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Abstract

This study investigates the dynamical interaction between guano biomass density (x), inverte-
brate biomass density (y), and fish biomass density (z) through a three-compartment trophic
model representing a nutrient-based cave ecosystem. The analysis identifies three equilib-
rium points: the consumer-free equilibrium E0, the predator-free equilibrium E1, and the
coexistence equilibrium E2. Local stability analysis shows that the coexistence equilibrium is
asymptotically stable, characterized by eigenvalues with negative real parts (λ1 = −0.519706
and λ2,3 = −0.085385 ± 0.188169i). Numerical simulations using the fourth–fifth order
Runge–Kutta method (RK45) support these analytical results, showing trajectories that
exhibit damped oscillations before converging to the steady state. Furthermore, a bifurcation
analysis reveals a critical Branching Point (BP) at the predation rate b2 ≈ 0.043956. This
threshold signifies a transcritical bifurcation where the system transitions from a predator-
extinction regime to a stable coexistence regime, highlighting the sensitivity of the food
web to energy transfer efficiency. These findings suggest that under the assumed parameter
set, the interaction between guano nutrients, invertebrates, and fish can maintain a stable
ecological balance through top-down control and nutrient-dependent dynamics.

Keywords: guano, cave ecosystem model, local asymptotic stability, numerical simulation,
three-compartment trophic model, transcritical bifurcation.

1. Introduction
Cave ecosystems represent some of the most unique and extreme environments within the
biosphere, fundamentally characterized by permanent aphotic zones, high microclimatic stability,
and significant geographical isolation. Due to the absence of sunlight to drive phototrophic
processes, these ecosystems are obligately heterotrophic and function as semi-closed systems
that rely heavily on allochthonous energy subsidies from the surface environment to maintain
their ecological functions [1–3]. The limitation of primary productivity within caves makes them
highly sensitive systems to fluctuations in external energy inputs, where even minor changes in
environmental parameters can trigger significant ecological cascades for specialized subterranean
biota [4]. These enclosed and energy-limited ecological conditions cause most cave organisms to
depend on periodic external nutrient sources, such as surface organic matter, animal carcasses,
or bat guano deposition [1].

Among these various energy transfer mechanisms, bat guano deposition is recognized as one
of the most critical nutrient sources in cave ecosystems. Guano is not merely biological waste; it
serves as a reservoir of organic matter rich in nitrogen (N), phosphorus (P), and organic carbon,
forming the primary foundation of nutrient cycling in subterranean environments [5]. This high
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nutrient content enables the flourishing of microbial communities and detritivorous organisms
that utilize guano as a primary energy source [6]. Recent studies also indicate that guano deposits
can enhance microbial diversity and influence the structure of biological communities within
caves, such that guano-rich areas often harbor higher biomass diversity compared to nutrient-poor
sections [7]. Furthermore, stable isotope analysis of guano can even record long-term ecological
dynamics and environmental changes, making it a vital indicator in studies of cave ecology and
biogeochemical cycles [8].

As a primary trophic base, guano triggers the formation of unique hierarchical food webs
(trophic cascades) within cave ecosystems. At the first trophic level, various detritivorous and
coprophagous macroinvertebrates, such as Collembola, Coleoptera, and insect larvae, utilize
guano as the main energy source for their biomass growth [9]. This interaction involves not
only direct consumption but also microbial decomposition processes that accelerate nutrient
mineralization, thereby increasing energy availability for higher trophic level organisms. The
abundance of these invertebrate biomass densities subsequently supports higher-level predators,
including stygobitic cave fish and other predatory arthropods, forming a trophic network that
is highly dependent on the rate of guano deposition (R) and the efficiency of energy transfer
between trophic levels [10, 11].

Nonetheless, biomass dynamics in cave ecosystems often exhibit high complexity due to
extreme dependence on a single primary energy source. Unstable guano deposition rates can
cause sharp fluctuations in primary consumer biomass densities, which ultimately affect the
stability of predators at higher trophic levels. Disturbances to bat colonies resulting from
anthropogenic activities, surface land conversion, or global climate change have the potential
to drastically reduce guano supply [12, 13]. Such conditions can trigger ecological imbalances
and even increase the risk of local extinction for endemic cave species highly specialized to these
energy sources. Additionally, some recent studies have shown that guano can act as a medium
for the accumulation of specific microorganisms and chemical compounds that may influence
decomposition processes and the health of surrounding organisms [14].

To quantitatively understand these complex interactions, mathematical modeling approaches
have become essential tools for analyzing biomass dynamics in energy-limited ecosystems. His-
torically, three-species food chain models have been a cornerstone of mathematical biology, often
used to study the emergence of complex behaviors such as limit cycles and multi-stability [15].
However, recent mathematical literature has increasingly focused on the dynamics of systems
driven by external resource subsidies and non-living nutrient pools [16, 17]. The system analyzed
in this study belongs to the class of resource-consumer-predator models, which are mathematically
analogous to chemostat-type systems with constant nutrient inflow (R), a framework that remains
a subject of intense analytical investigation in modern dynamical systems [16].

The mathematical novelty of this study lies in the formulation of a three-compartment
trophic model that explicitly integrates a non-living organic resource (guano) as the fundamental
abiotic driver (x), rather than a self-renewing biotic biomass with logistic growth. This structural
distinction is significant; unlike standard food-chain models where the basal level is self-replicating,
our approach incorporates a constant allochthonous supply (R) and abiotic decay (a), which
fundamentally alters the stability landscape of the subterranean food web [18]. Specifically,
this work extends the existing literature on nutrient-input models by rigorously defining the
invasion boundary for top predators in extreme environments through the determination of
a precise transcritical bifurcation threshold. This allows us to quantify how energy transfer
efficiency and guano deposition rates interact to dictate the transition from a predator-extinction
regime to a stable coexistence state, a facet often overlooked in purely biotic 3D trophic models.
Through equilibrium point analysis, stability evaluation, and numerical continuation methods,
this research identifies the specific mathematical conditions that allow for stable coexistence,
providing a specialized framework that bridges theoretical resource-consumer dynamics with
cave-specific ecological constraints.
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2. Methods and Mathematical Model
In this study, the method employed to dissect the dynamics of the cave ecosystem is dynamical
systems modeling through a system of three-dimensional nonlinear differential equations. This
approach was selected to represent the hierarchical trophic interactions that rely entirely on
allochthonous energy subsidies, by dividing the ecosystem components into three primary state
variables: the biomass density of the guano resource (x), the biomass density of detritivorous
invertebrates (y), and the biomass density of cave fish as top predators (z). To ensure dimensional
consistency, all state variables are defined in units of mass per unit area (mass · area−1). The
model formulation is built upon the assumption that the cave ecosystem is a semi-closed aphotic
system, where the growth of all trophic levels is fundamentally governed by a constant guano
input rate (R) continuously deposited by bat colonies onto the cave floor.

The dynamics of the guano resource (x) are assumed to decrease due to natural decomposition
processes at rate a and consumption by invertebrates at an interaction rate b1. Accordingly, the
invertebrate biomass (y) grows proportionally to the amount of guano consumed, dictated by
a conversion efficiency factor e1. However, this invertebrate biomass also experiences decline
due to a natural mortality rate d1 and predation pressure from cave fish at an interaction rate
b2. At the highest trophic level, the fish biomass (z) is assumed to be a specialist predator that
reproduces solely through the consumption of invertebrates with a conversion efficiency e2, while
its biomass decline is determined entirely by the natural mortality rate d2.

Regarding the interaction terms, this model employs a linear functional response (mass-action
kinetics) for both consumption levels (b1xy and b2yz). By defining the state variables as biomass
densities, the interaction terms become dimensionally consistent with the rate of change expressed
by the differential equations (mass · area−1 · time−1). This choice is justified by the typically
low-density biomass of specialized cave biota, where encounter rates rather than handling time
remain the primary limiting factor for energy transfer. Based on the integration of these biological
assumptions, the trophic interaction model of the cave ecosystem is formulated as follows:

dx

dt
= R − b1xy − ax

dy

dt
= b1e1xy − b2yz − d1y

dz

dt
= b2e2yz − d2z

(1)

2.1. Positivity and Boundedness of Solutions
To ensure the biological validity of the model, it is essential to show that all state variables
remain non-negative and bounded for all t > 0.

Theorem 1. Solutions (x(t), y(t), z(t)) of system (1) with initial conditions in R3
+ remain

in R3
+ for all t > 0.

Proof. From the first equation of system (1), we observe that dx
dt |x=0 = R. Given that R > 0,

the guano biomass density x will increase whenever it reaches zero, ensuring x(t) > 0. For
the biological variables y and z, the equations can be expressed as:

dy

dt
= y(b1e1x − b2z − d1), dz

dt
= z(b2e2y − d2)

Integrating these equations yields:

y(t) = y(0) exp
(∫ t

0
(b1e1x(τ) − b2z(τ) − d1)dτ

)
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z(t) = z(0) exp
(∫ t

0
(b2e2y(τ) − d2)dτ

)
Since the exponential function is strictly positive, y(t) and z(t) will remain positive for
all t > 0 provided that y(0) > 0 and z(0) > 0. Thus, the non-negative orthant R3

+ is an
invariant region for the system. □

Theorem 2. All solutions of system (1) initiating in R3
+ are uniformly bounded.

Proof. Let W (t) = e1e2x(t) + e2y(t) + z(t) be the weighted total biomass of the system. Its
time derivative is given by:

dW

dt
= e1e2(R − b1xy − ax) + e2(b1e1xy − b2yz − d1y) + (b2e2yz − d2z)

= e1e2R − e1e2ax − e2d1y − d2z

Let µ = min(a, d1, d2) be the minimum decay/mortality rate in the system. We can then
establish the following inequality:

dW

dt
≤ e1e2R − µ(e1e2x + e2y + z) = e1e2R − µW

Solving this linear differential inequality, we obtain:

W (t) ≤ e1e2R

µ
+
(

W (0) − e1e2R

µ

)
e−µt

As t → ∞, it follows that W (t) ≤ e1e2R
µ . Therefore, all solutions starting in R3

+ are confined
within the bounded region Ω = {(x, y, z) ∈ R3

+ : W ≤ e1e2R
µ + ϵ} for any ϵ > 0. □

As t → ∞, it follows that W (t) ≤ e1e2R
µ . Therefore, all solutions starting in the positive

region are confined within a bounded domain. Having established the fundamental mathematical
properties that guarantee the biological feasibility of the model, we proceed to investigate its
dynamic behavior through numerical analysis. To ensure the reproducibility of the results and
address dimensional clarity, the definitions, parameter values, and units used for the numerical
simulations are summarized in Table 1.

While the chosen parameter values are grounded in established ecological literature for cave
ecosystems [1, 11, 12], it should be explicitly noted that this parameter set is primarily intended
as a theoretical and illustrative example to explore the system’s qualitative dynamics, rather
than an empirically calibrated case from a specific field site. Given the inherent difficulty in
measuring in-situ rates for rare cave biota, this parameter set serves as a biologically realistic
baseline to analyze the system’s behavior. The sensitivity of the model to these choices is further
addressed through the bifurcation analysis, which evaluates how shifts in predation efficiency
(b2) influence the overall ecosystem stability.

The analytical methods applied to examine the aforementioned model include qualitative
analysis by determining the ecological equilibrium points (x∗, y∗, z∗) under steady-state conditions,
where the rate of change of the biomass density over time is zero. Subsequently, stability analysis
is performed by constructing the Jacobian matrix to obtain the characteristic equations of the
system. The Routh–Hurwitz criteria are utilized to determine the parameter conditions that
ensure all eigenvalues have negative real parts, thereby achieving asymptotic stability.

As a final stage, numerical simulation methods are conducted using ODE (Ordinary Differential
Equations) integration algorithms in the Python programming language to validate the analytical
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Table 1: State variables and parameter values with biological justification.
Symbol Value Unit Biological Justification / Source
Variables

x - mass area−1 Guano biomass density (g/m2).
y - mass area−1 Invertebrate biomass density (g/m2).
z - mass area−1 Cave fish biomass density (g/m2).

Parameters
R 1.5 mass area−1 time−1 Daily guano deposition rate for moderate bat

colonies in aphotic cave zones [1].
a 0.5 time−1 Microbial decomposition rate of organic matter in

high-humidity subterranean environments [11].
b1 0.4 area mass−1 time−1 Calibrated consumption rate for detritivores; re-

flects high search efficiency in nutrient-limited
caves [10].

e1 0.6 dimensionless Trophic efficiency for primary consumers; consis-
tent with high-quality organic subsidies [19].

d1 0.2 time−1 Natural mortality rate for cave invertebrates; es-
timated for stable, low-fluctuation environments
[1].

b2 0.3 area mass−1 time−1 Predation rate for specialist fish; assumes
encounter-limited dynamics in total darkness (Bi-
furcation parameter).

e2 0.7 dimensionless High assimilation efficiency typical for specialized
top predators in energy-limited systems [19].

d2 0.1 time−1 Low mortality rate reflecting longevity and K-
selection strategy of cave-adapted fish [12].

results and visualize biomass trajectories within the phase space. Specifically, simulations
are implemented using the scipy.integrate.solve_ivp library with the RK45 algorithm,
employing an absolute tolerance of 10−9 and a relative tolerance of 10−6 for numerical precision.
Furthermore, the bifurcation analysis is performed using the numerical continuation software
MATCONT in the MATLAB environment. This procedure employs numerical continuation methods
to track equilibrium branches as the predation rate b2 varies, allowing for the precise identification
of the Branching Point (BP) and the resulting transcritical bifurcation threshold.

3. Results and Discussion
This section presents the analytical and numerical results obtained from the proposed cave
ecosystem model. The discussion begins with the equilibrium structure and local stability
properties of the system, followed by numerical simulations and bifurcation analysis to illustrate
the long-term dynamical behavior of the trophic interactions.

3.1. Model Analysis
3.1.1. Equilibrium Points and Existence Analysis
The equilibrium points of the system (1) are obtained by setting all rates of change with respect
to time to zero, dx

dt = 0, dy
dt = 0, dz

dt = 0, such that:

R − b1xy − ax = 0
b1e1xy − b2yz − d1y = 0

b2e2yz − d2z = 0
(2)

Based on the system of equations above, three equilibrium points are obtained along with
their existence conditions to remain biologically positive (x∗, y∗, z∗ > 0):
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1. Equilibrium Point E0. This point represents the condition where invertebrate biomass
density and fish biomass density are absent from the ecosystem (y∗ = 0, z∗ = 0). Substitution
into Eq. (2) yields:

R − ax = 0 =⇒ x∗
0 = R

a
(3)

Thus, the equilibrium point is obtained:

E0 =
(

R

a
, 0, 0

)
(4)

Biological existence condition for E0: Since the parameters R (input rate) and a (decomposition
rate) are always positive (R, a > 0), x∗

0 > 0 is always satisfied. The point E0 always exists under
any parameter conditions.

2. Equilibrium Point E1. This point represents the existence of guano and invertebrate biomass
densities in the absence of fish (x∗, y∗ > 0, z∗ = 0). From Eq. (2), we obtain:

y(b1e1x − d1) = 0 (5)

Since y > 0, it must follow that b1e1x − d1 = 0, hence:

x∗
1 = d1

b1e1
(6)

Substituting the value of x∗
1 into Eq. (2) to solve for y∗

1:

R − b1

(
d1

b1e1

)
y − a

(
d1

b1e1

)
= 0

d1
e1

y = R − ad1
b1e1

y∗
1 = e1

d1

(
Rb1e1 − ad1

b1e1

)
= Rb1e1 − ad1

b1d1

Thus, the equilibrium point is obtained:

E1 =
(

d1
b1e1

,
Rb1e1 − ad1

b1d1
, 0
)

(7)

Existence condition for E1:

d1, e1, b1 > 0
Rb1e1 − ad1 > 0 =⇒ Rb1e1 > ad1

(8)

3. Coexistence Equilibrium Point (E2). This point represents the condition where all three
components (guano, invertebrate, and fish biomass densities) coexist (x∗, y∗, z∗ > 0). From
Eq. (2), we obtain:

z(b2e2y − d2) = 0 =⇒ y∗
2 = d2

b2e2
(9)

Substituting y∗
2 into the equation to obtain x∗

2:

R − b1x

(
d2

b2e2

)
− ax = 0

x

(
b1d2 + ab2e2

b2e2

)
= R =⇒ x∗

2 = Rb2e2
b1d2 + ab2e2
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Next, substituting x∗
2 into the equation to obtain z∗

2 :

b1e1x∗
2y∗

2 − b2y∗
2z − d1y∗

2 = 0

b1e1x∗
2 − b2z − d1 = 0 =⇒ z∗

2 = b1e1x∗
2 − d1

b2

Thus, the interior equilibrium point is obtained:

E2 =
(

Rb2e2
b1d2 + ab2e2

,
d2

b2e2
,
b1e1x∗

2 − d1
b2

)
(10)

Existence condition for E2: The point E2 exists if x∗
2 > 0, y∗

2 > 0, z∗
2 > 0. This requires:

b1e1x∗
2 > d1 =⇒ x∗

2 >
d1

b1e1
(11)

By substituting the value of x∗
2, this condition becomes:

Rb1e1b2e2
b1d2 + ab2e2

> d1 =⇒ R >
d1(b1d2 + ab2e2)

b1e1b2e2
(12)

Rb1e1b2e2 > d1(b1d2 + ab2e2) (13)

3.1.2. Stability Analysis
To analyze the dynamic behavior of system (1) around the equilibrium points, linearization is
performed using the Jacobian matrix J(x, y, z). The Jacobian matrix of the system is defined as
follows:

J(x, y, z) =

−b1y − a −b1x 0
b1e1y b1e1x − b2z − d1 −b2y

0 b2e2z b2e2y − d2

 (14)

Local stability is determined by the eigenvalues (λ) of the characteristic equation |J(Ei)−λI| = 0.
An equilibrium point is locally asymptotically stable if all eigenvalues have negative real parts
(Re(λi) < 0).

Theorem 3. The equilibrium point E0 is locally asymptotically stable if the condition
R
a < d1

b1e1
is satisfied.

Proof. Evaluating the Jacobian matrix at E0 = (R
a , 0, 0) yields:

J(E0) =

−a − b1R
a 0

0 b1e1R
a − d1 0

0 0 −d2

 (15)

The characteristic equation of J(E0) is (−a − λ)( b1e1R
a − d1 − λ)(−d2 − λ) = 0. The

eigenvalues are obtained directly from the diagonal elements: λ1 = −a, λ2 = b1e1R
a − d1,

and λ3 = −d2. Since a, d2 > 0, then λ1, λ3 < 0. For λ2 < 0, it must hold that b1e1R
a < d1,

or equivalently R
a < d1

b1e1
. □

Theorem 4. The equilibrium point E1 is locally asymptotically stable if the condition
y∗

1 < d2
b2e2

is satisfied.
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Proof. At the point E1 = (x∗
1, y∗

1, 0), the equilibrium condition implies b1e1x∗
1 − d1 = 0. The

Jacobian matrix evaluated at E1 is:

J(E1) =

−(b1y∗
1 + a) −b1x∗

1 0
b1e1y∗

1 0 −b2y∗
1

0 0 b2e2y∗
1 − d2

 (16)

The characteristic equation is obtained by solving |J(E1)−λI| = 0. Using cofactor expansion
along the third row, we obtain:

(b2e2y∗
1 − d2 − λ) det

([
−(b1y∗

1 + a) − λ −b1x∗
1

b1e1y∗
1 −λ

])
= 0 (17)

The first eigenvalue is λ3 = b2e2y∗
1 − d2, which is negative if y∗

1 < d2
b2e2

. The remaining two
eigenvalues, λ1,2, are determined by the 2 × 2 upper-left submatrix Jsub. For this submatrix,
the trace (Tr) and determinant (Det) are computed as follows:

Tr(Jsub) = −(b1y∗
1 + a) + 0 = −(b1y∗

1 + a)
Det(Jsub) = (−(b1y∗

1 + a))(0) − (−b1x∗
1)(b1e1y∗

1) = b2
1e1x∗

1y∗
1

(18)

The characteristic polynomial for these eigenvalues is P (λ) = λ2 −Tr(Jsub)λ+Det(Jsub) = 0,
which can be written as P (λ) = λ2 + A1λ + A2 = 0, where:

A1 = b1y∗
1 + a, A2 = b2

1e1x∗
1y∗

1 (19)

According to the Routh–Hurwitz criteria, for λ1,2 to have negative real parts, the coefficients
must satisfy A1 > 0 and A2 > 0. Since all parameters and equilibrium biomass densities
are positive, these conditions are inherently satisfied, concluding the proof. □

Theorem 5. The coexistence equilibrium point E2 is locally asymptotically stable throughout
its existence domain.

Proof. At the point E2 = (x∗, y∗, z∗), the equalities b1e1x∗−b2z∗−d1 = 0 and b2e2y∗−d2 = 0
hold. The Jacobian matrix J(E2) becomes:

J(E2) =

−(b1y∗ + a) −b1x∗ 0
b1e1y∗ 0 −b2y∗

0 b2e2z∗ 0

 (20)

The characteristic equation |J(E2) − λI| = 0 is λ3 + Aλ2 + Bλ + C = 0, with coefficients:

A = b1y∗ + a

B = b2
2e2y∗z∗ + b2

1e1x∗y∗

C = (b1y∗ + a)(b2
2e2y∗z∗)

According to the Routh–Hurwitz criteria, the system is stable if A > 0, C > 0, and AB > C.
The conditions A, C > 0 are satisfied trivially. Calculating AB − C yields:

AB − C = (b1y∗ + a)(b2
2e2y∗z∗ + b2

1e1x∗y∗) − (b1y∗ + a)(b2
2e2y∗z∗)

= (b1y∗ + a)[(b2
2e2y∗z∗ + b2

1e1x∗y∗) − b2
2e2y∗z∗]

= (b1y∗ + a)(b2
1e1x∗y∗)
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Since a, b1, e1, x∗, y∗ > 0, then AB −C > 0 is always satisfied. Consequently, the coexistence
point E2 is always locally asymptotically stable as long as the biomass densities at the
equilibrium are biologically existent (z∗ > 0). □

3.2. Numerical Simulation
3.2.1. Phase Portrait
The verification of the interaction dynamics between guano biomass density (x), the invertebrate
biomass density (y), and the fish biomass density (z) was conducted through numerical simulations
using the Python programming language, utilizing the solve_ivp function from the SciPy library.
The integration of this system of non-linear differential equations was solved using the Runge-
Kutta order 4(5) algorithm or the Explicit Runge-Kutta method of order 5(4) (RK45) over a
simulation time range of t ∈ [0, 200], with an evaluation resolution of 1500 data points to ensure
the accuracy of the solution trajectories.

The parameter values were established based on assumptions that satisfy the existence and
asymptotic stability criteria of the coexistence point, namely a = 0.5, b1 = 0.4, b2 = 0.3, e1 = 0.6,
e2 = 0.7, d1 = 0.2, d2 = 0.1, and R = 1.5. Based on these assumed parameters, the system
generates three equilibrium points representing the biomass hierarchy: the consumer-free point
E0(3.0, 0, 0), the predator-free point E1(0.833, 3.25, 0), and the interior or coexistence point
E2(2.172, 0.476, 1.071). The condition E0 reflects an environmental status dominated solely by
the biomass density of guano nutrients without the presence of consumers, while E1 indicates
the inability of the fish biomass density to establish itself in the ecosystem despite an abundant
supply of invertebrates as a food source under this specific numerical configuration.

Stability analysis at the interior point E2 yielded an eigenvalue λ1 = −0.519706 and a
pair of complex conjugates λ2,3 = −0.085385 ± 0.188169j. The presence of real parts that are
entirely negative mathematically confirms that the coexistence point E2 is locally asymptotically
stable with the characteristics of a stable focus within the local vicinity of the equilibrium.
Biologically, the negative real eigenvalue (λ1) represents the ecosystem’s theoretical resilience in
balancing the guano input rate as the primary nutrient base, ensuring its availability remains
controlled despite external disturbances. The presence of the complex conjugate pair (λ2,3)
reflects dynamic predation dynamics, where the invertebrate and fish biomass densities undergo
damped fluctuations before eventually reaching a constant biomass density. This phenomenon
indicates that under the chosen parameter set, the nutrient input rate from guano (R) and the
efficiency of energy transfer between trophic levels allow for a steady state where the invertebrate
biomass density persists despite predation pressure.

The system dynamics were further tested through five initial condition (IC) variations
representing various scenarios of initial biomass densities within the phase space R3

+, specifically
IC1(0.5, 0.2, 0.1), IC2(3.0, 1.0, 0.5), IC3(1.0, 2.0, 1.5), IC4(4.0, 0.5, 0.2), and IC5(2.5, 1.5, 0.8).

As visualized in the three-dimensional phase portrait in Fig. 1, all trajectories originating
from various starting points move dynamically and converge toward the equilibrium point E2.
The spiral patterns in the paths toward the central point are physical manifestations of biomass
adaptation to nutrient availability and predation pressures that stabilize one another within the
modeled framework. These results suggest that for this specific numerical configuration, the
system exhibits a balancing mechanism where biomass densities converge toward coexistence.
Conversely, points E0 and E1 are unstable, implying that the system tends to move away from
extinction states and toward the stable coexistence point E2 for the given parameter values.

3.2.2. Time Series with Different Initial Conditions
To understand the dynamic behavior of the guano–invertebrate–fish interaction model, numerical
simulations of the nonlinear differential equation system were conducted using the numerical
integration methods available in the solve_ivp function of the SciPy library in the Python
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Fig. 1: 3D phase portrait of the guano-invertebrate-fish model showing the convergence of trajectories
from five initial conditions toward the coexistence equilibrium point E2.

programming language. By default, this function employs the adaptive Runge–Kutta order 4–5
(RK45) method, which is capable of producing stable and accurate numerical solutions.

Simulations were performed over the time interval t ∈ [0, 200] with 2000 evaluation points,
allowing the biomass dynamics to be observed in detail over time. In this model, the variable
x(t) represents the biomass density of guano as a nutrient source, y(t) denotes the invertebrate
biomass density as primary consumers, and z(t) denotes the fish biomass density as predators.
To test the system’s stability against variations in initial conditions, several simulations were
conducted with different initial biomass values.

While the previous phase portrait illustrated the qualitative convergence of the system from
various points in the phase space, the following simulations employ a specific set of initial
conditions to examine the detailed transient oscillations and the temporal adaptation of each
biomass density toward the steady state.

Fig. 2: Time series simulation of the guano–invertebrate–fish model with initial conditions x0 = 0.5,
y0 = 0.3, and z0 = 1.0.

Simulation 1: Initial Conditions x0 = 0.5, y0 = 0.3, z0 = 1.0. In the first simulation, the initial
fish biomass density is relatively larger than the invertebrate biomass density. The simulation
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results show that the guano biomass density x(t) initially increases rapidly due to the external
nutrient supply R. However, as the invertebrate biomass density which utilizes guano as a food
source increases, the growth rate of the guano begins to decrease until it eventually approaches
the equilibrium value E2 at the point x = 2.172.

The invertebrate biomass density y(t) exhibits oscillatory dynamics in the early stages caused
by the interaction between growth due to nutrient availability and decline due to fish predation.
The amplitude of these oscillations gradually diminishes until the biomass density finally reaches
a stable state at the point 0.476. Meanwhile, the fish biomass density z(t) experiences a slight
initial decline before increasing again as the prey biomass grows. After undergoing several
damped oscillations, the entire biomass density converges toward the equilibrium state at the
point 1.071.

Fig. 3: Time series simulation of the guano–invertebrate–fish model with initial conditions x0 = 0.3,
y0 = 1.0, and z0 = 0.5.

Simulation 2: Initial Conditions x0 = 0.3, y0 = 1.0, z0 = 0.5. In the second simulation, the
initial invertebrate biomass density is higher than the other biomass densities. This condition
leads to more intensive guano consumption in the initial stage. Nevertheless, due to the constant
guano supply from the environment, the guano biomass density continues to increase gradually
until it nears the same E2 equilibrium value as in the first simulation, at x = 2.172.

The invertebrate biomass density declines after the initial phase due to predation pressure
from the fish. Subsequently, the system exhibits small oscillations that gradually subside before
the biomass density reaches a stable state. The fish biomass density initially increases in response
to the high availability of prey, but its growth slows down as the prey biomass density begins to
decrease toward equilibrium.

Simulation 3: Initial Conditions x0 = 1.0, y0 = 0.5, z0 = 0.3. In the third simulation, the guano
biomass density has a relatively higher initial value while the fish biomass density is relatively
lower. This condition causes the invertebrate biomass density to increase quite rapidly in the
initial stage due to the abundant nutrient source and relatively low predation pressure. Over
time, the increase in the invertebrate biomass density triggers the growth of the fish biomass
density. The predator-prey interaction produces transient oscillations across all three biomass
densities before they eventually subside. After passing through this transient phase, all biomass
densities return to the same E2 equilibrium value as in the previous dua simulations.

The three simulations with different initial conditions demonstrate that for the specific
parameter set assumed, all system solutions eventually converge toward the same equilibrium
point, E2(2.172, 0.476, 1.071), after undergoing a transient phase of diminishing oscillations. This
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Fig. 4: Time series simulation of the guano–invertebrate–fish model with initial conditions x0 = 1.0,
y0 = 0.5, and z0 = 0.3.

numerically suggests that the interior equilibrium point of the model is asymptotically stable
within the tested range. Thus, the modeled system exhibits the theoretical capability to return
to a stable state despite variations in initial biomass conditions.

Biologically, these results suggest that within the framework of this model, the trophic
interactions between guano as the basal nutrient source, invertebrates as primary consumers,
and fish as predators can potentially form a stable configuration. The continuous guano supply
plays a vital role in supporting the food chain, while predatory interactions help regulate biomass
growth, suggesting a potential for maintaining ecological balance under the idealized conditions
represented by the chosen parameters.

3.3. Bifurcation
To further investigate the sensitivity of the ecosystem stability toward changes in predation
efficiency, a bifurcation analysis was performed using the predation rate of cave fish (b2) as
the primary bifurcation parameter. The equilibrium branches were numerically traced using
the MATCONT continuation package in the MATLAB environment, which utilizes numerical
continuation methods to detect stability switches by monitoring the system’s eigenvalues along
the computed curves.

While the critical transition point is identified numerically, it is fundamentally rooted in
the analytical stability conditions of the predator-free equilibrium E1(x∗

1, y∗
1, 0). According to

Theorem 2, the point E1 loses its stability when the eigenvalue λ3 = b2e2y∗
1 − d2 crosses zero.

By setting λ3 = 0, we can derive the exact analytical expression for the transcritical bifurcation
threshold (b∗

2):
b∗

2 = d2
e2y∗

1
(21)

where y∗
1 is the steady-state invertebrate biomass density at the predator-free equilibrium. By

substituting the parameter values consistent with the simulation results (d2 = 0.1, e2 = 0.7, and
y∗

1 = 3.25) into Eq. (21), we obtain:

b∗
2 = 0.1

0.7 × 3.25 ≈ 0.043956

This analytical result is now perfectly consistent with the numerical continuation results.
The analysis identifies a critical transition point known as a Branching Point (BP), as illustrated
in Fig. 5. The numerical results indicate that the Branching Point occurs at the following
coordinates:

BP : (x, y, z; b2) = (0.833333, 3.250000, 0.000000; 0.043956) (22)
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Fig. 5: Bifurcation diagram of invertebrate biomass density (y) against the predation rate (b2). The
solid line represents stable equilibrium, while the dashed line represents unstable equilibrium.

The bifurcation diagram reveals a Transcritical Bifurcation at b∗
2 ≈ 0.043956. Biologically,

within the scope of this model, this point represents the predator invasion threshold. The
dynamics can be categorized into two distinct ecological regimes under the assumed parameter
set:

1. Predator-Extinction Regime (b2 < 0.043956): When the predation rate is below this
threshold, the cave fish cannot efficiently extract enough energy from the invertebrate
biomass density to compensate for their natural mortality rate (d2 = 0.1). In this regime,
the predator-free equilibrium E1 (represented by the horizontal line at y = 3.25) is stable.
The fish biomass (z) inevitably converges to zero.

2. Coexistence Regime (b2 > 0.043956): As b2 crosses the critical value b∗
2, the predator-

free equilibrium loses its stability (indicated by the transition to a dashed line), and a new
stable branch E2 emerges. This signifies that the fish biomass can theoretically successfully
colonize the cave. As the predation efficiency b2 increases, the steady-state biomass density
of invertebrates (y) follows a non-linear decay curve, demonstrating a potential top-down
control mechanism.

The existence of the BP highlights the theoretical fragility of specialized cave biota under
these idealized conditions. If environmental changes reduce the fish’s ability to hunt (b2), the
system may cross the BP in reverse, leading to the collapse of the predator level and a subsequent
boom in the invertebrate biomass density. This analysis suggests that the mathematical stability
of the cave’s food web is fundamentally bounded by a minimum threshold of energy transfer
efficiency (b∗

2) between the primary consumers and top predators.

4. Conclusion
This research investigated the interaction dynamics between guano biomass density (x), inverte-
brate biomass density (y), and fish biomass density (z) through a three-compartment trophic
model representing a semi-closed cave ecosystem. The analytical results identified three primary
equilibrium points: the consumer-free point E0, the predator-free point E1, and the coexistence
point E2(2.172, 0.476, 1.071). Local stability analysis at E2 yielded eigenvalues of λ1 = −0.519706
and λ2,3 = −0.085385 ± 0.188169i, which mathematically confirms that the coexistence point
is locally asymptotically stable with the characteristics of a stable focus under the conditions
analyzed. These results indicate that within the specific numerical configuration of the model,
all three biomass densities can maintain a stable state of coexistence.

M. Niko Axsella Ibrahim 1214



Dynamical Analysis of a Trophic Model on Guano, Invertebrates, and Fish in Cave Ecosystems

Furthermore, the bifurcation analysis revealed a critical Branching Point (BP) at the predation
rate b2 ≈ 0.043956, which was supported by both numerical continuation via MATCONT and
analytical derivation. This point signifies a theoretical threshold for predator invasion; below
this value, the fish biomass fails to persist, leading to a predator-free environment. Crossing
this threshold triggers a transcritical bifurcation that potentially allows for a stable coexistence
regime, where the predator exerts a significant top-down control on the invertebrate biomass
density. The discovery of this BP highlights the mathematical sensitivity of the cave’s food web
to the efficiency of energy transfer between trophic levels.

Numerical simulations using the Runge–Kutta order 4(5) method via the solve_ivp function
in the SciPy library support the theoretical findings. Time-series simulations exhibited damped
oscillations before the biomass densities reached a steady state, while the three-dimensional
phase portrait demonstrated that trajectories from various initial conditions converge toward the
coexistence point E2. While these findings suggest a potential for ecological balance through top-
down control and nutrient-dependent dynamics, it should be emphasized that these conclusions
are strictly based on local stability analysis and assumed parameter values rather than empirical
validation.

As a theoretical study, a primary limitation is the absence of direct calibration with field data,
and the specific codes used for ini simulations are not publicly available. Future research could
enhance this model by incorporating more realistic functional responses, seasonal variations in
guano supply, or the influence of stochastic environmental fluctuations. Despite these limitations,
this model provides a fundamental theoretical framework for understanding the energy-limited
trophic dynamics of guano-based cave ecosystems under idealized conditions.
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