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ABSTRACT

Let G be a simple, finite, and connected graph. An ordered set of vertices of a nontrivial connected
graph G is W = {w;,w,, w3, ..., w,} and the k-vector r(v|W) = (d(v, wy), d(v,wy),...,d(v, Wk))
represent vertex v that respect to W, where v € G and d (v, w;) is the distance between vertex v
and w; for 1 < i < k. The set W called a resolving set for G if different vertex of G have different
representations that respect to W. The minimum cardinality of resolving set of G is the metric
dimension of G, denoted by dim(G). In this paper, we give the local metric dimension of some
operation graphs such as joint graph B, + C,,,, amalgamation of parachute, amalgamation of fan,
and shack(HZ,e,m).
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INTRODUCTION

All graphs in this paper are simple, finite and connected, for basic definition of
graph we can see in Chartrand [1]. Chartrand [2] define the length of a shortest path
between two vertices u and v is the distance d(u, v) between two vertices in a connected
graph G. An ordered set of vertices of a nontrivial connected graph G is W =
{w,, w,, ws, ..., w; } and the k-vector r(v|W) = (d(v, wy),d(v,w,), ...,d(v, Wk)) represent
vertex v that respect to W. The set W called a resolving set for G if different vertex of G
have different representations that respect to W. The minimum of cardinality of resolving
set of G is the metric dimension of G, denoted by dim(G) [3].

There are many articles explained about metric dimension such as [2], [4], [5], [6],
and [7]. [8] defined a shackle graphs shack(G,, G, ..., Gy) constructed by nontrivial
connected graphs Gy, Gy, ..., G such that G; and G; have no a common vertex for every
i,j €[1,k] with |i — j| = 2, and for every [ € [1,k — 1], G; and G, share exactly one
common vertex (called linkage vertex) and the k — 1 linking vertices are all different. [9]
defined an amalgamation of graphs constructed from isomorphic connected graphs H and
the choice of the vertex v; as a terminal is irrelevant. For any k positive integer, we denote
such an amalgamation by amal(H, k), where k denotes the number of copies of H.
Proposition 1. [2] Let G be a connected graph or ordern = 2, then the following hold:

a. dim(G) = 1ifand only if graph G is a path graph
b. dim(G) = n — 1ifand only if graph G is a complete graph
¢. Forn = 3,dim(C,) =2
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d. Forn = 4,dim(G) =n—2ifandonly ifG = K, , (p,q 2 1),G =
K, +K,(p =1,q=2).

RESULTS AND DISCUSSION

Theorem 2.1. For n = 2 and m > 7, the metric dimension of joint graph P, + C,, is
. -1

dim(B, + C,,) = E] + lmTJ

Proof. The joint of path and cycle graph, denoted by P, + C,, is a connected graph with
vertex set V(P, + C,,) = {xj; 1<j<n}ufy; 1<1<m} and edge set E(B, + Cp) =
{xjyl; 1<j<n; 1 SlSm}U{xjxj+1; 1<j<n—-1}u{yy,; 1<i<m-1}u
{y.v1}. The cardinality of vertex set and edge set, respectively are |V(B, + C,,)| = n +
mand |E(P, + Cp)| = n(m + 1) + m.

If we show that dim(B, + Cp,) = E] + lmT_lj forn > 2 dan m = 7, then we will

show the lower bound namely dim(B, + C,,) = E] + lmT_lJ — 1. Assume that dim(B, +

C) < E] + [mT_lJ This can be shown with take resolving set W = {x;, y;, ys} so that it

obtained the representation of the vertices x,y € V (P, + C;) respect to W.
It can be seen that there is at least two vertices in P, + C,, which have the same
representation respect to W, one of them is r(y,|W) = (1,2,1) and r(ys|W) = (1,2,1)

such that we have the cardinality of resolving set of dim(P, + C,;,) = E] + lmT_lJ
Furthermore, we will prove that dim(P, + C,,) < E] + lmT_lJ with determine the
resolving set W = {xj; 1<j;<2 EJ i € odd} U {yl; 1<1<?2 [mT_lJ j€E odd}. So, we

n m—1
have the cardinality of resolving set of P, + C,, namely |W| = @ + @ = BJ + lmT_lj
The representation of the vertices y € F, and x € F,, respect to W as follows.
r(xj|W) = {(aij); 1<j<nl1<i< (E] + 1) + (lmT_lJ)}, where
Jj+

O;fori=71,1San,jEOdd

uspor ()= es () + (=212

aij .
lori=é,2 San,jEevenori—é+1,2 <j<n,j€even

2; fori,j = otherwise
r(y;|W) = {(aij); 1<j<m1<ic< ([g] +1)+ ([mT_lD}, where

fO;foriz(ED+j+Tl,1 <j<m-—2,j €odd
Lfor1<i<([f]),1sj<sm-2

aij=<ori=([g])+%,2 <j=mj€even

ori= (|2 +jL1+1,2SjSm,jEeven
(150 +%

\2; for i,j = otherwise

It can be seen that every vertex in P, + C,,, have distinct representation respect to
W, such that the cardinality of resolvng setin P, + C,, is E] + lmT_ll ordim(F,) < E] +

lmT_lJ Thus, we conclude that dim(P, + C,,) = E] + lmT_lJ forn>2andm > 7. n
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Fig 1. The Metric Dimension of Joint Graph Py + C,.

Theorem 2.2. For n>7, the metric dimension of amalgamation of parachute
em

amal (PC;,v,m) isdim(amal(PC,,v = A,m)) = -
Proof. The amalgamation of parasut graph, denoted by amal(PC,, v, m) is a connected
graph with vertex set V(amal(PC,,v,m))={x/; 1<i<7;1<j<m}lufy/;1<i<
7, 1<j< m}U{A} and edge set E(amal(PC7,v,m)) = {A xij; 1<i<7,1<j< m}U
{xlx;1<i<e1<sjsmjul{y/y.;1<i<se1<jsmiu{xy/;1<)<

m} U {x; y7j; 1<) < m}. The cardinality of vertex set and edge set, respectively are

|V(amal(PC;,v,m))| = 14m + 1and |E(amal(PC;,v,m))| = 21m.

If we show that dim(amal(PC7, v, m)) > 6Tmr n = 7, then we will show the best
lower bound namely dim(amal(PC;,v,m)) = 7Tm —1. Assume that

dim(amal(PC7,v,m))<6Tm. This can be shown with take resolving set W =

{xl,x}, xt,x2,x2,x2,x3,x3, x3, x, x},x¢} so that it obtained the representation of the
vertices x,y € V(amal(PC,,v,m)) respect to W. It can be seen that there is at least two
vertices in amal(PC,, v, 4) which have the same representation respect to W, one of them
is r(xiW) =(2,1,2,2,2,2,2,2,2,2,2) and r(x3|W) =(2,1,2,2,2,2,2,2,2,2,2) such

that we have the cardinality of resolving set of (amal(PC7, v, m)) > [67"1]

Furthermore, we will prove that dim(amal(PC;,v,m)) < [GTm] with determine the
resolving set W = {xij; 4<i<7;2<j<m;i= odd} U {x{; 1<) < m}. So, we have
the cardinality of resolving set of amal(PC,,v,m) namely |W| = |{xij; 4<i<7;,2<
j<m;i= odd} U {x{; 1<) < m}| = (Sm) +m= (67"1) The representation of the
vertices y € (amal(PC7, v,m = 4)) and x € (amal(PC7,v,m = 4)) respect to W as
follows.

r(xij|W) = {(a{k); 1<i<nl1l<j<ml<k< 6Tm},where

(0fork=1k=2i2<i<(]2]),1<j<m
g = 1; for k =i+71,3 <i<n,i€odd
1<j<mork=215<i<7i€odd1<j<m
2;for1 <j<m,k,i=other
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ry|W) =

Qi = 3

(ajp); 1Si£7,1£k£6m+2 , where
{ ik 2

(1, fork=3j—-2,i=1,1<j<m

2 fork="""i=171<j<mork=3j-2i=2
1<j<mork=3j,i=71<j<m

3; fork ="""i=261<j<mork=3j-2,i=3
1<j<mork=3j,i=61<j<mori=1,

ki3j—2andk=6";+Zori=7,k¢3jandk=

4 fork="""2i=351<j<mork=3j-2i=4,
1<j<mork=3j,i=51<j<mori=2

kq&3j_2“”dk=6né+zori=6.k¢3jandk=6";+2

em+2

2

ork¢3jandk¢6";—+2,i=5

em+2

5; fork=6";—+2,i=3,3jork¢3j—2andk¢6m+2,i=3,

\6;fori=4andi+3jandi+3j—2andi +

2

It can be seen that every vertex in amal(PC,, v, m) have distinct representation
respect to W, such that the cardinality of resolvng set in amal(PC;,v,m) is 67"1 or

. 6em . 6m
dim(amal(PC;,v,m)) < - Thus, we conclude that dim(amal(PC,,v,m)) = - [
7] 8 v
I 2 8§ v 3
@ ¥ 89 8 @9 ¥ 2
I & e < e x
S 2 8 %2 7 32
E N .ﬂ 3 E
d ®
2\ B\ = <
2\ 8\ 8 &
\\\33 = {3 Q/

Fig 2. The Metric Dimension of Amalgamation of Parachute Amal (PC;,v, 3).

Theorem 2.3. For n > 6, the metric dimension of amalgamation of fan graph

amal(F,,v =y,m) is:
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nm
- - 1, for nis even
dim(amal(Fy,v=A4m)) ={ .~ _
T,for nis odd

Proof. The amalgamation of fan graph, denoted by amal(F,, v = y,m) is a connected
graph with vertex set V(amal(F,v=7ym))= {xl', 1<i<n- 1 1<j<m}u
{y; 1<j<m}u{x} and edge set E(amal(F,v = y,m)) {x/x/ ;1<i<n-
21<]<m} {y]l,1SlSn—1 1<]<m} {xnlx1 1<]<m—1}u
{xn- 1xn}U{y] ]+1
set, respectively are |V(amal(Fn, v =y,m))| =nm + 1and |E(amal(E, v =y,m))| =
m(2n — 1).

1 <j<m—1}U {y,x"}. The cardinality of vertex set and edge

If we show that dim(amal(Fn, v=y, m)) = % — 1forn = 7 and nis even, then we
will show the best lower bound namely dim(amal(Fn, v=y, m)) = % — 1. Assume that
dim(amal(F,, v = y,m)) <%— 1. This can be shown with take resolving set W =
{x%,xi,xlz,xf,xé,xf,xf,xg,xf,xf} so that it obtained the representation of the vertices
y € V(amal(Fg,v = y,4)) and xij € V(amal(E,,v = 6,4)) respect to W. It can be seen
that there is at least two vertices in amal(F,, v =y,4) which have the same
representation respect to W, one of them is r(xé|W) =(2,2,2,2,2,2,2,2,2,2) and
r(x¢|W) =(2,2,2,2,2,2,2, 2 2,2) such that we have the cardinality of resolving set of
dlm(amal(Fn, v=y, m)) >,

Furthermore, we w1ll prove that dim(amal(F,v=y,m)) < ﬂ —1 with
determine the resolvingset W = {x/; 4 <i<n; 2<j <m; i = odd} — {x" }U xl;1<
j < m}. So, we have the cardinality of resolving set of amal(F,, v =y, m) namely |[W| =

|{xl, 4<is<n 1<j<m Llseven} {a }U{x1,1<]<m}| ( )m +m-—-1=
(T - 1). The representation of the vertices y € F, and x € F, respect to W' as follows.
r(e/w)={(al); 1<i<n1<j<m1<k<"—1} where
0 fork=1k=2i2<i< (%), 1<j<m

Qo = 1f0rk—ﬂ3<l<nl€0dd1<]<m

ik =
lk=T,SSLSn,lEOdd,1S]Smand(kimniin)
2;for1 <j<m,k,i = others

r(y|W) = {(aik); 1<i<nl1<k< nT_Z} where

alk—{l f0r1<k<nm Ti=1

It can be seen that every vertex in amal(F,, v,4) have distinct representation
respect to W, such that the cardinality of resolvng set in amal(F,, v,m) is % —1 or

dlm(amal(Fn,v m)) <™ _ 1. Thus, we conclude that dlm(amal(Fn,v m)) = ——1.
|
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Fig 3. The Metric Dimension of Amalgamation of Fan Graph Amal(Fg, v =y, 3).

Theorem 2.4. For m=>2, the metric dimension of shack(Hi e,m) is
dim(shack(Hz2,e,m)) = 2.

Proof. The shackle of fan graph, denoted by shack(Hz,e, m)is a connected graph with
vertex set V(shack(HZ,e,m)) = {xj; 1<j<m+ 1} U {yj; 1<j<m+ 1} and edge set
E(shack(HZ,e,m)) ={xjy;; 1<j<m+1}U{xjyjs; 1<j<n}U{xjy; 1<) <
m}. The cardinality of vertex set and edge set, respectively are |V(shack(H22, e, m))| =
2m + 2 and |E(shack(H22, e, m))| =3m+ 1.

The proof that the lower bound of shack(Hz,e,m) is dim(shack(Hz2,e,m)) = 2.
Based on Proposition 1, that dim(G) = 1ifonlyif G = P,. The graph shack(HZ, e, m) does
not isomorphic to path P, such that dim(shack(HZ,e,m)) > 2. Furthermore, we proof
that the upper bound of shack(Hz,e,m) is dim(shack(HZ?,e,m)) < 2, we choose the
resolving set W = {x;, y,}.

The representation of the vertices v € V(shack(HZ, e,m)) respect to W as follows.

r(x|w) = (- 1,));j € odd r(y;|w) = (,j —1);j € odd
r(xj|W) = (,j—1);j €even T(yj|W) = (j—1,j);j € even

Vertex v € V(shack(HZ, e, m)) are distict. So, we have the cardinality of resolving
set W is [W| = 2. Thus, the upper bound of shack(HZ, e, m) is dim(shack(HZ,e,m)) < 2.
It concludes that dim(shack(sz, e, m)) = 2.
|
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01 21 23 43

10 12 32 34
Fig 4. The Metric Dimension of Shack(Hz, e, 3).

CONCLUSIONS

In this paper, the result show that the local metric dimension of some graph operation
such as joint graph P, + C,,, amalgamation of parachute, amalgamation of fan, and
shack(H2, e, m).
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