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Abstract

This study proposes a Multiscale Geographically Weighted Spline Nonparametric Regression
(MS-GWSNR) model to simultaneously accommodate spatial heterogeneity, multiscale spatial
variation, and nonlinear relationships within a unified regression framework. The proposed
model extends Geographically Weighted Spline Nonparametric Regression (GWSNR) by
incorporating component-specific bandwidths adapted from the Multiscale Geographically
Weighted Regression (MGWR) approach. Parameter estimation is developed using a Weighted
Least Squares (WLS) framework combined with a backfitting algorithm to address the
absence of a closed-form estimator under multiple spatial weighting matrices. The theoretical
properties of the estimator are derived through a smoothing matrix representation, including
the smoothing-bias representation, variance, and Mean Squared Error (MSE). A numerical
illustration using simulated spatial data with controlled multiscale heterogeneity shows that
the proposed estimator converges stably within 12 iterations, with a final Score of Change
(SOC) value of 2.48 x 1075. The estimator also recovers the underlying response surface
closely, with an MAE of 0.0680 and an RMSE of 0.0880. These results indicate that the
proposed MS-GWSNR model can be estimated stably and is able to reconstruct nonlinear
spatial relationships across different spatial scales.

Keywords: Backfitting Algorithm; GWSNR; MGWR; spatial Nonparametric Regression; Spline
Regression.
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1. Introduction

Spatial regression analysis has received increasing attention due to its ability to model spatially
varying relationships and accommodate spatial heterogeneity in geographic data [1]. Conventional
global regression models assume constant relationships between response and predictor variables
across all locations, an assumption that is often unrealistic for spatial data exhibiting heteroge-
neous local processes [2]. To address this issue, Geographically Weighted Regression (GWR) was
developed by allowing regression parameters to vary spatially according to observation locations
[3]. Consequently, GWR is capable of capturing local spatial variation more effectively than
global regression models [1].

*Corresponding author. E-mail: atiekiriany@ub.ac.id

Received: May 26, 2026 Revised: June 17, 2026 Accepted: June 19, 2026
DOI: https://doi.org/10.18860/cauchy.v11i2.42954


https://creativecommons.org/licenses/by-sa/4.0
mailto:atiekiriany@ub.ac.id
https://doi.org/10.18860/cauchy.v11i2.42954

A Multiscale FExtension of GWSNR

Despite its flexibility, GWR employs a single bandwidth to represent the overall spatial scale
of the process, whereas different predictors may operate at different spatial scales [4]. To overcome
this limitation, Multiscale Geographically Weighted Regression (MGWR) was introduced by
allowing each parameter to have its own bandwidth [5]. Recent studies have shown that MGWR
outperforms GWR in identifying spatial heterogeneity and variable-specific spatial scales [6—10)].
The development of multiscale spatial models has also continued to expand in order to improve
parameter estimation accuracy and interpretation of local spatial processes [11-13].

Although multiscale approaches improve the representation of spatial variation, most existing
geographically weighted models still assume linear relationships among variables. In practice,
some predictors may exhibit nonlinear patterns that cannot be adequately represented using
parametric assumptions [14]. Therefore, nonparametric regression approaches have been widely
adopted because they provide greater flexibility in modeling unknown functional relationships
[15]. One commonly used approach is truncated spline regression, which is characterized by high
flexibility and good adaptability to local data characteristics [16]. The integration of spline-based
nonparametric regression into geographically weighted regression led to the development of
Geographically Weighted Spline Nonparametric Regression (GWSNR), which accommodates
both spatial heterogeneity and nonlinear relationships [17]. Previous studies show that knot
selection and bandwidth determination substantially affect the resulting model performance [18].

Nevertheless, several limitations remain. MGWR is generally restricted to linear relationships,
whereas complex spatial processes are often influenced by nonlinear mechanisms [19]. Conversely,
GWSNR still employs a single bandwidth for all model parameters, making it unable to accom-
modate variable-specific spatial scales among predictors [20, 21]. Therefore, the development
of a model capable of simultaneously accommodating spatial heterogeneity, multiscale spatial
variation, and nonlinear relationships remains an important challenge in spatial nonparametric
regression.

Based on these issues, this study proposes a Multiscale Geographically Weighted Spline
Nonparametric Regression (MS-GWSNR) model by integrating a multiscale bandwidth framework
into the GWSNR model. A parameter estimation procedure based on the backfitting algorithm
is developed to address the estimation complexity arising from the use of multiple bandwidths.
Furthermore, the theoretical properties of the resulting estimator are investigated through
smoothing matrix representation, bias analysis, variance analysis, and Mean Squared Error
(MSE) derivation. Numerical illustrations using simulated multiscale spatial data are also
conducted to evaluate the behavior of the proposed estimator and its capability in reconstructing
underlying spatial patterns.

The remainder of this paper is organized as follows. Section 2 describes the research
methodology employed in this study. Section 3 presents the proposed model formulation,
parameter estimation procedure, theoretical properties of the estimator, and the results of the
numerical illustration. Finally, Section 4 provides the conclusions of the study.

2. Methods

This study was conducted through several stages to develop the Multiscale Geographically
Weighted Spline Nonparametric Regression (MS-GWSNR) model. The research stages are
described as follows.

1. First, the MS-GWSNR model was constructed by integrating the multiscale bandwidth
approach from MGWR, first introduced by [5], into the framework of GWSNR, first intro-
duced by [17]. In this stage, each model component was assumed to have a different spatial
bandwidth to accommodate multiscale spatial heterogeneity among predictor variables.

2. Next, a parameter estimation procedure was developed using the Weighted Least Squares
(WLS) approach combined with a backfitting algorithm. This approach was employed
to address the estimation complexity arising from the use of different bandwidths for
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each model component. Therefore, the estimation process was performed iteratively until
convergence was achieved.

3. After that, a theoretical study of the resulting estimator was conducted through smoothing
matrix representation. The study included the analysis of estimator variance, bias repre-
sentation, and the derivation of the Mean Squared Error (MSE) estimator to evaluate the
mathematical properties of the proposed model.

4. Furthermore, numerical illustrations were conducted using simulated spatial data with
a controlled multiscale spatial heterogeneity structure. The simulations were used to
illustrate the behavior of the estimator as well as the capability of the MS-GWSNR model
in reconstructing the underlying multiscale spatial patterns.

5. Finally, the results of the numerical illustrations were analyzed based on the convergence
pattern of the backfitting algorithm, the degree of closeness between the actual and
estimated values, and the capability of the model in reconstructing multiscale spatial
coeflicient surfaces.

3. Results and Discussion

This section presents the formulation of the MS-GWSNR model, the parameter estimation
procedure using the WLS approach and the backfitting algorithm, as well as the theoretical study
of the estimator through smoothing matrix representation, variance analysis, bias representation,
and the derivation of the MSE estimator. In addition, numerical illustrations using multiscale
spatial simulated data are presented to evaluate the behavior of the estimator and the capability
of the model to reconstruct the underlying spatial patterns.

3.1. Model Formulation

This section formulates a multiscale extension of the GWSNR, referred to as the Multiscale
Geographically Weighted Spline Nonparametric Regression (MS-GWSNR). The proposed model
is developed by integrating the multiscale bandwidth mechanism of MGWR into the GWSNR
framework.

MGWR extends the GWR framework by allowing each predictor variable to operate at a
different spatial scale through predictor-specific bandwidths [5]. The MGWR model can be
expressed as

Yi = Bowo) (Wi Vi) + Y Bl (Wi vi) ik, + €.
k=1

where y; denotes the response variable at the i-th location, (u;,v;) represents the spatial coor-
dinates of the i-th observation, By, )(ui,v;) denotes the spatially varying coefficient estimated
using bandwidth bwy, z;; is the value of the k-th predictor variable at location 7, and ¢; is the
random error term. The MGWR framework enables each predictor variable to influence the
response variable at different spatial scales. However, the relationship between the response and
predictor variables is still assumed to be linear.

To accommodate possible nonlinear relationships, spline nonparametric regression has been
incorporated into the GWR framework through the GWSNR model [17], which is formulated as

p m Tk
=> Z ki (Wi, 002l D Brmern) (wis i) (wik — Kin)+ | + &5
k=1 |5=0 h=1

where (j;(u;,v;) denotes the spatially varying coefficient associated with the polynomial spline
component of order j, Bi(min) (uj, v;) represents the coefficient associated with the truncated
spline component corresponding to the h-th knot, K}, denotes the knot location for the k-th
predictor, and (z;x — Kgp)+ = max (0, z;x — Kgp). The GWSNR model allows the relationship

Indi Rizqy Fahrani 1582



A Multiscale FExtension of GWSNR

between the response and predictor variables to vary nonlinearly and spatially. However, all
spline basis components within each predictor are still assumed to operate under a common
spatial scale through a single bandwidth parameter. Based on the limitations, the proposed
MS-GWSNR model incorporates spatial heterogeneity and nonlinear relationships while allowing
each predictor to operate at its own spatial scale through predictor-specific bandwidths. Let
(u;,v;) denote the spatial coordinates of the i-th observation, for i = 1,2,...,n. The MS-GWSNR
model is formulated as an additive nonparametric regression model

p
yi =Y frlwir) + &
k=1

where f(-) denotes the nonparametric regression function associated with the k-th predictor
variable. FEach component function fi(z;;) is approximated using a truncated spline basis
consisting of polynomial and truncated components. Specifically, the function fy(z;) is expressed
as

m . Tk
Sr(@in) = Buj (i, vis bwi)ad, + Y Brmerny (i, vis bwg) (@i — Ky )+
=0 h=1

where [y (ui, vi; bwy) are spatially varying coefficients associated with the polynomial spline
components of order j =0,1,...,m, Bk(erh)(ui, v;; bwy) are coefficients associated with the trun-
cated spline components corresponding to the A-th knot, bwy denotes the bandwidth parameter
specific to the k-th predictor, and (x;; — Kgp)+ = max (0, x5 — Kgp)-

Substituting the expression of fi(z;;) into the additive model yields

p [m o
i = D Brg(ui, vis bwi)zly, + > Brman) (i, vis bwe) (Tie — Kgn) 4 | + €3
k=1 |j=0 h=1

The key feature of the proposed MS-GWSNR model lies in the use of predictor-specific bandwidths
bwy,, which are assigned to all spline basis components within each predictor. This structure
enables the model to capture heterogeneous spatial scales across predictors rather than across
spline components. Consequently, the proposed MS-GWSNR model provides greater flexibility
in modeling spatially varying nonlinear relationships by simultaneously accommodating spatial
heterogeneity, nonlinear effects, and multiscale spatial variation across predictors.

To ensure that the additive decomposition is mathematically well-defined, an identifiability
constraint is imposed on the component functions. Since each spline component fj includes a
constant term through the polynomial basis with j = 0, the additive components are subject to
the centering constraint

n
ka(i[]zk):o, k:1727"'7p7
=1

while the overall intercept is represented separately. This constraint ensures identifiability of the
additive components and eliminates competition between the intercept and individual components
during the backfitting procedure [22].

3.2. Parameter Estimation

In the conventional GWSNR, parameter estimation can be performed using a weighted least
squares approach with a single spatial weighting matrix. Let W (u;, v;) denote a diagonal matrix
containing spatial weights for location i. Assuming that X" W (u;, v;)X is nonsingular, the
weighted least squares estimator can be expressed in closed form as

A

ﬂ(ui,vi) = (XTW(UZ‘,’UZ')X>_1 XTW(UZ',’UZ')Y,

where X is the design matrix containing the spline basis functions and Y is the response vector.
The use of a single weighting matrix implies that all predictors and their associated spline basis
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components operate under the same spatial scale. Consequently, parameter estimation can be
conducted simultaneously for all model components, resulting in a closed-form solution.

In the proposed MS-GWSNR model, each predictor is associated with its own spatial
bandwidth bwy, which induces a distinct weighting matrix Wy (u;, v;) for each predictor variable.
Consequently, the weighted least squares objective function for the k-th component is expressed
as

Q(Br) = (v — XpB) " Wi(ui,v;) (vp — XiBy)

where ry =Y — 37 f, is the partial residual representing the portion of the response not
explained by the remaining components, and X3, represents the spline basis component
associated with the k-th predictor variable. The detailed iterative procedure for computing ry is
described in the following section.

Unlike the conventional GWSNR case, the presence of multiple weighting matrices prevents
the normal equations from being represented under a single weighted least squares system. In
particular, the estimator cannot be expressed in the form

(XTWX) I XTwy,

since W1 # Wy # --- # W, Each weighting matrix is only compatible with the subset of
columns in the design matrix corresponding to the associated predictor, making simultaneous
estimation infeasible within a single optimization step. To address this issue, parameter estimation
is conducted iteratively through a backfitting algorithm, following the multiscale estimation
strategy introduced in the MGWR framework by [5].

3.2.1. Backfitting Algorithm

To address the absence of a closed-form solution, parameter estimation in the MS-GWSNR
model is carried out using a backfitting algorithm. This approach exploits the additive structure
of the model and estimates each component function iteratively while treating the remaining
components as fixed.

For the k-th predictor, define the partial residual as

re = Y — Zfl’
I#k

which represents the portion of the response not explained by the remaining predictor components.
The component fi(xy) is then estimated by fitting a locally weighted spline regression of ry
on xi. Let X denote the design matrix associated with the spline basis of the k-th predictor.
Assuming that X;Wk (u;, v;)Xg is nonsingular, the corresponding parameter estimator is given
by

Bk(ui, Ui) = (X;—Wk(ul, Uz)Xk> ' X;—Wk(ul, 'Ui)rk;~

The fitted component is subsequently updated as

fr = Xk By
The estimation proceeds iteratively over all predictors k£ = 1,2,...,p, where each component

function is updated sequentially using the most recent estimates of the remaining components.
At iteration t, the updating scheme is expressed as

W0y R0
1#£k

A (t+1 -1
By ) = (XIWiXe) X[ Wi,

fétJrl) _ Xk,éﬁfﬂ).
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The backfitting algorithm is assumed to converge to a stable solution through iterative
updating of each component function. Following [5], convergence is evaluated using the Score of
Change (SOC), defined as

p (1< (fnew _ Fold)?
k=1 \ n 2=i=1 \ ik ik

SOC = -
P (S0 )

(1)

where A;}f“’ and f;}gd denote the updated and previous estimates of the k-th component function

at the i-th observation, respectively. The iterative process is considered convergent when the
SOC value falls below a predefined tolerance level. The complete iterative estimation procedure
of the proposed MS-GWSNR model is summarized in Algorithm 1.

Algorithm 1 Backfitting Algorithm for MS-GWSNR Estimation

Require: Response vector Y; predictor variables X1, X, ..., X,; spatial weighting matrices
Wi, Wy, ..., W,; initial component estimates fl(o) , f;(O), ce f;o); convergence tolerance e
Ensure: Estimated component functions fi, fa, ..., fp; parameter vectors 1, 32,..., 8y

1: Initialize iteration counter ¢ <— 0
2: Compute initial fitted values

3: repeat

4 for k=1 to pdo

5 Compute partial residual:

£ =Y -3
1£k

6: Estimate spline coefficients:

A -1
B = (XTWiXy) XTI Wir)

7 Update fitted component:
flgt+1) _ XkB;(:H)
8: end for
9: Compute Score of Change (SOC):
p n
1 £ new old >
. ik fzk
SOC = 162::1 (n ; ( )
n 2
(S )
=1 \k=1
10: Update iteration counter:
t+—t+1

11: until SOC < ¢
12: return fq, fo,..., fp and B, B2, ..., Bp

The estimator obtained from the backfitting procedure is subsequently used to construct the
smoothing matrix representation and to derive the theoretical properties of the proposed MS-
GWSNR model.
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3.3. Theoretical Properties

This section presents the theoretical properties of the proposed MS-GWSNR, estimator. The
derivation begins with the hat matrix representation of the estimator, followed by the assumptions
of the additive model and the error structure used in the estimation procedure. Based on these
assumptions, several theoretical properties of the estimator are subsequently derived, including
the smoothing-bias representation, variance representation, quadratic trace representation, and
the Mean Squared Error (MSE) formulation.

Given the local parameter estimator for the k-th component:

B, = (X)W X)) ' X W,r;,
the corresponding function estimator can be expressed as:
fr = XpBy = X (XL Wi Xp) ' X Wy,
Define the smoothing matrix as:
Sk = X (X Wi X)) 1X/ W,

such that:
fk = Skrk

This representation indicates that the MS-GWSNR estimator can be formulated as a linear
smoothing operator depending on the local weighting matrix Wy. Since the spatial weighting
matrix Wy (u;, v;) changes across target locations in geographically weighted models, the smooth-
ing matrix Sy, is constructed locally and row by row. Specifically, for the i-th location, the fitted
value is obtained as

r T
fk,’i = Sk,irka

where sg’i denotes the i-th row of S, computed using the local weighting matrix Wi (u;, v;)
centered at location (u;, v;). The full smoothing matrix Sy, is then understood as the row-wise
assembly of all local smoothing vectors. Consequently, different bandwidths bwy, are assigned to
different predictors under the multiscale framework, so that the local smoothing effect varies
across predictor components. In general, Sy is not symmetric because of the spatial weighting
structure involved in the estimation process.

Suppose the additive MS-GWSNR model is given by:

p
Y:Zfl—i—s
=1

where € = (e1,¢€9,... ,sn)T denotes the random error vector assumed to be independently
distributed with:
E(e) =0, Var(e) = 01,

where 1, is the identity matrix of size n x n.

The validity of the proposed MS-GWSNR estimator relies on the following assumptions:
(1) the random errors ¢; are independently distributed with zero mean and constant variance
02, as stated above; (2) the design matrix Xng(ui,vi)Xk is nonsingular for each predictor
k and location (u;,v;), ensuring the existence of the local parameter estimator; and (3) the
backfitting algorithm converges to a stable solution, such that the approximation ry ~ fi, + €
holds at convergence. In the numerical illustration, the simulated data were generated to satisfy
assumptions (1) and (3) by design, with errors drawn from ¢; ~ N(0,02) and convergence
verified through the SOC criterion. In empirical applications, where these conditions are not
guaranteed by construction, the underlying assumptions can be assessed through standard
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diagnostics: the error assumptions via residual analysis for homoscedasticity and normality,
the independence assumption via tests for residual spatial autocorrelation such as Moran’s 1,
and the local nonsingularity condition via the condition number of XZW;CX;C to detect local
multicollinearity.
Under the convergence condition of the backfitting algorithm, the partial residual satisfies
the approximation:
rp~f,+e (2)

Based on these assumptions, the theoretical properties of the MS-GWSNR estimator are derived
as follows. Note that since the backfitting procedure relies on the approximation in Equation (2),
the estimator exhibits a smoothing bias rather than exact unbiasedness, as formalized in Theorem
1.

Theorem 1. Under the convergence approximation vy =~ fi, + €, the conditional expectation
of the estimator f, = Syry is given by

E(f, | Xi) = Skfi,
so that the smoothing bias is represented as

Bias(f;) = (Si — L,)fy.

Proof. From the estimator representation and the convergence approximation:
fj, = Sprp ~ Si(fy + €) = Sify, + Sie.
Taking expectation on both sides and using E(e) = 0 yields:
E(fr | Xi) = Sk
Therefore, the bias of the estimator is:

Theorem 2. The variance of the estimator is given by:

Var(f'k) = O'2Sksg

Proof. From:
fr, = Spfi + Sie

since S;.f), is deterministic, it follows that:
Var(f},) = Var(Sie)

Using the property:
Var(Ae) = AVar(e)A'

We obtain:
Var(fi,) = Si(c%1,)S] = 028,S; . O
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Lemma 1. For any vector x € R™ and matriz A € R™ ", the following identity holds:

" Az = tr(Azz ")

Proof. Let:
r = (1’1, 73311)—'—
and:
A = (aij)

Then:

n n

! Az = Z Z T A7

i=1j=1

On the other hand:
zx! = (zix;)

so that: "
(Al’l'—r)“ = Z aijxj:m
j=1
Taking the trace yields:
tr(Azz’) = z": zn: T 0707
i=1j=1

Therefore:
x' Az = tr(Azz ). O

Theorem 3. The Mean Squared Error (MSE) of the estimator is given by:

MSE(f;,) = ||(Sk — I.)fi]|? + otr(SkS}))

Proof. By definition:
MSE = E[(f, — £) " (fx — £1)]

Substituting: R
fr, — £, = (S — I,)fx + Sie
Let:
a = (Sk — In)fk, b= SkE
Then:
(a+b)'(a+b)=a"a+2a"b+b'b
Thus:

MSE = E(a'a) +2E(a"b) + E(b'b)

For the first term:
E(aTa) —a'a= |(Sk, — In)ka2
For the second term:
E(a'b) =a"E(b)

Since:
E(b)=SyE(e)=0
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then:
E(a'b)=0

For the third term:
E(b'b) = E[(Ske) T (Sie)]

Using the transpose property:
(Sre)T =e'S]

gives:
(Ske) " (Spe) = 'S/ Sye

Applying Lemma 1:
e'S; Spe = tr(S] Spee ')

Taking expectation:
E(b"b) = E[tr(S] Sree)]

Using the property:
Eltr(X)] = tr(E(X))

yields:
E(b"b) = tr(S] SpE(ee"))
Since:
E(e) =0= E(ee') = Var(e) = ¢°1,
then:

E(b'b) = tr(S] Spo’1,) = o%tr(S] S

Using the trace property:
tr(S; Sy) = tr(SiS))

Combining all terms gives:

MSE(f,) = ||(Sg — L) fx||?> + otr(SkS] ). O

The MSE expression in Theorem 3 reveals that the estimation error of the MS-GWSNR
estimator decomposes into two components: a squared bias term ||(Sg — I,)fx||? and a variance
term o2 tr(SkS;r). Both components depend on the smoothing matrix Sy, which is itself
determined by the bandwidth bw; through the spatial weighting matrix Wy.

The effect of the bandwidth on this trade-off can be understood as follows. A smaller
bandwidth bwy produces highly localized kernel weights, causing W to concentrate mass near
each target location. In this case, Si approaches the identity matrix I,,, which drives the bias term
(Sk — L,)fk||? toward zero. However, the variance term o2 tr(S;S] ) increases correspondingly,
as the estimator relies on fewer effective observations and becomes more sensitive to noise.
Conversely, a larger bandwidth bwy produces smoother estimates by incorporating information
from more distant observations, reducing the variance at the cost of increased bias.

A key advantage of the proposed MS-GWSNR model is that each predictor variable xy
is associated with its own bandwidth parameter bwy, allowing the bias—variance trade-off to
be managed independently for each additive component. This flexibility enables the model to
simultaneously accommodate predictors that operate at different spatial scales, assigning larger
bandwidths to components with smooth global variation and smaller bandwidths to components
with rapid local variation, which is not achievable under conventional GWSNR with a single
global bandwidth.
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3.4. Numerical Illustration

To illustrate the performance of the proposed estimator, a numerical illustration was conducted
using simulated data generated from a multiscale spatial nonparametric process. The simulation
was designed to evaluate the capability of the proposed MS-GWSNR model in capturing spatial
heterogeneity with different levels of smoothness across model components.

A total of n = 200 observations were randomly generated over a two-dimensional spatial
domain (u;, v;) € [0,1] x [0, 1]. This sample size is considered sufficient for the present illustration,
given that a first-order truncated spline basis with a single knot yields only three basis functions
per predictor, resulting in six estimable parameters per location across two predictors. The
primary purpose of this numerical illustration is to serve as a proof-of-concept demonstration
rather than a large-scale simulation study, and n = 200 provides adequate observations to support
stable estimation and convergence of the backfitting algorithm. Two predictor variables, namely
x1 and xy, were independently generated from the Uniform(0,1) distribution. The response
variable was generated from the additive nonparametric model:

yi = f1(@1, wi, vi) + fo(@os, wi, v;) + &5,

where
€~ N(Oa 02)7

with ¢ = 0.1.

The first component was designed to exhibit relatively smooth spatial variation, whereas the
second component was constructed to contain more rapidly changing local spatial variation. The
data generating process (DGP) was specified as:

fi(z1i, wi, vi) = ao(ug, vi) + o (wi, vi)z1; + 61 (us, vi) (21 — K1) 4,

and
fo(mai, wi, vi) = yo(us, vi) + 71 (wi, vi) w2 + M (s, vi) (2 — K2)+,

where the spatially varying coeflicients are defined as:

(u,v) =1+ 0.1sin(7ru),
(u,v) = 0.5+ 0.1u,

91 (u,v) = 0.2 + 0.05v,
(u,v) = 0.5+ 0.1sin(27u),
(u,v) = 0.4+ 0.1v,

and
m (u,v) = 0.1 4 0.05u.

Sinusoidal functions were incorporated into the intercept components g and g to introduce
spatially structured variation, while the slope coefficients a1 and ~y; were specified as smooth
linear functions of the spatial coordinates. The two DGP components were thus designed to
exhibit similarly smooth true slope surfaces, while the multiscale structure of the simulation arises
from the component-specific bandwidth configuration rather than from the intrinsic complexity
of the slope coefficients themselves.

Consequently, the DGP embeds two distinct spatial scales through its intercept components,
with ap exhibiting smoother variation via sin(7mu) and 7y exhibiting more rapid variation via
sin(27u). In this context, the multiscale aspect examined in this numerical illustration arises
primarily from the differential smoothing induced by the component-specific bandwidths during
estimation. Therefore, this numerical illustration aims to evaluate whether the proposed MS-
GWSNR estimator can apply appropriately different levels of spatial smoothing across components
assigned different bandwidths.
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A first-order truncated spline basis was employed for each predictor variable using a single
knot determined by the median of the predictor values. Parameter estimation was performed
using the Weighted Least Squares (WLS) approach combined with a Gaussian kernel weighting
scheme based on Euclidean spatial distance, given by [23]:

1 (dij\?
wij (i, v;) = exp {—2 <buj)> }7

where d;; denotes the Euclidean distance between the ¢-th and j-th spatial locations, and
bw represents the bandwidth parameter controlling the degree of spatial smoothing. Larger
bandwidth values produce smoother global estimation, whereas smaller bandwidths allow the
estimator to capture more localized spatial variation.

To accommodate the multiscale structure, different bandwidths were assigned to each model
component, namely bw; = 0.5 for the first component and bwy = 0.2 for the second component.
The larger bandwidth was intended to capture smoother spatial variation, whereas the smaller
bandwidth was used to capture more localized spatial variation. These bandwidths were
intentionally selected to reflect the smoothness characteristics embedded within each DGP
component. In this controlled simulation setting, where the true spatial scales of each component
are known by design, the bandwidths were specified directly in order to isolate and illustrate the
multiscale smoothing mechanism rather than to confound it with the variability of a bandwidth-
selection procedure. In practical applications where the true spatial scales are unknown, data-
driven bandwidth selection procedures such as cross-validation or the Akaike Information Criterion
can be employed, which represents a natural direction for future work.

The estimation procedure was conducted iteratively using the backfitting algorithm until
convergence was achieved. Algorithm convergence was monitored using the SOC criterion based
on Eq. (1), which was computed at each iteration from successive changes in the estimated
functions.

The estimator performance was evaluated using several criteria, including Root Mean Squared
Error (RMSE), Mean Absolute Error (MAE), convergence behavior of the backfitting algorithm,
and the agreement between actual and fitted values. The RMSE and MAE are respectively
defined as follows [24]:

)

MAE = %Z ‘f(xz) - ftrue(xi)
=1

n

RMSE = |+ > (f(r) ~ fimel))

i=1

where f (x;) denotes the estimated function value obtained from the proposed MS-GWSNR
model, while fiye(x;) represents the true function value generated from the DGP.

The MAE measures the average absolute deviation between the estimated and true functions,
whereas the RMSE provides a quadratic measure of estimation error that is more sensitive to
large deviations. Smaller values of MAE and RMSE indicate better estimation accuracy and
improved reconstruction capability of the proposed model.

Furthermore, the reconstruction capability of the proposed model was assessed by comparing
the estimated spatial coefficient surfaces with the true coeflicient surfaces used in the data
generating process.

The results of the numerical illustration are presented through several visualizations to
demonstrate the behavior of the proposed estimator. The estimation results are summarized in
Table 1, which presents the overall performance metrics of the proposed MS-GWSNR estimator
obtained from the numerical illustration.
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Table 1: Performance evaluation of the MS-GWSNR  estimator

Evaluation Criterion Value
MAE 0.0680
RMSE 0.0880
Iterations to Convergence 12
Final SOC 2.4812 x 10~°

The relatively small MAE and RMSE values indicate that the proposed MS-GWSNR, estimator
recovers the underlying nonlinear multiscale spatial structure embedded in the simulated data.

Convergence of the MS-GWSNR Backfitting Algorithm

SOC; (solid) and component-wise changes A ?K (dashed/dotted) per iteration

1e+02

SOC = 2.48e-05

1e+01

1e+00

SOC; (log scale)
(wJou ueapipng) Yy v

1e-01

RTINS oo sy, g cpmmpen e OJ S

Iteration

Fig. 1: Convergence of the backfitting algorithm

Fig. 1 presents the convergence behavior of the MS-GWSNR, backfitting algorithm across
iterations. The SOC criterion (dashed line, left axis) decreased monotonically from an initial value
of approximately 7.06 x 1072 at the first iteration to a final value of 2.48 x 10™° at iteration 12, as
also reported in Table 1, at which point the algorithm was declared stable. The component-wise
changes A f; (dotted line) and A f (solid red line with markers), displayed on the right axis,
similarly exhibited monotonic decrease throughout the iterative process, indicating that both
additive components converged simultaneously and consistently. The rapid reduction in SOC,
spanning approximately three orders of magnitude within the first five iterations, followed by
gradual stabilization confirms that the backfitting algorithm converges efficiently under the
proposed multiscale estimation framework.

Fig. 2 illustrates the agreement between the actual values and the fitted values. The scatter
plot demonstrates that the fitted values §j; are closely aligned with the actual values y;, with the
majority of observations lying in proximity to the perfect-fit diagonal line. The marginal density
plots further confirm that the distributions of y; and ¢; are nearly identical in shape, indicating
that the proposed estimator successfully reproduces the overall distributional characteristics of
the response variable. As reported in Table 1, the estimation yielded an MAE of 0.0680 and
an RMSE of 0.0880. Furthermore, a coefficient of determination of R? = 0.8829 was obtained,
indicating that the MS-GWSNR model accounts for approximately 88.3% of the total variation
in the response variable. These results collectively demonstrate that the proposed estimator
reproduces the underlying response signal under the specified simulation setting.

Fig. 3(a) presents the estimated spatially varying coefficient surfaces &1 (u,v) and 91 (u,v),
whereas Fig. 3(b) displays the corresponding true coefficient surfaces generated from the DGP.
The estimated coefficient surfaces exhibit clear spatial variation across the domain, indicating
that the proposed MS-GWSNR model successfully captures the presence of spatial heterogeneity
within the simulated data. However, the estimated surfaces do not perfectly reproduce the exact
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Actual vs. Fitted Values — MS-GWSNR
Dashed: perfect fit | Red: OLS trend | Shaded: +2 RMSE band

RMSE = 0.0880 4
MAE = 0.0680
Rz =08829 s

§, (Fitted)

yi (Actual)

Fig. 2: The relationship between the actual values and the fitted values

spatial patterns of the true coefficient surfaces. In particular, the estimated &;(u,v) surface
exhibits a different directional gradient from the true a;(u,v). The estimated surface 41 (u,v),
however, exhibits more localized spatial fluctuations relative to its true surface, which is defined
as a smooth linear function v;(u,v) = 0.4 4+ 0.1v. These additional fluctuations do not reflect
higher-frequency structure in the true DGP but rather the effect of the smaller bandwidth
assigned to the second component (bwy = 0.2). Notably, since «; (u,v) and 71 (u,v) are specified
as equally smooth linear functions in the DGP, the markedly different smoothness observed
between &; and 47 can be attributed solely to the difference in their assigned bandwidths. This
isolates and confirms the intended effect of the component-specific bandwidth mechanism. This
behavior reflects the flexibility of the multiscale estimation framework, in which each component is
estimated using different bandwidths and iteratively updated through the backfitting procedure.

Nevertheless, despite these differences at the component level, the estimator continues to
recover the response surface closely. As shown in Fig. 2, the fitted values exhibit high agreement
with the observed response values (R? = 0.8829), accompanied by relatively small RMSE
and MAE values reported in Table 1. These results indicate that the proposed MS-GWSNR
estimator is capable of effectively reconstructing the underlying multiscale spatial structure at
the response level while simultaneously capturing spatial heterogeneity across different spatial
scales. Furthermore, these results collectively demonstrate that the component-specific bandwidth
mechanism functions as intended: a larger bandwidth produces globally smooth estimates, while
a smaller bandwidth induces greater local adaptability, even when the underlying true surface is
itself smooth.

The spatial distribution of estimation error is presented in Fig. 4, which shows the absolute
deviation surfaces |&; — 1| and |91 — 71| across the spatial domain. For the first component
(Fig. 4(a)), the estimation error exhibits a spatially structured pattern, with relatively smaller
deviations observed in the central region and progressively larger deviations toward the boundary
of the spatial domain, particularly in the high-u region. For the second component (Fig. 4(b)),
the error is more broadly and heterogeneously distributed across the entire domain, with values
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Spatially Varying Coefficients — MS-GWSNR
Heatmap interpolated from 200 observations (white crosses = observation locations)
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(a) Estimated spatial coefficient surfaces

True Spatially Varying Coefficients

Ground truth surfaces used in the data generating process
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Fig. 3: Spatial coefficient surfaces: (a) the estimated spatial coefficient surfaces and (b) the true spatial
coefficient surfaces
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Fig. 4: The corresponding coeflicient estimation error surfaces

predominantly ranging between 0.05 and 0.25. The comparatively larger and more spatially
heterogeneous error observed for #; is consistent with the smaller bandwidth assigned to the
second component (bwe = 0.2), which increases the estimation variance and renders the estimated
surface more sensitive to local noise, even though the true ~; (u,v) surface is itself smooth.

3.5. Discussion

The numerical illustration presented in this study provides empirical support for the theoretical
formulation and estimation framework of the proposed MS-GWSNR model. Overall, the results
demonstrate that the proposed estimator, combined with the backfitting estimation algorithm, is

Indi Rizqy Fahrani 1594



A Multiscale FExtension of GWSNR

capable of reconstructing nonlinear spatial relationships under heterogeneous multiscale spatial
structures while maintaining stable computational performance throughout the estimation process.
The findings further confirm that the use of component-specific bandwidths enables the estimator
to adapt to different levels of spatial smoothness across model components.

As reported in Table 1 and illustrated in Fig. 1, the backfitting algorithm achieved stable
convergence within 12 iterations with a final SOC value of 2.48 x10~°. The SOC criterion decreases
monotonically throughout the iterative process, accompanied by simultaneous reductions in both
A f1 and A fg. This behavior indicates that the proposed iterative estimation procedure produces
stable updates for each additive component under the multiscale bandwidth configuration.
Furthermore, the rapid decline of the SOC values during the early iterations suggests that the
additive backfitting structure efficiently decomposes the response surface into its component
functions without requiring computationally intensive joint optimization procedures. These
findings provide empirical evidence that the proposed estimation algorithm is computationally
feasible and numerically stable for estimating additive multiscale spatial models.

The numerical illustration also shows that the estimator recovers the simulated response
surface closely. As presented in Table 1, the proposed estimator achieved relatively small error
measures with MAE = 0.0680 and RMSE = 0.0880. In addition, Fig. 2 demonstrates strong
agreement between the observed and fitted response values, with most observations closely
distributed around the perfect-fit line. The obtained coefficient of determination (R? = 0.8829)
further indicates that the proposed model successfully explains a substantial proportion of the
variation in the simulated response variable. These findings collectively demonstrate that the
proposed MS-GWSNR framework recovers the dominant nonlinear spatial signal embedded in
the simulated data.

It should be noted that the remaining estimation error may arise from several sources,
including the stochastic noise component ¢; ~ N(0,0.01) incorporated in the data generating
process, as well as the use of fixed rather than data-driven optimal bandwidths. Under a fixed
bandwidth setting, the estimator operates at a predetermined level of spatial smoothing that may
not fully adapt to local variations in coefficient complexity. Nevertheless, the results demonstrate
that even under this simplified setting, the proposed MS-GWSNR estimator reproduces the fitted
response values closely relative to the true response surface.

The multiscale behavior of the proposed estimator is clearly illustrated in Fig. 3. The
estimated coefficient surface &j(u,v), obtained using the larger bandwidth (bwy = 0.5), exhibits
a smoother and more globally structured spatial pattern. In contrast, the estimated surface
A1 (u, v), estimated using the smaller bandwidth (bwy = 0.2), displays substantially more localized
spatial variation and finer spatial fluctuations. These results empirically confirm that different
bandwidth specifications produce different levels of spatial smoothing across model components,
thereby enabling the proposed MS-GWSNR framework to adapt flexibly to heterogeneous spatial
scales within the same model structure. It is worth noting that the true 7 (u, v) surface is itself
a smooth linear function; the additional localized fluctuations observed in 4;(u,v) therefore
represent estimation variability induced by the narrow bandwidth rather than recovery of
high-frequency structure in the DGP.

Although the estimated coefficient surfaces shown in Fig. 3 are not identical to the correspond-
ing true coefficient surfaces from the DGP, the overall fitted response surface remains close to the
true response, as evidenced by the goodness-of-fit results in Fig. 2 and Table 1. This indicates
that the proposed estimator successfully captures the dominant multiscale spatial structure at
the response level, even when localized discrepancies remain at the individual coefficient level.
In the context of additive backfitting estimation, individual component functions may partially
compensate for one another during the iterative fitting process, such that the total fitted response
= f 1+ f2 remains close to the true response surface despite discrepancies in the individual
component estimates.

Additional insight into the estimator behavior is provided by the error surfaces shown in
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Fig. 4. For the first component, the estimation error exhibits a relatively smooth spatial pattern
with lower deviations across several central regions of the spatial domain. In contrast, the second
component shows more heterogeneous and localized error patterns. This behavior is consistent
with the smaller bandwidth assigned to the second component, which allows the estimator to
respond more sensitively to local spatial variation. However, increased local adaptability is
accompanied by greater spatial variability in the estimated coefficient surface. These findings
illustrate an important trade-off within the multiscale estimation framework, namely that smaller
bandwidths improve sensitivity to localized spatial structures but may simultaneously increase
estimation variability in certain spatial regions.

Overall, the numerical illustration demonstrates that the proposed MS-GWSNR framework
successfully integrates multiscale spatial weighting with spline-based nonparametric regression
to accommodate heterogeneous spatial relationships with different levels of spatial smoothness.
The results indicate that the proposed estimator is capable of producing stable estimation, close
reconstruction of the response surface, and flexible adaptation to varying spatial scales within a
unified modeling framework.

Nevertheless, the present study was conducted under a controlled simulation setting with
predetermined bandwidth values, spline order, and knot locations. In practical applications,
estimation performance may be further improved through the implementation of data-driven
bandwidth selection procedures, adaptive knot selection strategies, and larger-scale simulation
studies involving different sample sizes and spatial complexity levels. These extensions pro-
vide promising directions for future methodological development of the proposed MS-GWSNR
framework.

4. Conclusion

This study proposed a Multiscale Geographically Weighted Spline Nonparametric Regression
(MS-GWSNR) model by integrating the multiscale bandwidth framework of MGWR into the
spline-based nonparametric structure of GWSNR. The proposed framework was developed to
simultaneously accommodate spatial heterogeneity, varying spatial scales across predictors, and
nonlinear relationships within a unified additive nonparametric regression model. To address the
absence of a closed-form estimator arising from multiple spatial weighting matrices, parameter
estimation was performed using a Weighted Least Squares (WLS) approach combined with
a backfitting algorithm. The theoretical properties of the proposed estimator were derived
through the smoothing matrix representation, including the smoothing-bias representation,
variance representation, and Mean Squared Error (MSE) formulation. The numerical illustration
demonstrated that the proposed estimation framework achieved stable convergence and recovered
the underlying multiscale spatial structure. The results further showed that component-specific
bandwidths enabled the estimator to adapt flexibly to different levels of spatial smoothness across
model components. Overall, the proposed MS-GWSNR framework provides a flexible approach
for modeling nonlinear spatial relationships under heterogeneous multiscale spatial structures.
The integration of spline-based nonparametric regression with multiscale spatial weighting offers
an important methodological contribution to the development of spatial nonparametric regression
models. Nevertheless, the present study was conducted under controlled simulation settings with
predetermined bandwidths and knot specifications. Future research may extend the proposed
framework through adaptive bandwidth selection, optimal knot determination, larger-scale
simulation studies, and applications to real spatial datasets.
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