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Abstract

Multi-variable linear Diophantine equations of the form a1x1 + a2x2 + · · · + anxn = b where
ai, b ∈ Z have some various applications in many fields, such as in cryptography, chemistry, and
statistics, can be used to determine public and private keys, balance chemical equations, and
model scheduling problems, respectively. The equation has infinitely many integer solutions,
if gcd(a1, a2, . . . , an) divides b. There are two algorithms to find the solution of the equation,
namely Smith normal form and integer lattice methods. This paper shows a different method
to find the general solution of the equation. Our method applies the generalized Euclidean
algorithm to find the GCD of a1, a2, . . . , an. Next, we use back-substitution process through
the steps of the generalized Euclidean algorithm to express the GCD as a linear combination
of a1, a2, . . . , an. Next, from that linear combination we multiply by b/gcd(a1, a2, . . . , an)
to obtain a particular solution of the equation. Moreover, from that particular solution we
construct the general solution of the equation.
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1. Introduction
Multi-variable linear Diophantine equations are equations of the form

a1x1 + a2x2 + · · · + anxn = b (1)

where ai, b ∈ Z and n ≥ 2, with solutions restricted to integers. In case n = 2, the equation

a1x1 + a2x2 = b

has a solution if and only if gcd(a1, a2) | b [1]. Based on Bézout’s Theorem, we can conclude that
there are integers x and y such that

gcd(a, b) = ax + by.

The Euclidean algorithm is one of the algorithms used to determine the greatest common divisor
(GCD) of two integers [2]. Since gcd(a1, a2) | b, then b = k · gcd(a1, a2), k ∈ Z. The extended
Euclidean algorithm can be applied to find that integers x and y [3].

∗Corresponding author. E-mail: hery.susanto.fmipa@um.ac.id

Received: June 06, 2026
DOI: https://doi.org/10.18860/cauchy.v11i2.43242

Revised: July 28, 2026 Accepted: August 01, 2026

https://creativecommons.org/licenses/by-sa/4.0
mailto:hery.susanto.fmipa@um.ac.id
https://doi.org/10.18860/cauchy.v11i2.43242


Generalized Euclidean Algorithm for Linear Diophantine Equations

Multi-variable linear Diophantine equations have applications in various fields. In cryptog-
raphy, they are applied in the RSA algorithm to determine public and private keys [4–8]. In
chemistry, linear Diophantine equations can be used to balance chemical equations [9]. Further-
more, in statistics, they can be utilized to model scheduling problems in big data systems [10].
These applications demonstrate that Diophantine equations are not only important in number
theory but also useful for solving practical problems in various disciplines [11, 12].

A multi-variable linear Diophantine equation of the form (1) has an integer solution if

gcd(a1, a2, . . . , an) | b.

In other words, equation (1) can be expressed as [13]

a1x1 + a2x2 + · · · + anxn = k · gcd(a1, a2, . . . , an), k ∈ Z.

There are two algorithms to find solution of equation (1), that is Smith normal form and
integer lattice methods. These two algorithms using matrices to find the solution, Smith normal
form need to find a unimodular matrix and integer lattice method need to find a basis lattice
integer. For example, to find solution of equation a1x1 + a2x2 + a3x3 = b, Smith normal form
will find the GCD of a1, a2, a3 using matrix

[
a1 a2 a3

]
and using row operations and until we

get
[
d 0 0

]
.Thus, we obtain d = gcd(a1, a2, a3). To find the solution of that equation we will

find a unimodular matrix V and the solution isx1
x2
x3

 = V

b/d
s
t


where s, t ∈ Z [14]. Whereas, integer lattice method will find a particular solution Xp of equation
a1x1 + a2x2 + a3x3 = b and find a basis (V1, V2) for the set {(x1, x2, x3) | a1x1 + a2x2 + a3x3 = 0}.
Then, the solution is Xp + sV1 + tV2 where s, t ∈ Z [15].

Therefore, this article proposes a different method for finding solution of multi-variable
linear Diophantine equations. In this article, the generalized Euclidean algorithm is employed to
determine the GCD of a1, a2, . . . , an, rather than using a matrix-based approach. Next, we use
back-substitution process through the steps of the generalized Euclidean algorithm to express
GCD as a linear combination of a1, a2, . . . , an. Next, from the linear combination multiply
by b/gcd(a1, a2, . . . , an) to obtain a particular solution of the equation. Moreover, from that
particular solution we construct the general solution of the equation. For example, to find
the general solution of equation a1x1 + a2x2 + a3x3 = b, we first find GCD of a1, a2, a3 using
the generalized Euclidean algorithm. Next, using back-substitution process we will obtain
gcd(a1, a2, a3) = a1c1 + a2c2 + a3c3 for some c1, c2, c3 ∈ Z. The equation a1x1 + a2x2 + a3x3 = b
has solution, if gcd(a1, a2, a3) | b. So, we can express b = gcd(a1, a2, a3)·k = a1c1k+a2c2k+a3c3k.
Thus we obtain a particular solution that is, (z1, z2, z3) = (c1k, c2k, c3k). From that particular
solution we will construct the general solution.

2. Methods
This study adopts an analytical mathematical to approach general solution of multi-variable
linear Diophantine equations. The research methodology consists of the following steps:

1. Construct the generalized Euclidean algorithm to find GCD of several integers through the
generalized division algorithm.

2. Explain the back-substitution process from generalized Euclidean algorithm to express
GCD as linear combination.
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3. Construct the general solution of multi-variable linear Diophantine equations from a
particular solution.

Before presenting the result and discussion of the generalized Euclidean algorithm and
multi-variable linear Diophantine equations, we first review some definitions, lemmas, and
theorems.

Definition 1. Let a1, a2, a3, . . . , an be integers, not all zero. The greatest common divisor
(GCD) of these integers is the largest positive integer that divides all of them [16].

Definition 2. Multi-variable linear Diophantine equations are equations of the form

a1x1 + a2x2 + · · · + anxn = b

where n ≥ 2 and ai, b ∈ Z for all i = 1, 2, . . . , n [17].

Theorem 1. If a and b are integers, then there are integers x and y such that [16]

ax + by = gcd(a, b).

Next lemma is associative property of the GCD.

Lemma 1. If a1, a2, a3, . . . , an are integers, not all zero, then [16]

gcd(a1, a2, a3, . . . , ak, ak+1, . . . , an−1, an) = gcd(a1, a2, a3, . . . , gcd(ak, ak+1), . . . , an−1, an).

Theorem 2. For any integer q, it holds that gcd(a, b) = gcd(a + bq, b) [16].

Lemma 2. If a, b, and c are positive integers such that gcd(a, b) = 1 and a | bc, then a | c
[16].

3. Results and Discussion
In this section, we will prove the generalized Euclidean algorithm to find the GCD of several
integers. Before we prove that algorithm, firstly we will prove two theorems that will be used to
prove the generalized Euclidean algorithm.

Theorem 3. Let a1, a2, a3 . . . , an be a sequence of integers. If |a1| ≥ |a2| ≥ |a3| ≥ · · · ≥
|an| > 0, then there are integers q1, q2, . . . , qn−1, r such that

a1 = a2q1 + a3q2 + · · · + anqn−1 + r,

where 0 ≤ r < |an|.

Proof. Consider the set S = {a1 − a2q1 − a3q2 − ... − anqn−1|qi ∈ Z, i = 1, 2, ..., n − 1}. Let
T be the set of all non-negative integers in S. Note that T is nonempty, because we can
choose qi = 0 for all i = 1, 2, ..., n − 2 and qn−1 < a1/an. So, a1 − a2q1 − a3q2 − ... − anqn−1
is positive.
By the well ordering property of non-negative integers, T must has a smallest element,
namely r = a1 − a2p1 − a3p2 − ... − anpn−1 ≥ 0, for some pi ∈ Z, i = 1, 2, . . . , n − 1
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Suppose r ≥ |an|. Then,

r ≥ r − |an| = a1 − a2p1 − a3p2 − ... − anpn−1 − |an|.

If an < 0, then we have r − |an| = a1 − a2p1 − a3p2 − ... − an(pn−1 − 1). If an > 0, then we
have r − |an| = a1 − a2p1 − a3p2 − ... − an(pn−1 + 1). Since r − |an| ≥ 0, then r − |an| ∈ T .
This contradicts that r is a smallest element in T . Thus, 0 ≤ r < |an|. □

Theorem 4. Let a1, a2, a3, . . . , an be a sequence of integers. There are inte-
gers q1, q2, ..., qn−1, such that gcd(a1, a2, a3, ..., an) = gcd(a1 + a2q1 + a3q1 + ... +
anqn−1, a2, a3, ..., an) for any positive integer n > 1.

Proof. We prove by the mathematical induction. Note that for the case n = 2, had been
already proven by Theorem 2. Assume true for n = k, that is gcd(a1, a2, a3, ..., ak) =
gcd(a1 + a2q1 + a3q1 + ... + akqk−1, a2, a3, ..., ak). Next, we will show for n = k + 1. Using
Lemma 1, Theorem 2, and the Hypothesis induction we get

gcd(a1, a2, a3, ..., ak, ak+1) = gcd(gcd(a1, a2, a3, ..., ak), ak+1)
= gcd(gcd(a1 + a2q1 + a3q2 + ... + akqk−1, a2, a3, ..., ak), ak+1)
= gcd(a1 + a2q1 + a3q2 + ... + akqk−1, a2, a3, ..., ak, ak+1)
= gcd(a2, a3, . . . , ak, a1 + a2q1 + a3q2 + ... + akqk−1, ak+1)
= gcd(a2, a3, . . . , ak, gcd(a1 + a2q1 + a3q2 + ... + akqk−1, ak+1))
= gcd(a2, a3, . . . , gcd(ak, a1 + a2q1 + ... + akqk−1 + ak+1qk, ak+1))
= gcd(a2, a3, . . . , ak, a1 + a2q1 + a3q2 + ... + akqk−1 + ak+1qk, ak+1)
= gcd(a1 + a2q1 + a3q2 + ... + akqk−1 + ak+1qk, a2, a3, . . . , ak, ak+1).

Hence, by the mathematical induction the statement holds for any positive integer n > 1. □

The following is a corollary of Theorem 4.

Corollary 1. Given integers sequence a1, a2, ..., an. If a1 = a2q1 + a3q2 + ... + anqn−1 + r
where q1, q2, ..., qn−1, r are integers, then gcd(a1, a2, ..., an) = gcd(r, a2, ...., an).

Proof. Using Theorem 4 and choosing r = a1 − a2q1 − a3q2 − ... − anqn−1. □

Theorem 3 can be applied iteratively until the remainder becomes zero, which reduces the
number of integers one by one, until we have one integer that is the GCD of a1, a2, . . . , an. There-
fore, Theorem 3 can be used to determine the GCD of n integers. We will prove the generalized
Euclidean algorithm for positive integers sequence, because of the fact gcd(a1, , a2, . . . , an) =
gcd(|a1|, |a2|, . . . , |an|).

Theorem 5. The Generalized Euclidean Algorithm. Given positive integers sequence
a1, a2, . . . , an where a1 > a2 > · · · > an. Let ri = ai for all 1 ≤ i ≤ n, and apply
Theorem 3 multiple times to obtain rj = rj+1q

(j)
1 + rj+2q

(j)
2 + · · · + rj+n−1q

(j)
n−1 + rj+n, where

0 ≤ rj+n < rj+n−1 < · · · < rj+1 < rj, for j = 1, 2, 3, . . . , s1 and rs1+n = 0. If we repeat the
process with n − 1 integers and ri = rs1+i for all 1 ≤ i ≤ n − 1 we will obtain rs2+n−1 = 0,
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and so on, until we get one integer rs(n−1), then gcd(a1, a2, ..., an) = rs(n−1).

Proof. Let ri = ai for i = 1, 2, 3, ..., n. Applying Theorem 3 multiple times, we obtain

r1 = r2q
(1)
1 + r3q

(1)
2 + ... + rnq

(1)
n−1 + rn+1 0 ≤ rn+1 < rn

r2 = r3q
(2)
1 + r4q

(2)
2 + ... + rn+1q

(2)
n−1 + rn+2 0 ≤ rn+2 < rn+1

...

rj = rj+1q
(j)
1 + rj+2q

(j)
2 + · · · + rj+n−1q

(j)
n−1 + rj+n 0 ≤ rj+n < rj+n−1

...

rs1 = rs1+1q
(s1)
1 + rs1+2q

(s1)
2 + ... + rs1+n−1q

(s1)
n−1 + 0.

Because the remainders are integer and the sequence of remainders r1 > r2 > · · · > rs1+n ≥ 0
cannot contain more than r1 terms, consequently a zero remainder must eventually occur.
This process will decrease the number of integers by one. We repeat this process with n − 1
integers and we obtain rs2+n−1 = 0. We continue this process until the number of integers
is one. That is,

rs1+1 = rs1+2q
(s1+1)
1 + rs1+3q

(s1+1)
2 + ... + rs1+n−1q

(s1+1)
n−2 + rs1+n 0 ≤ rs1+n < rs1+n−1

rs1+2 = rs1+3q
(s1+2)
1 + rs1+4q

(s1+2)
2 + ... + rs1+nq

(s1+2)
n−2 + rs1+n+1 0 ≤ rs1+n+1 < rs1+n

...

rs2 = rs2+1q
(s2)
1 + rs2+2q

(s2)
2 + ... + rs2+n−2q

(s2)
n−2 + 0

...

rs(n−1)−2 = rs(n−1)−1q
(s(n−1)−2)
1 + rs(n−1) 0 ≤ rs(n−1) < rs(n−1)−1

rs(n−1)−1 = rs(n−1)q
(s(n−1)−1)
1 + 0.

We can assume that we eventually obtain a zero remainders, because the sequence of
remainders is strictly decreasing and it non-negative integers sequence. Thus, by Corollary
1 we obtain

(a1, a2, . . . , an) = (r1, r2, . . . , rn) = (r2, r3, . . . , rn, rn+1)
= (r3, . . . , rn+1, rn+2)

...
= (rs1+1, . . . , rs1+n−1, 0)
= (rs1+1, . . . , rs1+n−1)

...
= (rs2+1, . . . , rs2+n−2, 0)
= (rs2+1, . . . , rs2+n−2)

...
= (rs(n−1)−1, rs(n−1))
= (rs(n−1) , 0)
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= rs(n−1) .

Thus, (a1, a2, ..., an) = rs(n−1) . □

We see that the quotients selection in Theorem 3 not unique, but for convenience we choose
the quotients as follows. First, rearrange the numbers so we get decreasing sequence of positive
integer. Next, we will divide a1 with a2 to obtain q1 and a remainder r1. Then, we divide r1
with a3 to obtain q2 and a remainder r2, and so on until we obtain the last remainder r. Next,
several illustrative examples related to the generalized Euclidean algorithm.

Example 1. The GCD of 105, 70, 42, and 30 is 1.
By the generalized Euclidean algorithm, we have

105 = 70 · 1 + 42 · 0 + 30 · 1 + 5 5 = 105 · (1) + 70 · (−1) + 30 · (−1)
70 = 42 · 1 + 30 · 0 + 5 · 5 + 3 3 = 70 · (1) + 42 · (−1) + 5 · (−5)
42 = 30 · 1 + 5 · 2 + 3 · 0 + 2 2 = 42 · (1) + 30 · (−1) + 5 · (−2)
30 = 5 · 6 + 3 · 0 + 2 · 0 + 0
5 = 3 · 1 + 2 · 1 + 0
3 = 2 · 1 + 1 1 = 3 · (1) + 2 · (−1)
2 = 1 · 2 + 0 .

From Example 1 we can express the GCD of 105, 70, 42, and 30 as a linear combination of
105, 70, 42, and 30. That is,

1 = 3 · 1 + 2 · (−1)
= 3 · 1 + (42 · 1 + 30 · (−1) + 5 · (−2)) · (−1)
= 3 · 1 + 42 · (−1) + 30 · 1 + 5 · 2
= (70 · 1 + 42 · (−1) + 5 · (−5)) · 1 + 42 · (−1) + 30 · 1 + 5 · 2
= 70 · 1 + 42 · (−2) + 30 · 1 + 5 · (−3)
= 70 · 1 + 42 · (−2) + 30 · 1 + (105 · 1 + 70 · (−1) + 30 · (−1)) · (−3)
= 105 · (−3) + 70 · 4 + 42 · (−2) + 30 · 4.

Example 2. The GCD of 56, 78, −42, and 16 is 2.
First, we rearrange and find the positive of each integer. So, we work with positive integer
sequence 78, 56, 42, 16. By the generalized Euclidean algorithm, we have

78 = 56 · 1 + 42 · 0 + 16 · 1 + 6 6 = 78 · (1) + 56 · (−1) + 16 · (−1)
56 = 42 · 1 + 16 · 0 + 6 · 2 + 2 2 = 56 · (1) + 42 · (−1) + 6 · (−2)
42 = 16 · 2 + 6 · 1 + 2 · 0 + 0
16 = 6 · 2 + 2 · 2 + 0
6 = 2 · 3 + 0 .

From Example 2 we can express the GCD of 78, 56, 42, and 16 as a linear combination of
78, 56, 42, and 16. That is,
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2 = 56 · (1) + 42 · (−1) + 6 · (−2)
= 56 · (1) + 42 · (−1) + (78 · (1) + 56 · (−1) + 16 · (−1)) · (−2)
= 78 · (−2) + 56 · (3) + 42 · (−1) + 16 · (2)
= 78 · (−2) + 56 · (3) + 42 · (−1) + 16 · (2).

Example 3. The GCD of 48, 56, 16, and 16 is 8.
First, we rearrange and choose one of each integer. So, we work with positive integer
sequence 56, 48, 16. By the generalized Euclidean algorithm, we have

56 = 48 · 1 + 16 · 0 + 8 8 = 56 · (1) + 48 · (−1)
48 = 16 · 3 + 8 · 0 + 0
16 = 8 · 2 + 0 .

From Example 3 we can express the GCD of 56, 48, and 16 as a linear combination of 56, 48,
and 16. That is,

8 = 56 · (1) + 48 · (−1).

Now, we can set the coefficient of all other numbers is zero. So, we obtain the linear combination
is

8 = 56 · (1) + 48 · (−1) + 16 · 0.

From explanation above, we have conclusion that gcd(a1, a2, . . . , an) = a1x1 + a2x2 + · · · +
anxn, xi ∈ Z for all i = 1, 2, . . . , n.

Lemma 3. Let a1, a2, . . . , an be integers. Then, there are integers c1, c2, . . . , cn such that

gcd(a1, a2, . . . , an) = a1c1 + a2c2 + · · · + ancn.

Proof. We will prove by the mathematical induction. For case n = 2, based on Theorem 1,
there are integers y1 and y2 such that

gcd(a1, a2) = a1y1 + a2y2.

Assume, for the case k = n, that there are integers y1, y2, . . . , yk such that

gcd(a1, a2, . . . , ak) = a1y1 + a2y2 + · · · + akyk.

Then, by Lemma 1 and the Hypothesis induction, we obtain

gcd(a1, a2, . . . , ak, ak+1) = gcd(gcd(a1, a2, . . . , ak), ak+1)
= gcd(a1b1 + a2b2 + · · · + akbk, ak+1).

From the last form, applying Theorem 1, there are integers d and e such that

gcd(a1, a2, . . . , ak, ak+1) = gcd(a1b1 + a2b2 + · · · + akbk, ak+1)
= (a1y1 + a2y2 + · · · + akyk)d + ak+1e
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= a1(y1d) + a2(y2d) + · · · + ak(ykd) + ak+1e.

Thus, it is proven that there are integers c1, c2, . . . , cn such that

gcd(a1, a2, . . . , an) = a1c1 + a2c2 + · · · + ancn. □

Lemma 4. Let a1, a2, . . . , an be integers. If gcd(a1, a2, . . . , an) = d, then
gcd(a1

d , a2
d , . . . , an

d ) = 1.

Proof. Let a1, a2, . . . , an be integers with gcd(a1, a2, . . . , an) = d. We will show that
a1
d , a2

d , . . . , an
d have no common divisors other than 1. Assume that e be a positive in-

teger such that e | ai
d for all 1 ≤ i ≤ n. Then, there is an integer ki such that ai

d = eki.
So, we obtain that ai = deki. Hence, de is a common divisor of ai. Since, d is the GCD of
a1, a2, . . . , an we have de ≤ d. So, e must be 1. Consequently, gcd(a1

d , a2
d , . . . , an

d ) = 1. □

Next, we will presenting the general solution of a multi-variable linear Diophantine equation.
In general, a multi-variable linear Diophantine equation has two possibilities: it either has no
solution if gcd(a1, a2, a3, . . . , an) ∤ b, or has infinitely many solutions if gcd(a1, a2, a3, . . . , an) | b.

Theorem 6. Let a1, a2, . . . , an be a sequence of integers with |a1| ≥ |a2| ≥ |a3| ≥ · · · ≥
|an| > 0 and d = gcd(a1, a2, . . . , an). A multi-variable linear Diophantine equation

a1x1 + a2x2 + · · · + anxn = b.

has infinitely many integer solutions if and only if d | b.

Proof. Let (y1, y2, . . . , yn) be a solution of equation (1) and let d = gcd(a1, a2, . . . , an). So, d |
ai for all 1 ≤ i ≤ n and a1y1+a2y2+· · ·+anyn = b. Thus, we get d | (a1y1+a2y2+· · ·+anyn)
and it follows that d | b.
Conversely if d | b, based on Lemma 3, there are integers c1, c2, . . . , cn such that

d = a1c1 + a2c2 + · · · + ancn.

Since d | b, there is an integer e such that b = de. Consequently,

b = de = (a1c1 + a2c2 + · · · + ancn)e = a1(c1e) + a2(c2e) + · · · + an(cne).

Thus, (z1, z2, . . . , zn) where zi = cie for all 1 ≤ i ≤ n is a particular solution of the equation.
Next, we will show that there are infinitely many solutions by constructing the solution
set of equation (1). Let (y1, y2, y3, . . . , yn) be a solution of equation (1) and the particular
solution (z1, z2, . . . , zn). So, we obtain

a1y1 + a2y2 + · · · + anyn = b

a1z1 + a2z2 + · · · + anzn = b.

Subtracting these two equations yields

a1(y1 − z1) + a2(y2 − z2) + · · · + an(yn − zn) = 0 (2)

ai(yi − zi) = −
(
a1(y1 − z1) + · · · + ai−1(yi−1 − zi−1) + ai+1(yi+1 − zi+1) + · · · + an(yn − zn)

)
.
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Dividing both sides by d, we obtain(
ai

d

)
(yi − zi) = −

((
a1
d

)
(y1 − z1) + · · · +

(
ai−1

d

)
(yi−1 − zi−1)

+
(

ai+1
d

)
(yi+1 − zi+1) + · · · +

(
an

d

)
(yn − zn)

)
.

Let di = gcd(a1
d , a2

d , . . . , ai−1
d , ai+1

d , . . . , an
d ) for all 1 ≤ i < n. By Lemma 4, we know that

gcd(a1
d , a2

d , . . . , an
d ) = 1. So, gcd(di,

ai
d ) = 1 and di |

(ai
d

)
(yi − zi). By Lemma 2, we have

di | (yi − zi). Hence, there is an integer ki such that diki = (yi − zi), this means that
yi = zi + diki. Putting this value to equation (2) yields

a1(d1k1) + a2(d2k2) + · · · + an−1(dn−1kn−1) + an(yn − zn) = 0

−(a1d1k1 + a2d2k2 + · · · + an−1dn−1kn−1) = an(yn − zn)

− 1
an

(a1d1k1 + a2d2k2 + · · · + an−1dn−1kn−1) = yn − zn.

Since (yn − zn) ∈ Z, then
(

− 1
an

(a1d1k1 + a2d2k2 + · · · + an−1dn−1kn−1)
)

∈ Z. Solving for
yn gives

yn = zn − 1
an

(a1d1k1 + a2d2k2 + · · · + an−1dn−1kn−1) ∈ Z.

So, the solution of equation (1) must be in the form

yi = zi + diki for all 1 ≤ i < n and yn = zn − 1
an

(a1d1k1 + · · · + an−1dn−1kn−1) ∈ Z.

Next, if 1
an

(a1d1k1 + · · · + an−1dn−1kn−1) ∈ Z, then we have set

T =
{(

z1 + d1k1, . . . , zn−1 + dn−1kn−1, zn − 1
an

(a1d1k1 + · · · + an−1dn−1kn−1)
) ∣∣ ki ∈ Z

}
.

We will show that every element in T is solution of equation (1). Observe that for
(x′

1, x′
2, . . . , x′

n) ∈ T , we have

x′
i = zi+dili, li ∈ Z for all 1 ≤ i < n and x′

n = zn− 1
an

(a1d1l1 + · · · + an−1dn−1ln−1) .

So, we have

aix
′
i = aizi + aidili, and anx′

n = anzn − (a1d1l1 + · · · + an−1dn−1ln−1) .

Consider the summation a1x′
1 + a2x′

2 + . . . + anx′
n, the terms involving aidili cancel out,

leaving only aizi for all 1 ≤ i ≤ n. Consequently, we obtain

a1x′
1 + a2x′

2 + · · · + anx′
n = a1z1 + a2z2 + · · · + anzn = b.

Therefore, every element in T is the solution of equation (1). Now, since ki ∈ Z and we can
choose ki is multiple of an so we have T is infinite set. □

Next, we will explain step-by-step how to find the general solution of equation (1). If there
are repeated coefficients, then we only work with one of them and set the other with a parameter.
If there are negative coefficients, then we work with its positive and multiply the quotient in
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the linear combination with (−1). If there are zero coefficients, then we ignore them. If the
coefficients are unordered, then we rearrange them to ordered coefficient such that Theorem 6
can be applied and we rearrange the solution satisfying the original equation.

1. Use the generalized Euclidean algorithm to find d = gcd(a1, a2, . . . , an) and for all 1 ≤ i < n
we find di = gcd(a1

d , a2
d , . . . , ai−1

d , ai+1
d , . . . , an

d ).
2. From step 1 and use back-substitution process through the steps of the generalized Euclidean

algorithm, we will obtain d = a1c1 + a2c2 + · · · + ancn. We can find a particular solution of
equation (1), that is zi = b

dci for all 1 ≤ i ≤ n.
3. Use Theorem 6 to find the general solution.

Several illustrative examples related to Theorem 6 are provided.

Example 4. Determine all integer solutions of the equation

105x1 + 70x2 + 42x3 + 30x4 = 631.

Using the generalized Euclidean algorithm we obtain d = gcd(105, 70, 42, 30) = 1, d1 =
gcd(70/1, 42/1, 30/1) = 2, d2 = gcd(105/1, 42/1, 30/1) = 3, d3 = gcd(105/1, 70/1, 30/1) =
5. From Example 1 we get,

1 = 105 · (−3) + 70 · 4 + 42 · (−2) + 30 · 4.

Multiplying both sides by 631, we obtain

631 = 105 · (−1893) + 70 · 2524 + 42 · (−1262) + 30 · 2524.

So, we get a particular solution is (−1893, 2524, −1262, 2524). Hence, if 1
30(210k1 + 210k2 +

210k3) ∈ Z, then by Theorem 6 we get the solution set of that equation is

T = {(−1893+2k1, 2524+3k2, −1262+5k3, 2524− 1
30(210k1+210k2+210k3)) | k1, k2, k3 ∈ Z}.

Example 5. Determine all integer solutions of the equation

56x1 + 78x2 − 42x3 + 16x4 = 60.

First, we rearrange the equation so we have decreasing positive coefficient that is, 78y1 +
56y2 +42y3 +16y4 = 60 with y1 = x2, y2 = x1, y3 = −x3, and y4 = x4. Using the generalized
Euclidean algorithm we obtain d = gcd(78, 56, 42, 16) = 2, d1 = gcd(56/2, 42/2, 16/2) =
1, d2 = gcd(78/2, 42/2, 16/2) = 1, d3 = gcd(78/2, 56/2, 16/2) = 1. From Example 2 we get,

2 = 78 · (−2) + 56 · (3) + 42 · (−1) + 16 · (2).
Multiplying both sides by 30, we obtain

60 = 78 · (−60) + 56 · (90) + 42 · (−30) + 16 · (60).

So, we get a particular solution is (−60, 90, −30, 60). Hence, if 1
16(78k1 + 56k2 + 42k3) ∈ Z,

then by Theorem 6 we get the solution set of that equation is

T = {(−60 + k1, 90 + k2, −30 + k3, 60 − 1
16(78k1 + 56k2 + 42k3)) | k1, k2, k3 ∈ Z}.

Now, since x1 = y2, x2 = y1, x3 = −y3, x4 = y4 then we have the general solution of equation
56x1 + 78x2 − 42x3 + 16x4 = 60 is

S = {(90 + k2, −60 + k1, 30 − k3, 60 − 1
16(78k1 + 56k2 − 42k3)) | k1, k2, k3 ∈ Z}
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Example 6. Determine all integer solutions of the equation

48x1 + 56x2 + 16x3 + 16x4 = 24.

We see that 16 appears two times, so we can factorize the equation and we obtain 48x1 +
56x2 + 16(x3 + x4) = 24. So, we need to solve the equation 56y1 + 48y2 + 16y3 = 24 with
y1 = x2, y2 = x1, and y3 = (x3 + x4). Using the generalized Euclidean algorithm we obtain
d = gcd(56, 48, 16) = 8, d1 = gcd(48/8, 16/8) = 2, d2 = gcd(56/8, 16/8) = 1. From Example
3 we get,

8 = 56 · (1) + 48 · (−1) + 16 · 0.

Multiplying both sides by 3, we obtain

24 = 56 · (3) + 48 · (−3) + 16 · (0).

So, we get a particular solution is (3, −3, 0). Hence, if 1
16(112k1 + 48k2) ∈ Z, then by

Theorem 6 we get the solution set of that equation is

T = {(3 + 2k1, −3 + k2, 0 − 1
16(112k1 + 48k2)) | k1, k2 ∈ Z}.

Now, since x1 = y2, x2 = y1, x3 + x4 = y3 we can set x3 equal an integer k3 and we have
x4 = y3 − k3. So, the general solution of equation 48x1 + 56x2 + 16x3 + 16x4 = 24 is

S = {(−3 + k2, 3 + 2k1, k3, 0 − 1
16(112k1 + 48k2) − k3) | k1, k2, k3 ∈ Z}.

4. Conclusion
This paper has developed the generalized Euclidean algorithm to find the GCD of a1, a2, . . . , an.
Using back-substitution process from that algorithm to express the GCD as a linear combination
of a1, a2, . . . , an, that is a1c1 + a2c2 + · · · + ancn = gcd(a1, a2, . . . , an). Next, to find the general
solution of multi-variable linear Diophantine equations of the form

a1x1 + a2x2 + · · · + anxn = b

we first find a particular solution that is, ( b
dc1, b

dc2, . . . , b
dcn) where d = gcd(a1, a2, . . . , an). If

1
an

(a1d1k1 + · · · + an−1dn−1kn−1) ∈ Z, di = gcd(a1
d , a2

d , . . . , ai−1
d , ai+1

d , . . . , an
d ) for all 1 ≤ i < n,

and zi = b
dci for all 1 ≤ i ≤ n, then the general solution of the equation is

T =
{(

z1 + d1k1, . . . , zn−1 + dn−1kn−1, zn − 1
an

(a1d1k1 + · · · + an−1dn−1kn−1)
) ∣∣ ki ∈ Z

}
.

For the next researcher, other implementation of generalized Euclidean algorithm can be
explored, such as solving system of multi-variable linear Diophantine equations or multi-variable
quadratic Diophantine equations.
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