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Abstract

The structure of a g-quasi-Frobenius Lie algebra can be realized as a quasi-Frobenius Lie
algebra module over a Lie algebra g. This research discusses a special case of the g-quasi-
Frobenius Lie algebra, namely when g acts on itself. In this setting, the construction of a
g-quasi-Frobenius Lie algebra on g is characterized by the existence of an inner derivation.
The main result provides a criterion: such a structure can be constructed on g itself if and
only if the inner derivation is zero. This characterization extends and clarifies the framework
established in previous work, including the cited study by Pham, by specifying the precise role
of inner derivations in the construction. Several concrete examples are provided to illustrate
and test the criterion.
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1. Introduction

A Lie algebra is a vector space over a field F equipped with a Lie bracket that satisfies certain
axioms [1]. Lie algebras have several research areas, such as cohomology [2], symplectic structures
[3], and contact structures [4]. Lie algebras can also be classified into various types, including
Frobenius Lie algebras and quasi-Frobenius Lie algebras. Several studies related to these types
have been conducted, such as the classification of Filiform Lie algebras of dimension < 5 within
the structure of quasi-Frobenius Lie algebras [5], the quasi-associative property of a Frobenius
Lie algebra [6], and research on the skew-symmetric bilinear form of finite-dimensional Frobenius
Lie algebras [7]. Specifically in dimensions < 4, Frobenius Lie algebras can be constructed using
non-commutative nilpotent Lie algebras [8].

In Lie algebras, there is also the concept of an inner derivation, which is a mapping ad : g —
gl(g) where ad, : g — g is defined as ad,(y) = [z, y] € g [9]. This inner derivation possesses the
properties of a Lie algebra homomorphism and a derivation on g [10, 11]. Inner derivations can
be constructed through direct sums, current Lie algebras, and abelian extensions. Consequently,
these extensions preserve the properties of the original Lie algebra [12].
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A module over a Lie algebra combines the structure of a vector space with an action of the
Lie algebra that satisfies specific conditions [13]. Research on these modules has been extensive,
including discussions on modules over Lie algebras on semisimple group schemes [14], modular
Lie algebras over commutative algebras [15], and modules of the Lie algebra G(A) [16]. The
structure of a g-quasi-Frobenius Lie algebra is discussed in research by Pham [17]. This research
covers the general definition as well as concrete examples in 4-dimensional Frobenius Lie algebras.

Despite these contributions, the existing literature has not yet explored the interaction
between inner derivations and g-quasi-Frobenius Lie algebras, particularly in the special case
q = g with p = ad. This case is significant because it allows the construction to be expressed
entirely in terms of the algebra’s own structure, revealing a direct connection between the
quasi-Frobenius property and the existence of a distinguished inner derivation.

This research investigates the relationship between Frobenius and quasi-Frobenius Lie algebras,
focusing on the case ¢ = g. The main result provides a criterion: a g-quasi-Frobenius Lie algebra
can be constructed on g itself if and only if the inner derivation is zero. This result is nontrivial,
as it establishes a precise equivalence between a structural condition and a purely algebraic
condition, thereby offering a complete characterization in this setting. The criterion is tested
using several concrete examples, including a 4-dimensional quasi-Frobenius Lie algebra, and
2-dimensional and 4-dimensional Frobenius Lie algebras.

The remainder of this paper is organized as follows. Section 2 presents the necessary
preliminaries on Lie algebras, Frobenius and quasi-Frobenius, g-quasi-Frobenius Lie algebras, and
inner derivations. Section 3 introduces the main criterion, proves the key theorem and concrete
examples. Section 4 concludes the paper with a summary and suggestions for future work.

2. Preliminaries

This study discusses the g-quasi-Frobenius Lie algebra with g = q. The methodology of this
research refers to several stages, namely:

1. Construct a quasi-Frobenius Lie algebra. We construct a quasi-Frobenius Lie alge-
bra (g, 3) with a non-degenerate skew-symmetric bilinear form /.

2. Define the action. We define a representation p := ad with ad : g — gl(g) by = — pg,
which encodes the action of g on g.

3. Verify the derivation condition. We verify that for every z € g, the map p, satisfies
the derivation property on g.

4. Establish g-invariance. We check the g-invariance condition, which guarantees that
the structure (g, 8, p) forms a g-quasi-Frobenius Lie algebra.

The several stage can be visually represented in the following Fig. 1 below:

hecking construct
Lie algebra (El, 3) quasi - ad:g— g[(g)
g Frobenius Lie with 2 — p,

lgebrg

Not g-quasi- No
Frobenius Lie

@ —

g-quasi- Yes
Frobenius Lie /€
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1. checking P
derivation
2. checking g-
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Fig. 1: Diagram of the methodology.
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The steps in this study must be based on several related theories. Therefore, several
definitions of Lie algebra, inner derivation, Frobenius Lie algebra, quasi-Frobenius Lie algebra,
and g-quasi-Frobenius Lie algebra structures are introduced.

Definition 1 ([1]). Let g be a vector space and let [.,.] : g x g — (x,y) — [z,y] € g be a
map. The pair (g,[.,.]) is called a Lie algebra if it satisfies the following conditions:

1. The bracket [.,.] is a bilinear map.
2. It holds that [x,x] = 0 for every = € g.
3. The bracket [.,.] satisfies the Jacobi identity, i.e.,

[z, [y, 2]] + [y, [z, z]] + [2, [x,y]] =0 for every z,y,z € g. (1)

Definition 2 ([18]). A Lie algebra g with basis B = {x1,...,x,} is said to be Frobenius if
one of the following equivalent conditions holds:

1. The determinant of the matriz M(g) is non-zero, where M(g) is the matriz whose
entries are determined by the Lie bracket of g.

2. det (f(M(g))) # 0 for some 1-form f € g*.

Theorem 1 ([19]). Let g be a Lie algebra with basis B = {x1,x2,...,z,}. A skew-symmetric
2-form B on g is said to be nondegenerate if and only if

B(x1,71) B(x1,22) --- B(x1,75)
M = B(m;m) 5(1;2:,1;2) /3(962‘:7%) L
B(xi, 1) Blxi,xz2) -+ Blwi,xn)

where M is the matrix representation of 3.

Definition 3 ([17]). A Lie algebra g is said to be quasi-Frobenius if there exists a skew-
symmetric 2-form [ that is both nondegenerate and satifies a 2-cocyle condition in Eq. (3),
i.e.,

B(lz, ), 2) + B(ly, 21, @) + Bz 2, y) = 0, for every z,y, 2 € g. (3)

Definition 4 ([9]). Let g be a Lie algebra and = € g. Define the mapping ad : g —
gl(g), z — ad(z) := ad,, and the linear map ad, : g — g,y — ad,(y), defined by

adz(y) = [z, y], for all y € g. (4)

The mapping x — ad, is called the adjoint mapping or an inner derivation.

Definition 5 ([17]). A g-quasi-Frobenius Lie algebra is a tuple (q, 53, p) such that (q, ) is
a quasi-Frobenius Lie algebra and p : g — gl(q),x — ps, s a left g-module structure on q
satisfying:

1. pz([u,v]) = [pz(w), v] + [u, pz(v)] for every x € g and u,v € q (ps is a derivation on

q),
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2. Bpz(u),v) + B(u, pz(v)) =0 for every x € g and u,v € q (g-invariance).

Example 1. Let q be a Lie algebra with basis B = {x1,x2} and a nontrivial bracket
[SL‘l, SL‘Q] = I3. (5)

Based on the determinant M(q), we obtain

[z1,21] [z1,22] — 22

[z2, 1] [z2, z2]

det(M(q)) =

0 @
o — X9 0

Take a(z2) = 1, then det(M(q)) = (1)2 = 1. Choose 8 = x} A z} as a bilinear mapping.

B(z1,z1) = 2] Nxs(z1,21) = ggi; 283 = (1) (1) =0
B(x1,z2) = 7] A T5(71,T2) = ggig i;izg = (1) (1) = 1.
B(x2, 1) = 7] A x5(72,T1) = ggz; i;ii = (1) (1) =1
B(x2,x2) = 2] A x5(22, 2) = ggzg ggz% — (1) (1) =0.

Since the value of /5 coincides with «, we obtain 5(z,y) = a([z,y]). Hence, it is proven that
q is a Frobenius Lie algebra.

Table 1: Verification of the 2-cocycle condition 8([z,y], z) + B([y, 2], ) + B([z,z],y) =0

(z,y,2) Bz, yl], z) + B(ly, 2], ) + B([z, 2], y)
I1,$1,:E1) 5(0,Z1)+ﬂ(0,$1)+ﬂ(0,$1) :O
x1,21,22)  B(0,22) + B(x2,21) + f(—22,21) =0—-14+1=0

z1,22,21) Blxe, 1) + B(—22,21) + B(0,22) =—1+14+0=0
x1,%2,%2) P2, x2) + (0,21) + f(—22,22) =0+04+0=0

(
(
(
(
(
(
(
(

)
X9,T1,T 1) ﬁ( X2, )+ﬂ(0 ZEQ)—F['}(LEQ, 1)—1+0—1=0
xT2,T1,T 2) ( ) $2)+ﬂ(’l}2,$2)+5(0 331)—0+0+O:0
x9,x9,x1)  B(0,21) + B(—x2,x2) + f(x2,22) =04+ 0+0=0
T, T2, T2) B(0,z2) + 5(0,22) + 8(0,z2) =0

Based on Table 1, it is shown that the 2-cocycle condition is satisfied. Since 3 is nondegen-
erate and satisfies the 2-cocycle condition, then (q, 5) is a quasi-Frobenius Lie algebra. Let
g = R? be an abelian Lie algebra with basis {e1, e2}, i.e., [e1, ea] = 0. Let ¢ = R? with basis
{z1,22}. Define a map p : g — gl(q) by

p(en:(? 8>, p<e2>:(8 8).

Since g is abelian, we have [e1, ea] = 0, and thus p([e1, e2]) = 0 = [p(e1), p(e2)]. Hence, p
defines a representation of g on q. The verification of the derivation condition is presented
in the following Table 2.
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Table 2: Verification of derivation condition

(e,2,y) p(e)([z,y]) [p(e)(y), 2] + [y, p(e)(2)]

(e1,21,m1)  p(e1)(0) =0  [p(e1)(x1), z1] + [z1, p(e1)(w1)] = [x2, 1] + [T1, 22] = —T2 + 22 =0
(e1,21,m2)  pler)(z2) =0 [p(e1)(w1), x2] + [21, ple1)(x2)] = w2, T2] + [21,0] =0+ 0=10
(e1,z2,21) pler)(—z2) =0 [p(e1)(z2), 71] + [w2, p(e1)(21)] = [0, 1] + [22,22] =0+ 0 =0
(e1,x2,22)  ple1)(0) =0 [p(e1)(x2), 2] + [x2, pe1)(x2)] = [0, 2] + [x2,0] =
(e2,71,71)  p(e2)(0) =0 [p(e2)(z1), x1] + [x1, p(e2)(w1)] = [0, 21] + [x1,0] =
(e2,71,72)  plez)(w2) = 0 [p(e2)(z1), w2] + [x1, p(e2)(w2)] = [0, x2] + [z1,0] =
(e2,m2,71) ple2)(—z2) = [p(e2)(w2), 1] + [22, ple2)(x1)] = [0, 21] + [x2,0] = 0

(€2, 2, x2) ple2)(0) = 0 [p(e2)(x2), x2] + [x2, p(e2)(x2)] = [0, 2] + [x2,0] = 0

Based on Table 2, the derivation condition is satisfied. Finally, we verify the g-invariance
condition at the following Table 3.

Table 3: Verification of g-invariance condition

©n9)  BpE@)y) +B@pe)y)  Result
(e1,1,21) B(x2, 1) + B(x1, x2) -1+1=0
(e1,1,x2) B(x2, x2) + B(x1,0) =0
(€1, 2, 1) B(0, 1) + B(x2, 72) 0

(e1, 2, x2) B(0,x2) + B(x2,0) 0
(€2, 1, 1) B(0,z1) + B(z1,0) 0
(€2, 1, x2) B(0,z2) + B(z1,0) 0

(€2, w2, 1) B(0, 1) + B(x2,0) 0

(€2, 22, 22) B(0,z2) + B(z2,0) 0

Based on the table above, the g-invariance condition is satisfied. Therefore, (g, 3, p) forms a
g-quasi-Frobenius Lie algebra.

3. Results and Discussion

This section presents the main results of g-quasi-Frobenius Lie algebra structures with various
types of Lie algebra g. Before that, we will present some propositions that are related to the
main results of this study.

Proposition 1 ([17]). A Frobenius Lie algebra over k is a pair (g,a) where g is a Lie
algebra and o : g — k is a linear map such that the skew-symmetric bilinear form B on g
defined by

B(z,y) = a(lz,y]), Vz,y€g (6)

is non-degenerate.

Proof. Suppose g is an n-dimensional Frobenius Lie algebra with basis {e1, e2, ..., e,}. This
means there exists o € g* such that det (a([e;, e;])) # 0. Define a bilinear form 8 : gx g — k
by

B(x,y) = a[z,y]), forall z,y € g.
By Definition 1, f is clearly bilinear and skew-symmetric since the Lie bracket satisfies
[z,y] = —[y,z]. The matrix of 8 with respect to the basis {ej,...,e,} is

(Bleisej)) = (a(lei, e]))-
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By assumption, the determinant of this matrix is non-zero, hence the matrix is invertible.
Consequently, the bilinear form £ is non-degenerate, that is, if 8(z,y) = 0 for all y € g, then
x = 0. Therefore, there exists a linear map « € g* such that the skew-symmetric bilinear
form G(z,y) = a([z,y]) is non-degenerate. The pair (g, ) is a Frobenius Lie algebra. [

Proposition 2 ([17]). If (g,/) is a Frobenius Lie algebra, then (g, ) is a quasi-Frobenius
Lie algebra.

Proof. Suppose (g, ) is a Frobenius Lie algebra, and define 5(z,y) = a([z,y]). By the
definition of a Frobenius Lie algebra, the bilinear form 3 is non-degenerate. It remains to
prove that [ satisfies the 2-cocycle condition in Eq. (3). Using the definition of 3, we obtain

Bz, yl, 2) + B(ly, 2], =) + B([=, 21, y) = e[z, ), 2]) + a({ly, 2], 2]) + a(([z, 2], v]).

By the Jacobi identity in Eq. (1), we have

o([[z, y], 2] + [[y, 2], 2] + [[2,2],9]) = «(0) = 0.

Thus [ satisfies the 2-cocycle condition. Since (5 is non-degenerate and a 2-cocycle, it follows
that (g, ) is a quasi-Frobenius Lie algebra. O

Theorem 2. Let g be a quasi-Frobenius Lie algebra. A g-quasi-Frobenius Lie algebra
structure can be formed on g itself if and only if the inner derivation is zero.

Proof. We prove the theorem in two parts. Suppose g is a quasi-Frobenius Lie algebra. This
means there exists a 2-form 8 which is nondegenerate and a 2-cocycle. Define p := ad with
ad; : g 2 y— ad,(y) = [z, y] € g. First, we verify that ad, satisfies the derivation property
on g. For any z,y,z € g,

ads([y, 2]) = [ade(y), 2] + [y, ad2(2)] = [[z, 9], 2] + [y, [, 2]]
= [lz, 9, 2] = [y, [z, 2]] = [[2, ], 2] + [[2, 2], 4]
= —lly, 2], 2] = [z, [y, 2]] = [adz(y), 2] + [y, ada(2)]-

Thus, the derivation condition holds for all x € g. Next, we examine the g-invariance
condition. Using the properties of 5 and the Jacobi identity,

B(ads(y), z) + By, ads(2)) = B([z,y], 2) + B(y, [z, 2]) = B([z, 4], 2) — B([=, 2], 9)
= IB([IL‘,y],Z) + B([Z7x]7y) = _/B([y7 Z],.T)
= /B(JJ, [y7 Z])

For ad, to satisfy the g-invariance condition required for a g-quasi-Frobenius structure, we
must have f(z,[y,z]) =0, Vz,y,z € g. Since ( is nondegenerate, this condition forces
[y,z] = 0 for all y,z € g. Hence g is abelian. Consequently, for every = € g, ad, is the
zero map. This establishes the necessity: if a g-quasi-Frobenius structure exists on g itself
with p = ad, then the inner derivation must be zero. Conversely, assume that the inner
derivation is zero, i.e., ad, = 0 for all z € g. Then for every x € g, the map ad, trivially
satisfies the derivation property:

ady([y, 2]) = 0 = [adx(y), 2] + [y, adx(2)].
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Moreover, the g-invariance condition also holds:

B(adz(y), 2) + B(y, adz(2)) = B(0,2) + B(y,0) = 0.

Thus, with p = ad and ad, being the zero map, the triple (g, 3, ad) forms a g-quasi-Frobenius
Lie algebra. This completes the proof. O

Theorem 2 provides a complete characterization of when a g-quasi-Frobenius Lie algebra
can be constructed on g itself with the adjoint representation. The result reveals that such a
construction is possible if and only if g is abelian, i.e., the inner derivation is trivial. In other
words, any non-zero inner derivation obstructs the existence of a g-quasi-Frobenius structure
under the adjoint action. To illustrate Theorem 2, we consider the following Example 2.

Example 2. Let C* have basis {z1, 2,23, 74}. For every a,b € C*, define the bracket
a1by — biax
_ o |a2ba — baag 4
[a,b] = asbs — baas e C*.
asby — byay
We will prove that this bracket is a Lie bracket. Let a,b,é € C* and k € C.
[a1 (b1 + c1) — (b1 + c1)aq | [a1b1 + ajc1 — (brag + craq)
DT . ag(bg + Cz) = (bg + 02)a2 asby + ascy — (bgag + CQCLQ) - = _
2,6+ az(bz + c3) — (b3 + c3)az azbz + azcz — (bzaz + c3a3) 28] + a, 4
_a4(b4 + 04) — (b4 + 04)614_ _a4b4 + agcy — (b4a4 + C4a4)
[(a1 +b1)e1 — e1(ar + by) ] [a1c1 + bicr — (cra1 + c1by)
- ((LQ + bg)CQ = CQ(CLQ + bg) ascy + bacy — (CQCLQ -+ Cgbg) o o 2
a-+b,cl= = = |a,c| + [b,c
[ ] (a3 + bg)C3 — 03<a3 + b3) asgcg + bgeg — (03a3 + Cgbg) [ ] [ ]
| (a4 +bg)cq —calag +bg)|  |ascy + bacy — (caa4 + caby)
_kalbl — blkal_ _k:(albl — blal)_ _albl — blal_
— 71 kang —bgk‘ag . k(ang —b2a2) o a2b2 —bgag o =
[k, 8] = | abs — bakas | — |k(asbs — baga) | — © |asbs — baag| — FLo0):
_ka4b4 — b4k:a4_ _k(a4b4 — b4a4)_ _a4b4 — b4a4_
_alkbl — kblal_ _k(albl — blal)_ _albl — blal_
_ o |agkby —kbaaz |  |k(a2by —boa2)| , |agby —boas| .+
[a7 kb] - agl{?bg — k‘bgag - k(a3b3 — b3a3) =L a3b3 — bgag - k[a’ b]
_a4kb4 — kb4a4_ _k:(a4b4 — b4a4)_ _a4b4 — b4a4_
Thus, the Lie bracket is proven to be a bilinear map.
aia; — ai1aq 0
_ asa9 — a2a9 0
[a,a] = =
asas — azas 0
aqa4 — A40a4 0
This is proven [a, a] = 0.
bici — c1by 0 0
— o= | = b262—62b2 __I= 0 o 0
[CL, [ba CH = |a, b303 _ C3b3 = |a, 0 - 0
bycy — c4by 0 0
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Thus, the Jacobi identity at Eq. (1) is satisfied. Therefore, it is proven that C* with the

zero bracket is a Lie algebra. Let C* have basis {1, 22,23, 24} and Lie bracket [z;, zj] =0

x] N\ x5 + x5 A\ x) so that

for i,7 € {1,2,3,4}. To prove that g is a quasi-Frobenius Lie algebra, choose the map

g

Table 4: Calculation of 5(x;,z;)

B(x;, ;)

(i, 25)
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(24, T2)
(T4, 73)
(w4, 24)

Based on the Table 4, the representation matrix of J is obtained as M () which can be

994
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expressed as follows

0 1 0 0
10 0 0
M@B)=1q o o 1
0 0 —1 0

Since |M ()] = 1 # 0, then § is nondegenerate. Meanwhile, to satisfy the 2-cocycle
condition, the fulfillment of Eq. (3) will be proven

B[z, yl, 2) + B([y, 2], ) + B([z, 2], y) = B(0,2) + B(0,z) + B(0,y) =0

Thus, the 2-cocycle condition is satisfied. Since S is nondegenerate and satisfies the
2-cocycle condition, then (g, ) is a quasi-Frobenius Lie algebra. Define p := ad with
ady : g 2y — ad,(y) = [z,y] = 0 € g. Based on Theorem 2, it follows that (g, p,ad) is a
g-quasi-Frobenius Lie algebra.

Corollary 1. Let g be a quasi-Frobenius Lie algebra. If there exists a monzero inner
derivation, then the structure of a g-quasi-Frobenius Lie algebra cannot be constructed from
itself using inner derivations.

Example 3. Based on Example 1, it follows that (g, 3) is a quasi-Frobenius Lie algebra.
Define g := q and p := ad with ad, : g © y — ad,(y) = [z,y] € g. Therefore, to verify
that ad, is a derivation on g, we check the condition ad,([y, z]) = [ad.(y), 2] + [y, ad(2)] or
adz([y, 2]) = [[z, y], 2] + [y, [z, z]]. The verification of the derivation property is presented in
the following Table 5

Table 5: Verification of derivation condition ad,([y, z]) = [ad.(y), 2] + [y, ad.(2)]

(z,y,2) [z, [y, ]] [z, 9], 2] + [y, [z, 2]]
($1,$1,$1) [.’31,0}:0 [0,%1]"‘[1’1,0]:0"‘0:0
(1,21, 22) (21, 22] = 2 [0, z2] + [z1,22] =0+ 29 =
(1,22, 1)  [T1,—X2) = =2 [x2, 21| + [22,0] = —22+ 0 = —2
(l‘1,$2, 2) [xl,O] =0 [l‘2,$2]+[$2,$2]=0+0:0
(z2,21,21) [22,0] =0 [—22,71] + [T1, —T2] = 22 — 22 =0
(T2, 71, Z2) [£2,72] =0 [z, 23] + [21,00 =040=0
(.’13 , X2, 1) [56’2,—372] =0 [0,$1]+ [.’1?27—1'2] :0+0=0
(xg,l‘g,xg) [xg,O} =0 [0,1‘2]+[l‘2,0] =0+0=0

Table 6: Verification of g-invariance condition S([z;, x;], xx) + B(z;, [z, xk]) =0

(@i, 5, k) Result

(z1,21,71) B(0,z1) + B(z1,0) =0+ 0=0
(z1,21,%2) B(0,z2) + B(21,0) =0+0=0
(z1,2,71) B(zz, 1) + B(x2,0) = -1 +0=—1
(21,22, 22) B(z2,22) + B(z2,22) =0+ 0=0
(2,21, 21) B(—zo,21) + B(x1,0) =1+0=1
(z2,71,72) B(=2,72) + B(71,—72) =0+ (-1) = -1
(w2, 22,71) B(0,z1) + B(2,0) =0+0=0
($27$2a9€2) B(0,z2) + B(z2,0) =0+0=0
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Lie brackets are

the bilinear map

Based on Table 5, it is shown that ad, is a derivation on g. Next, we examine the g-invariance
condition based on the equation f(ad;(y), 2)+6(y, ad,(2)) = 0 or B([z, y], 2)+B(y, [z, 2]) = 0.
To illustrate the g-invariance condition, it is presented in the following table.
on Table 6, it is shown that some of the g-invariance conditions are not satisfied. Hence,
with the inner derivation (g, 8,ad), it follows that is not a g-quasi-Frobenius Lie algebra.

Based

Example 4. Let g be a 4-dimensional Lie algebra with basis {1, x2, x3, 24} whose nontrivial

[x1, 4] = [32, 23] = —21, (22, T4) = —3 2, [£3, 74] = —3 3.
Construct the matrix M (g) and compute its determinant
[z1,21] [z1,22] [21,23] [71,24] 0 0 0 -m
0 0 -z —-iz
det(M _ [3}'2,1‘1] [$27$2] [1’2,333} [.’L’Q,.’L‘4] _ 1 o542
et(M(g)) [x3,21] [23,22] [23,23] [r3,24] 0 z1 0 —3a3
[4,21] [74,22] [T4,73] [T4,74]] |71 372 3523 O
0 0 —X1 0 2
=(=1)(-=z1)|0 a1 0 |=z1|—x1 T = —2?(—2?) = 2t
1 1 32
il 51‘2 5.%3

Let o : g — R be a linear map defined by a(x;) = 0 for i = 2,3,4 and a(x;) = 1. Choose

(7)

B=uxy ANx] — x5 Az

The values of §(z;, ;) and a([z;, z;]) can be presented in the following Table 7.

Table 7: Calculation 3(x;,z;) and a([z;, x;])

(2, ;) B(xi, ;) a([z;, z;])
(z1,21) ? (1) — (1) (1) =0 a(0)=0
(z1,72) (1) 8 = 8 é =0 a(0)=0
(w1, 23) (1) 8 = (1) (1) =0 a(0)=0
@e) |3 oo o =1 at-en=-1
oo ] o| |0 o] =0 e©=0
(w2, 2) 8 8 - (1) (1’ =0 a(0) =0
e [ ot eceimn
(w2, 24) 8 8 B (1) ? =0  a(-322)=0
(w3, 1) 8 8 - 8 é =0 a(0) =0
(z3,%2) 8 8 = 8 1 =1 alzy) =1
(w3, 3) 8 8 — (1) (1) =0 a(0)=0
wwry [ Y0 atcten-
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(x4,21) (1) 8 = 8 8 =1 afx)=1
(x4, x2) (1) 8 — 8 8 =0 a(3z2)=0
(@4, x3) (1) 8 - 8 8 =0 a(3z3)=0
(w4, 24) (1) (1) = 8 8 =0 a(0)=0

Based on Table 7, 8(z,y) = a([z, y]) for every z,y € {z1,x2, 23, x4} and [ is nondegenerate
from Proposition 1, it follows that (g, 3) is a Frobenius Lie algebra. Based on Proposition 2,
(g, B) is a quasi-Frobenius Lie algebra. Define p := ad with ad, : g 3 y — ad,(y) = [z,y] € g.
Therefore, to verify that ad, is a derivation on g, we check

ade([y, 2]) = [adz(y), 2] + [y, ade(2)] or [z, [y, 2]] = [[2,4], 2] + [y, [z, 2]].
The derivations are presented in the Table 8.

Table 8: Verification of derivation condition ad,([y, z]) = [ad.(y), 2] + [y, ad.(2)]

(z,9,2) (@, [y, 2]] [z, 9], 2] + [y, [z, z]]
(331,1111,1‘1) [[171,0] =0 [0,1‘1]4—[{1?1,0] =0
(Il,xl,l‘g) [35170] =0 [0,I2]+[I1,0] =0
(.’El,xl,l'g) [£E170] =0 [0,1’3]4‘[1’170] =0
(21,21, 24) [21,0] =0 [0,24] + [21,0] =0
(xl,xg,xl) [.131,0] =0 [0,3)1]4—[.’132,0] =0
(xl,IQ,Ig) [:El,O] =0 [0,1‘2]+[I2,0] =0
(21, T2, 3) [z1, —21] =0 [0, z5] + [22,0] =
($1,$2,$4) [l’l, 7%%2} = 0 [0,1’4] —+ [LEQ, 7.’51] = O
(21,23, 21) [21,0] = [0,21] + [23,0] =0
(.131,333,1‘2) [.131,0] =0 [O,l‘g] + [333,0] =
($1,$3,1‘3) [217170] =0 [0,1‘3] P [1173,0] =0
(581,373,1‘4) [331, —%1?3} = [0,1‘4] ol [123, —581] =0
(71, 24,71) [£1, —21] = [0,21] + [24,0] =0
(z1, 74, 22) [:cl,—%xz} = [0, 23] + [24,0] = 0
(z1,24,73) [£1, —323] = [0, 23] + [£4,0] =0
(21,24, 24) [21,0] =0 [0,24] + [24,0] =0
(332,.111,33‘1) [332,0] =0 [0,%‘1]4—[331,0] =0
(IEQ,JCl,l‘Q) [$27O] =0 [0,I2]+[I1,0] =0
(.’tg,:[,’l,l'g) [iﬂg,()] =0 [0,1’3]4‘[1‘1,0] =0
(p2,21,24)  [2,—11] =0 [0, 24] + [21,0] = 0
(.132,.’132,$1) [.132,0] =0 [0,1)1]%—[332,0] =0
($2,I2,$2) [$2,0] =0 [0,1‘2]+[$2,0] =0
(z2, T2, 23) [z, —21] = [0, 23] + [22,0] =0
(:cg,xg,$4) [wg, %‘%2} =0 [0,5174] -+ [LCQ,O] =0
($2,$37.’171) [LUQ, —1'1] =0 [—.’1?1,{1)1] + [.%‘370] =0
(.Tg,xg,l‘g) [.1‘2, —.%1] =0 [—l‘l,l‘g] + [333,0] =0
(582,373,1‘3) [[EQ,O] =0 —331,1'3] P [273,0] =0
(w2, x3,24) |2, —51‘3} = %xl [—21, z4] + [23, —%352] = 571
(T2, @4, m1) |22, %1'2} =0 [~5@2,21] + [£4,0] = 0
(IQ,I471‘2) [1’2,751'2 =0 [72562,1’2]4*[554,0} =0
(w2, 4,23) |22, %I:a] =301 | %1'275173] + (24, *%IE?,] = %Il
(IQ,I471‘4) [$270] = 0 [ %$27I4] =+ [3347 7%172 = O
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(xg,xl,:vl) [.’Eg,O] =0 [071'1]4-[.%1,0} =0
(73,21, 72) [x3,0] = [0, z2] + [21,0] =0
(1‘3,331,.%‘3) [1‘3, 0] =0 [0,%‘3] + [.%1,0} =0
($3ax17x4) [-1‘3’—331} _O [071"4]4_['2:170} :O
(.’Eg,xg,l'l) [(E3,.’E1] =0 [1’1,1’1]+[1’2,0] =0
(73,22, 72) [x3,0] =0 [x1, 2] + [22,0] = 0
(73,22, 73) [x3,0] =0 [x1, 23] + [22,0] = 0
(w3, 22,74) [23, —%352] = —371 [%1, 4] + [22,0] = —21
(z3, %3, 71) [x3,0] =0 [0, 4] + [25,0] =0
(xg,xg,xg) [.’ﬂg, 0] =0 [0,1’2] + [303,0} =0
(xg,xgwg) [xg, 0] =0 [071'3] + [.%3,0} =0
(z3,23,74) [x3, —323] =0 [0, 4] + [23,0] =0
(73,24, 71) [3, —%333] =0 [—33,21] + [24,0] = 0
(73,24, 72) [3, —?333] =0 [—2x3, x2] + [24, —322) =0
(w3, 4, 23) (€3, —523] =0 [1—%953,903] + [24,0] =0
(73,24, 74) [x3,0] =0 [—3%3,24] + [24, —323] =0
($4ax17xl) [IE4,0] :O [x17x1]+[x170] =

(T4, 71, T2) [24,0] =0 [z1, 2] + [21,0] =0
(.’E4,£C1,£L’3) [.’E4,0] =0 [1’1,1’3]+[1’1,0] =0
(4,21, 74) [£4, —21] = —11 (€1, 24] + [21,0] = —21
E$4,$27$1; {3347 $2} = _%$2 {—%962,361} + {xz,o% =
T4, T2,T2) |[Ta, —5T2| = —73T2 —5%2,L2] + 22,0/ =0
(74,22, 73) (T4, —21] = —11 [—%582,963] + [22, —%333] =T
(T4, @2,24)  [T4,—FT2] = — 12 [—222, z4] + [22,0] = F22
(4, 3,21)  [74, —%333] = —%333 [1a3,21] + [23,0] =
(T4, 73,22) [24, —?1‘3] = —%963 [%9637372] + [z3, —%302] =
(z4,23,23) [24, —?1‘3] = %$3 [13, 23] + [x3,0] =0
(T4,23,24) [r4,—523] = —523 (533, T4] + [23,0] = —F3
($4,JJ4,$1) [‘T470] =0 [O,$1]+[$4,0} =0
(.’E4,£B4,l’2) [.’E4, 0] =0 [071'2] + [.’E4,0} =0
(74,24, 73) [4,0] =0 [0, 23] + [24,0] =0
(.Z‘4,.I4,.’L‘4) [.Z‘4, 0] =0 [0,1‘4] + [.T4,0} =0

B(ady(y), z) + B(y,adz(z)) =0 or

To illustrate the g-invariance condition, it is presented in the following table.

/B([xv y]v z) + B(yv [.1‘, z]) =0.

Table 9: Verification of g-invariance condition B([z;, z;], xr) + B(z;, [zi, zx]) =0

(‘ria‘rjaxk) ﬂ([:l?i,l'j},l‘k)+[‘3(1‘j,[l‘i,l‘k])
(mhxl?wl) ﬁ(o,$1)+ﬂ($1,0):0+0:0
(z1,71,T2) B(0,z2) + B(z1,0) =0+ 0=0
(1,21, 23) B(0,z3) + B(x1,0) =0+0 =
(z1,%1,24) B(0,z4) + B(z1,0) =040 =
($17x27x1) B(O,$1)+ﬂ($2,0)—0+0—0
(1, 22, T2) B(0,x2) + B(2,0) =0+0=0
($1,$2,$3) B(O,xg)—&-ﬁ(xg,O):O—I—O:
(z1, %2, T4) B(0,z4) + B(22,0) =0+0=0

Based on the table above, it is shown that ad, is a derivation on g. Next, the g-invariance
condition will be examined based on the equation

Muhammad Arief Budiman

998



Characterization of g-quasi-Frobenius Lie Algebras via Inner Derivations

(z1,Z3,21) B(0,z1) + B(z3,0) =0+ 0 =
(.’El,xg,:rz) 5(0,$2)+ﬁ(1’3,0):0+0:
(1'1,1}3, 3) B(O,x3)+ﬂ(az3,0):0+0:0
(l‘l,xg, 4) 5(0,1‘4)+5(1‘3,0>=0+0=0
(z1,Z4,21) B(—z1,21) + B(24,0) =040 =
(z1,Z4,22) B(=z1,22) + B(24,0) =040 =
(71,74, 23) B(—x1,23) + B(24,0) =0+0=0
(1‘1,134, 4) B(—$1,SL‘4)+5($4,0) =—-140=-1
(mg,xl,xl) 5(0,1‘1)+ﬂ(1‘1,0)20+0:
(.’Eg,xl,l’g) 5(0,1'2)+B(£L'1,0):0+O:0
(z2,21,23) 5(0,$3)+ﬂ($1,0)=0+0_0
(1‘2,.’51, 4) ﬁ(0,$4)+5($1,0>=0+0—0
(13 , T2, 1) 5(0,1‘1)+ﬁ(1‘2,0)20+0_0
(T2, 2, T2) B(0,x2) + B(z2,0) =0+0=0
(.’Eg,xg,xg) 5(0,$3)+ﬁ(1’2,0) =0+0=0
(372,.%'2,1'4) ﬂ(0,$4)+ﬁ($2,0) =0+0=0
(IE2,$3, 1) 6(—1‘1,1‘1)4—6(1‘3,0) =04+0=0
(z2, 3, T2) B(—z1,22) + B(23,0) =0+0=0
(z2,73,23) B(—z1,23) + B(23,0) =0+0=0
(xg,.%'g,w4) B(—$1,$4)+B($3,0) =-140=-1
(1‘2,134,351) B(— $2,$1)+ﬁ<$470) =0+0=0
(22, x4, 22) B(—2$2,.’L‘2>+ﬁ<$470) =0+4+0=0
(1‘2,174, 3) ,6’(—%952,333)—&-5(334, lxg) =0+0=0
(x2,24,24) B §$2,$4)+5(.’L‘4,—§x2)—0+0—0
(133,£E1, 1) 5(0,1'1)+ﬁ(1‘1,0)—0+0:

(z3, 71, T2) B(0,x2) + B(z1,0) =0+ 0 =
(.’Eg,xl, 3) 5(0,$3)+ﬂ($1,0)—0+0:
(3?3,111, 4) B(O,.’L‘4)+ﬁ(.’lﬁ1,0>:0+0_0
($3,$2, 1) 6(1‘1,1?1)4—6(1?2,0) =04+0=

(T3, 72, T2) B(z1,w2) + B(22,0) =0+ 0=

(z3, T2, Z3) B(z1,x3) + B(22,0) =0+ 0 =
(1'3,.%'2,1'4) ﬁ($1,$4)+ﬁ($2,0) =1+0=1
(.733,333, 1) 6(0,1‘1)+B(1‘3,0)=O+0:
(123,563, 2) 5(0,I2)+B(1‘3,0) =0+0=
(.’Eg,(tg,il’g) 5(0,1'3)+B(£L'3,0) =0+0=0
($3,$3,$4) 5(0,$4)+ﬂ($370) =04+0=0
(3,24, 21) B(— 2$3,$1>+ﬁ($4,0) =0+4+0=0
(z3,74,72) B(— 2x3,x2)+ﬁ(3:4, 123)=0+0=0
(3,24, 23) B(— 21’3,$3>+ﬁ<$4,0) =0+4+0=0
(x3,24,24) B(— 21‘3,.%‘4)-‘1-5(.7;4, 55(: 3)=0+0=0
($4,$1, 1) (1‘1,1?1)4—6(131,0):04—0:0
(T4, 71, T2) B(z1,72) + B(21,0) =0+0=0
(24,71, %3) B(z1,x3) + B(21,0) =0+0=0
(3?4,1}1,1'4) ﬁ($1,$4)+ﬁ($1,—{1}1):1+021
(x4,x2,x1) ﬂ(lx2,$1)+ﬁ($2,0)=0+0=0
(x4, %2, 22) 6(5.’];‘2,%‘2)-"-5(%‘2,0) =04+0=0
(l‘4,$2, 3) B(ll‘g,l‘{g)-ﬁ-ﬁ(%g,—lxg) =0+0=0
(x4, %2, 24) B(§$2,$4)+ﬁ($2,—§$2) =04+0=0
(.734,333, 1) 6(%$3,]}1)+B(l‘3,0)=0+0:0
(.734,.133, 2) ﬂ(%l‘g,,l‘g)-i—ﬁ(lg,—%ﬂ?g)=0+O:0
(.734,.133,333) ﬁ(%l‘3,l‘3)+ﬁ(l‘3,0) =0+0=0
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(.734,333,564) ﬂ(2x3;$4)+6($3a_§x3):O+0=O
((E4,£E4,:L’1) ﬂ(07x1)+ﬂ(1’4,0):0+0=0
(T4, %4, 72) B(0,z2) + B(24,0) =0+ 0=0
(T4, %4,73) B(0,x3) + B(4,0) =0+ 0 =

(T4, T4,74) B(0,z4) + B(24,0) =0+0=0

Based on the Table 9, it is proven that several conditions of g-invariance are not satisfied.
Consequently, with the inner derivation, (g, 3,ad) is not a g-quasi-Frobenius Lie algebra.

4. Conclusion

In this study, a formal definition of the g-quasi-Frobenius Lie algebra has been introduced,
and a special case is taken, namely g = q. In this case, the g-quasi-Frobenius Lie algebra can
be constructed over itself with a zero-valued inner derivation. Subsequently, several concrete
examples are provided to illustrate the concept, namely a 4-dimensional quasi-Frobenius Lie
algebra, and 2-dimensional and 4-dimensional Frobenius Lie algebras.

The significance of this characterization lies in its ability to unify the notion of quasi-
Frobenius Lie algebras with the framework of inner derivations, thereby offering a clearer
structural understanding of how such algebras can be realized. In particular, the examples
demonstrate that the presence of a zero-valued inner derivation serves as a distinguishing feature
in the construction of g-quasi-Frobenius Lie algebras when g = q.These results provide new
insights into the use of inner derivations in the structure of g-quasi-Frobenius Lie algebras. For
future work, this research can be further explored by using other types of mappings, such as
outer derivations or more general homomorphisms, to construct cases where g # q.
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