
on [a,b]. Conversely, if D*h(t) is nonpositive for all t € |a,b], then h(t) is nonincreasing
on [a,b].

Lemma 5. [12] The Laplace transformation of D*h(t) is given by

L{D*h(t)} = s“L{h(t)} — s*1Rh(0).

For equilibrium points and local stability analysis, we present Lemma 6 below.
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Lemma 6. [9] Consider the system of fractional differential equations given by
Dh(t) = (h), h(t) = (ha(to), ha(to), ---» hn(to)),

where a € (0,1], h = (hy, ha, ..., hn), and ®(R) : [tg, 00] — R™™. The solutions of ®(h) =0
are the equilibrium points. Furthermore, local asymptotic stability of an equilibrium point is

= b, P9, ..., P,
certain if and only if every eigenvalue X, of the Jacobian matrixz J(h) = %((hl’ h27 ’h ))
15,1825 -0y Iln

calculated at the equilibrium point satisfies |arg(\y,)| > O;—W.

Finally, Lemma 7 and Theorem 8 below will be used in the global stability analysis.

Lemma 7. [9] Let h(t) € R" be a differentiable function. For anyt > 0 and o € (0,1), we
have

D~ (h(t) — h* —h*In h}g)) = (1 - h}z;) D°h(t), h* € Rt

Theorem 8. [13] Let L be a positive function that is continuously differentiable and defined
in the neighborhood ©(P*) of the equilibrium point P*. As stated in LaSalle Invariance
Principle, P*is asymptotically stable if

1. D*L(P) <0 for every P € ©O(P*) and

2. The set {P € ©(P*): D*L = 0} contains only P*.

In addition, if L(P) — oo while ||P|| — oo, then P* is globally asymptotically stable.

3. Results and Discussion

We now present the basic analytical properties of Eq. (1) in the following subsection, which
includes nonnegativity and boundedness of the solution, equilibrium points, basic reproduction
number, and stability analysis. In the last subsection, we run numerical simulations to support
the established analytical properties.

3.1. Nonnegativity and Boundedness of Solution

To preface, the solutions to Eq. (1) are S(t), E(t), I(t), and R(t), each representing the population
of the respective compartment at time ¢. So, the solution must be nonnegative and bounded, as
presented in the following proposition.

Proposition 9. The solution of FEq. (1) is nonnegative for all t > 0. Furthermore, a
positively invariant set of Eq. (1) is given by

A
H:{(S,E,I,R)6R4:O<S+E+I+R§#}.

where R* is a 4-dimensional space of real numbers.
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Proof. The SEIR model in Eq. (1) can be written as D*W (t) = G(W) where

& A—(p+v)S—-BSI+wIl
| E B BSI — (6 + p)E
W= g || G = SE — (1 + p+w)I
R vS + 71 — uR

Similarly, in [8], G(W) can be rewritten as G(W) = A; + AsW + A3SW where

A —(p+7) 0 w 0 00 —B 0
o 3 0 —(0 + ) 0 0 oo B o0
A= [ 42= 0 ) —(r+p+w) O A=100 0 o0
0 v 0 T — 00 0 0

Thus, taking the norm of both sides of the equation and using triangular inequality, we have
G < [[Asl] + ([ Az2l] + [[As[I[ISIDIW]|

As stated in Lemma 2, Eq. (1) has a unique solution for all ¢ € [0, c0). Subsequently, for
each initial value S(0) =0, £(0) =0, I(0) = 0, and R(0) = 0, we have

D*S=A+wl >0,

D°E = BSI >0,

DI = §E >0,

D*R=~S+71I>0.

Hence, by Lemmas 3—4, Eq. (1) with nonnegative initial values will have a nonnegative
solution in R*. Next, by adding up each equation in Eq. (1), we have

DN = A — uN (2)

with N =S+ E+ I + R. Let Mittag-Leffler function be defined as in [14]. We introduce a
Mittag-Leffler function &, (—put®) where

Sa—l

C{Ea(-1t) = 2

By using Lemma 5 on Eq. (2), we get
sL{N(t)} — s*"IN(0) = % — nL{N(t)}.

Rearrange the equation so that we have the following form:

CIN()} = ( i ) <N(0) _ A) LA

S+ 1 ps’
Thus, by taking the inverse of the Laplace transformation, we have

N(t) = En(—pt®) (N(O) - 2) + 2

Since in the context of fractional derivative we have 0 < o < 1, then 0 < &, (—put®) <1

according to the definition of Mittag-Leffler function, to which we can conclude that

Ny <2 O
W
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3.2. Equilibrium Points

A state where a system is constant and remains unchanged, as long as there are no perturbations,
is called an equilibrium point. Mathematically, equilibrium is reached when the rate of change of
every state variable equals 0. Thus, the equilibrium points of Eq. (1) are achieved by solving

D*S =D*E =Dl = DR =0,

which results are two different equilibrium points. The first one is the Disease-Free Equilibrium
(DFE), which occurs when the disease dies out, or mathematically, when I = 0. The other
equilibrium is the Endemic Equilibrium, which occurs when the disease persists, or mathematically,
I #0. Let Py = (So, Eo, Ip, Ro) be the DFE point. We have

A A
PO:(,0,0,7>.
©A+y p(p+y)

Likewise, P; = (S1, E1, 11, R1) is the Endemic Equilibrium point where

ERCERDIGESTER%) THptw

Sl_ 55 aEl_ 5 Il)

[ A ()0t ptw) B ySitTh
B+ p)(r+p) +Buw woo

3.3. Basic Reproduction Number

Before we move on to stability analysis, we need to evaluate the basic reproduction number or
Ro. This number represents how many infection cases could occur from an infected individual
in a completely susceptible population [15]. We proceed to calculate Ry by applying the Next
Generation Matrix (NGM) method presented in [8], [15], where

_|BSI B (0+nE
7= l 0 ]’V_ [—5E+(7+u+w)[ ‘

Let F and V respectively be the Jacobian matrices of F and V, that is

|0 BS |6+ ) 0
F= [0 0 1 V=1 (T4 p+w)
According to the NGM method, R is the spectral radius of FV~!, which is
ABS
Ro = .
(b +7)0+p)(7+ p+w)

We can observe from the formula that R is directly proportional to parameters that contribute

to infection cases such as § and A. We have as the average infectious time and

)

as the average time of susceptibility. The remaining

is the probability that an

(1 +7) o+ p

exposed individual becomes infectious.

3.4. Local Stability Analysis

Now we are able to determine whether an equilibrium point is asymptotically stable or not by the
value of Rg. If an equilibrium point is asymptotically stable, then the system’s state will progress
towards that equilibrium. In this part, we discuss it locally, which applies to initial points in the
neighborhood around equilibrium. It’s important to note that from the local stability condition
in Lemma 6, if Re()\,) < 0 then

larg(An)| > o =

[ §

g , a€(0,1],
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This implies that any « € (0, 1] does not affect the local stability. Therefore, we present the
equilibrium stability analysis as follows.

Theorem 10. Local asymptotic stability of the Disease-Free Equilibrium Py is achieved if
Ro < 1.

Proof. The Jacobian matrix of Eq. (1) at Py is

_ A -
— (v 0 = +w 0
Gl (1 A g)
J(Py) = 0 —(0+p
0 ) —(T4+p+w) O
| 0 T —
Consequently, the characteristic polynomial of J(F) is
A4+ + ) A2+l +c) =0 (3)

ABS
where ¢; = (04 p)+ (T4 p+w) and c3 = (6+u)(7+u+w)—/iy. We have A\ = —(u+7)

and Ay = —pu, while the Routh-Hurwitz criterion for A2 + ¢; A + co = 0 from Eq. (3) is
satisfied if ¢, co > 0. It is obvious that ¢; > 0 considering all the parameters are nonnegative,
whereas ¢ > 0 if and only if Ry < 1. Hence, by Lemma 6, the local asymptotic stability of
Py is proven. O

Theorem 11. Local asymptotic stability of the Endemic Equilibrium Py is achieved if
Ro > 1.

Proof. Similar to the previous proof, the Jacobian matrix of Eq. (1) at Pj is

—(p+7) = Bh 0 —BS1+w 0

_ B —(6 + ) B5; 0
T(B) = 0 §  —(rHptw) O
g 0 T —H

Consequently, the characteristic polynomial of J(Py) is
A+ )3+ (G +Ek+ON 4 (GE+kOX+ (8(T + p) + pj)BI) =0 (4)

where j =7+ pu+w, k=p+~v+ B, and £ = § + p. We have A\; = —pu, whereas the
Routh-Hurwitz criterion for the equation A3 + c1\% 4+ ca\ + c3 = 0 is satisfied if ¢1, 2, c3 > 0
and coc; — c3 > 0. Referring to Eq. (4), we have

ca=j+k+4L co=jk+kl c3=(5(m+p)+ unj)sh.
It is obvious that ¢, co,c3 > 0 and
cc1 —c3 = (Jk+kO)(j+k+ ) — (6(7 + p) + pj)Bh
=k(j+0)(j+k+0) — (jl—wd)Bl.
By substituting the first k with p 4~ + 811 and separating the terms that have 517, we have
et —c3=(u+NG+0G+k+0+G+0G +k+0)BL — (€ —wd)BL
=(n+NG+0G+k+0+ G+ 0B+ k(G + OB — jAL +wip.
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Thus, it can be observed that
cacr —es=(u+)(F+ 0 +k+0) + (5% + 50+ )8 + k(j + €)BI + wsBI; > 0.

Note that Rg > 1 is the sufficient condition for P; to exist and for the Routh-Hurwitz
criterion to be satisfied. Hence, by Lemma 6, the local asymptotic stability of P is
proven. O

Remark 12. Local asymptotic stability of disease-free equilibrium can be interpreted as an
early phase of an epidemic. When there are a few infected individuals and the reproduction
number is below one, the disease will eventually die out. However, if the reproduction
number is greater than one, even with a few infected individuals the disease can spread in
the population.

3.5. Global Stability Analysis

In this subsection we proceed to analyze the system stability globally, which means we will
discuss the system stability at R%, not just the neighborhood around equilibrium, in the following
theorems.

Theorem 13. Global asymptotic stability of the Disease-Free Equilibrium Py is achieved

when Ry < e

p+y

Proof. Let the Lyapunov function L be defined as
Li(E,I)=0E+ (0 +p)l
The fractional derivative of L is given by

D®L; = 6D“E + (8 + p) DI
= 3(BST — (8 + WE) + 0+ p)(OF — (1 + p + w)I)
= (BOS — (6 + p) (7 + p+w))I

AR
= — (RoS — —— I
Ro \"7 " utny

A
By the positively invariant set H in Proposition 9, we have an upper bound of —. This also
W

A
implies that S < —, which means

A A A
7%ngRo<>.
Bty ) pty

Since 7/;((5) is positive, we can conclude that if Rg < ﬁ then DLy < 0.

Let Hy be the largest invariant set in {(S, E, I, R) : DL = 0}. According to the definition
of positively invariant set in [16] and Theorem 8, we can examine that D*L; = 0 if and
only if I = 0, which ultimately leads to S — Sy, £ — Ep, and R — Ry. Thus, the only
element in H; is Py. By the LaSalle Invariance Principle, global asymptotic stability of Py
is proven. l
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Remark 14. It is important to note that the epidemic threshold remains Rg = 1. Theo-
rem 13 raises a stronger sufficient condition because of the chosen Lyapunov function and
the rough upper bound on S that is used in the proof. Therefore, it is possible that there
exists a more intricate Lyapunov function or upper bound on S that gives a less restrictive
condition for global asymptotic stability.

The global asymptotic stability of endemic equilibrium will be left unproven in this paper.
However, we decided to share what we found on the Lyapunov function L; given by

Las.BD =5if (5 ) +Bif (5 ) +ans (1.

1 1

where f(z) =2 —1—1In(x), z > 0, and a > 0. The fractional derivative of Ly based on Lemma 7
is

ey S1 ey Ey ey 5 o
< — N P
D*L, (1 S>DS+<1 >DE—|—CL<1 )DI

:(A_(M+'Y)S—,BSI+WI— Sl(A(“+7)55551+wI)>

EV(BST — (6 + M)E))

E
L(6F — (T+M+w)1)) .

+ (551— 6+ p)E —

I
Recall that P} = (S, E1, 11, R1) is an equilibrium point, which means that when S = Sy, E = F,
I =1, and R = R; we have

DS =A—(u+~v)S1 — pS11 + wl =0,

DYE = S111 — (0 + p)Ey =0,

DI =0E) — (T +p+w)l; =0,

D*R=~S51+ 7l — uRy = 0.

—l—a(éE—(T—i-,u—i-w)I—

This brings out a relation of parameters that can be used. From D®S, we found out that
A= (u+~v)S1 + pS111 — wl, which we substitute into the inequality to obtain the following.

D*Lq <(p+7)S1 + BS11h —wli — (p+7)S +wl
~Si((p+)S +BSh —wh — (p+7)S = BST + wl)

S
+ <ﬁSI — G+ pp - BBl _E((SJFM)E))
+a <5E— (T+p+w)l — LOE - (TI+M+W)I)) :
Then from D*E and DI we also found that (6 +p) = /Bi;lfl and § = W We choose
specifically a = 7% then substitute all three which result in the expression below.

(n+7)S7  BSTh n wS1h

DLy <(p+~v)S1+ pS11 —wly — (p+7)S +wl — 3 3 S + (n+7)51
S E,8ST 118SET
Lpsr— ol (— 155, 55111> + (—5511 _DPSEL | 55111> .
S E IFE,

All that’s left is to rearrange the right-hand side by grouping it into three different terms that
have either (4 + v)S1, S111, or w. The result is as follows:

DLg < (u+7)S (2—51—5)+65111 <3—Sl—IlE— SElI) w((s_slk)g(f_jl)).

S 5 S IE, S.EL
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It can be checked by AM-GM inequality that

Sl S Sl IlE SElf
2————<0 d3— — — — — <0.

S S1 — 7 an S IE, S1ElL —
(S=81)I-1)

However, the term w has an indefinite sign. For this case, further rigorous

S

calculations are needed to prove that D*L, < 0.

3.6. Numerical Simulation

To support the analytical properties, we ran some simulations of Eq. (1). We conduct three
simulations for three different cases with the parameter values given in Table 1.

Table 1: Parameter Values

Parameter (i) (i) (iii) Reference
A 1 1 1 (i): Assumed; (ii) — (iii): [§]
I 0.1 0.1 0.1 (i): [8]; (ii) — (iii): Assumed
B 03 0.3 0.5 [8]
v 0.3 0.2 0.2 8]
o 02 0.2 0.3 Assumed
T 04 0.2 0.4 (i) — (ii): [8]; (iii): Assumed
w 0.2 0.01 [0.2,0.5,0.8] [8]

This simulation uses S(0) =5, E(0) =2, 1(0) = 3, and R(0) = 1 as initial values to illustrate
a small population with people that are already infected. A few parameter values in Table 1
came from the previous research [8]. The remaining values are chosen through testing to ensure
that we have the two plausible real-world scenarios as the result, either the disease dies out or
persists. Parameter values in column (i) and (ii) represent the same level of disease transmission
(8) but a different level of interventions (v, 7, w), while the parameter values in column (iii)
are chosen specifically to observe the clearance rate (w). Additionally, the parameter values for
each fractional-order o are assumed to be the same so that we can observe the difference of each
order value. The simulation will be held with the 2-stage Explicit Fractional Order Runge-Kutta
(EFORK) method presented in [17].

3.6.1. Case 1: Stable Disease-Free Equilibrium Point

The first simulation uses the parameter values in column (i) of Table 1, with the result given in
Fig. 1.

The basic reproduction number for this scenario is Rg = 0.7143 < 1 . Previous analytical
properties of the model implies that DFE, or in this case Py = (2.5,0,0,7.5), is asymptotically
stable. It can be observed in Fig. 1 that the numerical solution corresponds with the analytical
result. The value of (S, E, I, R) over the time converges towards Py. It is also worth to mention
that the solutions of Eq. (1) with smaller fractional-order « reach equilibrium first than models
with larger a.

3.6.2. Case 2: Stable Endemic Equilibrium Point

For the second simulation, we apply parameter values in column (ii) of Table 1 with the result
given in Fig. 2.

The basic reproduction number for this case is Rg = 2.1505 > 1. According to the analytical
properties, Endemic Equilibrium or in this case P; = (1.55,1.822,1.1758,5.4516), is asymptotically
stable. The result in Fig. 2 also suggests that the value of (S, E, I, R) converges towards P;
when t — oo. Additionally, this simulation agrees with the aforementioned observation about
fractional-order ««. The solution of the model that uses v = 0.5 reaches equilibrium before others
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Susceptible Population over Time Exposed Population over Time
6 5
51 4]
41
3 i
»1 3 53
2 1
2 4
1 1
0 w ; ; - 0 - ; - w
0 10 20 30 40 50 0 10 20 30 40 50
Days Days
Infected Population over Time Recovered Population over Time
5 8
4 4
6 1
3 4
— o 4
2 4
2 4
1 4
0 w w w - 0 - w - w
0 10 20 30 40 50 0 10 20 30 40 50
Days Days
0=0.5 a=0.7 — a=09 a=1.0

Fig. 1: Numerical solution illustrating the stability of disease-free equilibrium F, . It can be observed
that the exposed and infected population (E and I) decreases to zero, indicating that the disease dies out,
while the recovered population (R) increases. The susceptible population (S) also declines to a certain
point and then stabilizes as the transmission of disease fades.

with higher « values. The results in both Fig. 1 and Fig. 2 show that the model dynamics are
also dependent on the o value.

3.6.3. Case 3: Results with Different Clearance Rate

This last simulation is done to observe the impact of clearance rate on model dynamics using
parameter values in column (iii) of Table 1 with a = 0.5 and various w values. The results are
given in Fig. 3 with the basic reproduction numbers and asymptotically stable equilibrium points
are presented in Table 2.

Table 2: Simulation Results for Different w values

w Ro Asymptotically Stable Equilibrium Point

0.2 1.7857 P, = (1.867,1.4,0.6,6.1333)
05 1.25 P, = (2.67,0.8,0.24, 6.2933)
0.8 0.9615 Py = (3.33,0,0,6.67)

The result in Fig. 3 implies that clearance rate affects the model dynamic. Additionally,
increasing the value of clearance rate w is able to effectively decrease the number of infection
cases. The individuals that return to susceptible are able to get vaccinated for immunity. It’s
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Fig. 2: Numerical solution illustrating the stability of endemic equilibrium P;. It can be observed that
the exposed and infected population (E and I) declines but stabilizes at a certain point, indicating that
the disease persists. while the recovered population (R) still increases but not as many as the previous
case. The susceptible population (S) also declines more before stabilizing because more individuals are
exposed and infected.

shown that for w = 0.8, the infection cannot sustain itself and the disease slowly dies out. In
a real-world setting, an increase in clearance rate can be achieved by improving the efficiency
of giving early treatment to infected people, having them cleared from infection and getting
vaccinated later on to prevent reinfection.

4. Conclusion

This paper discusses a fractional-order SEIR model that takes into consideration the infection
clearance rate. We present the model formulation in Eq. (1) and show basic analytical properties,
from nonnegativity and boundedness of solution to the stability of equilibrium points. Numerical
simulations with the EFORK method validate the analytical properties presented. Results have
shown that solution of the model differs depending on the value of the fractional-order .. Model
with a smaller « value in the range of 0 < o < 1 has a solution that converges faster to equilibrium
state. Furthermore, increasing the value of infection clearance rate effectively reduces the number
of infection cases. Future research may involve more complex fractional-order epidemic models
that use the concept of infection clearance, parameters estimated from real-world data, and the
concept of spatial effects or stochastic models.
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Fig. 3: Numerical solution with different clearance rate (w) shows that increasing clearance rate effectively
reduces the exposed and infected population (F and I), while the susceptible and recovered population
(S and R) increases.
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