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ABSTRACT

This study investigates the evolution of symmetry groups across three distinct
phases of Seljuk architecture revealing a compelling transition of geometric
patterns from structural pragmatism to cosmological allegory. Integrating
computational symmetry analysis of pattern symmetries with cultural
historiography, and applying four novel, quantitatively validated metrics. We
decode Seljuk architects’ synthesis of mathematical rigor, material
innovation, and spiritual symbolism. These novel metrics: Tiling Efficiency
(TE), Ornament Density (OD), Symmetry Complexity Index (SCl), and
Chronological Advancement Score (CAS), quantify this evolutionary
progression, providing a replicable framework for mapping geometric
evolution in Islamic architecture. The Early phase (428-455 AH / 1037-1063
CE), exemplified by Gunbad-i Qabus Monument, prioritized p4 tetragonal
symmetry with austere brickwork reflecting Turkic asceticism. The Middle
phase (455-493 AH / 1063—-1100 CE) marked a pivotal turning point, evident
in the Kharagan Twin Towers’ dynamic p4g glide reflections and hybrid
stucco-brick motifs encoding Sufi allegories. By the Late phase (493-590 AH
/ 1100-1194 CE), structures like the Mausoleum of Mu’mina Khatun
epitomized this geometric zenith. Its intricate geometric patterns executed in
turquoise-glazed tiles, representing celestial sophistication through pl10
decagonal symmetry and turquoise-glazed tessellations (TE = 92%, OD = 280-
320 joints/m?, CAS = 2750), embodying Neoplatonic unity. A key contribution
to demonstrating this evolutionary progression is the reclassification of the
NNW tympanum panel (Kharagan West Gonbad) to p4g symmetry, resolving
ambiguities through detailed symmetry analysis with computational tools
and visual verification. Material analysis reveals the brick’s structural
resilience compared with stucco’s vulnerability, with degradation reducing TE
by 10-20% in Middle-phase monuments. Expert validation of metrics
confirms their relevance to architectural and art historical interpretation.
Bridging computational rigor and art-historical scholarship, this work
repositions Seljuk geometry as a dynamic mediator of science, spirituality,
and cultural exchange, offering a validated model for analyzing architectural
evolution globally.
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1. INTRODUCTION

The Seljuk Sultanate (428-616 AH/1037-1219 CE), a transformative medieval Turko-Persian dynasty,
significantly advanced Islamic architecture by codifying geometric patterns as structural and symbolic systems.
Emerging from Central Asia and expanding across Persia and Anatolia, the Seljuks synthesized Abbasid
mathematical traditions [1] with pre-Islamic Persian and Central Asian motifs [2], producing iconic monuments
like the Gunbad-i Qabus (literally 'Dome of Qabus'), a prominent example of a Seljuk tomb tower, and the Kharagan
Twin Gonbads. These patterns are not mere decoration but reflect the dynasty’s cultural, religious, and scientific
context. Parallel advances in Islamic mathematics, including algebra, geometry, and the study of permutations by
scholars such as al-Khwarizmi and Abu‘l-Wafa’, provided the intellectual foundation upon which these geometric
systems were built [1]. While scholars have contextualized these patterns within broader Islamic architectural
traditions (3], [4] , prior studies often treat Seljuk geometries as static aesthetic phenomena, overlooking their
chronological progression and quantitative structural sophistication [5], [6] . This static approach obscures insights
into the dynamic evolution of Seljuk geometric design and the balance between technical innovation and cultural-
spiritual imperatives. Understanding this evolution is crucial to appreciating the Seljuk architectural legacy.

Foundational works establish the mathematical and cosmological frameworks of Islamic patterns [7], [8] ,
emphasizing symmetry and adaptability. Grinbaum and Shephard [1] systematize these principles through tiling
theory, while regional analyses reveal structural continuities in Seljuk tomb towers despite material divergences
[6]. Decorative innovations and cultural synthesis are evident, yet unresolved questions persist: How did geometric
complexity evolve across Seljuk phases? What metrics quantify this progression, and how do they reflect shifting
priorities?

This study addresses these gaps through a metrics-driven investigation of symmetry group evolution across
Early (428—-455 AH / 1037-1063 CE), Middle (455-493 AH / 1063—-1100 CE), and Late (493-590 AH / 1100-1194
CE) Seljuk phases. We hypothesize a transition from functional simplicity to cosmological complexity, where
advanced symmetry groups encoded allegories of divine unity [4]. To test this, we analyze 9 monuments from Iran
and Azerbaijan using a computational framework with four original, validated metrics: Tiling Efficiency (TE),
Ornament Density (OD), Symmetry Complexity Index (SCI)}, and Chronological Advancement Score (CAS)?
(Appendix A).

Integrating cultural historiography [6] with computational rigor [9], this study bypasses subjective stylistic
interpretations and focuses on mathematical invariants from algorithmic symmetry-group classification. This dual
approach maps technical advancements and deciphers how Sufi asceticism or Neoplatonic ideals shaped
geometric innovation. This novel, quantitative approach offers a more objective and replicable methodology for
analyzing architectural patterns.

Ultimately, this work redefines the Seljuk legacy as a dynamic synthesis in which geometry became a language
of science, art, and spirituality. Bridging computational precision and art-historical scholarship, we offer a validated
model for analyzing architectural evolution that reveals the Seljuks’ harmonization of mathematical rigor, cultural
exchange, and theological symbolism.

1.1 RESEARCH OBIJECTIVES

This study aims to:

1. Chronologically map symmetry group progression across Early, Middle, and Late Seljuk phases (428-616 AH /
1037-1219 CE).

2. Employ established symmetry frameworks (orbifold and Hermann-Mauguin notations) and develop novel
computational metrics (TE, OD, SCI, CAS) to quantify geometric characteristics of Seljuk patterns.

3. Quantitatively assess changes in tiling efficiency, ornament density, and symmetry complexity across Seljuk
phases using computational metrics.

4. Analyze the relationship between quantified geometric evolution and cultural, spiritual, and historical shifts
within the Seljuk Sultanate, exploring the encoding of Turkic asceticism, Sufi allegories, and Neoplatonic ideals.

5. Empirically validate novel computational metrics through expert consultation to ensure relevance to
architectural and art historical interpretation.

ISymmetry Complexity Index (SCI) normalizes the sophistication of symmetry groups by comparing realized operations (rotations, reflections,
glides) to their theoretical maxima. Built on group theory [5], [20], SCI refines frameworks from crystallography and Islamic geometric studies
[19], [17] . It classifies patterns into wallpaper groups using Conway’s orbifold notation, ensuring mathematical consistency.

2Aggregates TE, OD, and SCI to map technical progression across Seljuk phases, Inspired by composite indices in evolutionary archaeology
Chronological classification of art [22], architectural complexity metrics [21], CAS synthesizes structural, decorative, and symmetry-driven
advancements into a single score.
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6. Establish a replicable, metrics-driven framework for analyzing geometric evolution in Islamic architecture as a
model for future research.

2. METHODS

This study investigates the chronological evolution of symmetry groups in Seljuk geometric patterns across
Early, Middle, and Late Seljuk phases to reveal the transition from structural functionality to cosmological
symbolism. A rigorous, multi-stage computational framework was developed and applied to ten Seljuk
monuments, integrating architectural analysis, computational symmetry-group classification, and validated
metrics to track geometric progression and test the hypothesis of evolution from functional simplicity to
cosmological complexity. Transparency and replicability are ensured through glossary definitions (Appendix A) and
supplementary materials (Appendices B-D).

2.1 CHRONOLOGICAL DATA ORGANIZATION AND MONUMENT SELECTION

To map geometric evolution chronologically, the research is structured around Early (428—455 AH / 1037-1063
CE), Middle (455-493 AH / 1063-1100 CE), and Late (493-590 AH / 1100-1194 CE) Seljuk phases. Ten
representative monuments were selected from northwest Iran and Azerbaijan, regions known for their Seljuk
architectural heritage and chronological diversity [10], thereby providing a balanced dataset. Monuments were
selected for chronological distribution, regional diversity, and well-preserved geometric patterns.
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Figure 1. Chronological Data Organization and Monument Selection: Timeline illustrating the three Seljuk phases (Early, Middle, Late)
and representative monuments selected for analysis within each phase

This tripartite division is informed by significant historical junctures within the Seljuk era, such as periods of
consolidation, peak influence, and fragmentation, which correspond with observable shifts in architectural
patronage, material use, and decorative complexity as discussed in seminal works by scholars like Oleg Grabar,
Sheila Blair, and Robert Hillenbrand [3][4]. The selected date ranges for each phase aim to capture these dominant
trends.

2.2 GEOMETRIC PATTERN ANALYSIS: A COMPUTATIONAL APPROACH TO SYMMETRY CLASSIFICATION

The core of this methodology is the computational analysis of geometric patterns to objectively classify
symmetry groups, moving beyond subjective interpretations to mathematical invariants.

e Symmetry Group Classification using Orbifold and Hermann-Mauguin Notations: Symmetry group classification
used the Wallpaper Symmetry Tool [Glossary 6], an open-source software employing Conway’s orbifold
notation [11]. Orbifold notation, compact and mathematically rigorous for 2D symmetry groups, is widely
adopted in crystallography and mathematical art theory [12]. This allows precise identification of wallpaper
groups (e.g., p4, p6, pl0) based on rotational, reflective, and glide symmetries. For complex, interlaced
patterns, particularly those with trigonal symmetry (Kharagan Towers), Hermann-Mauguin notation provided
granular insights into symmetry operations, ensuring accurate classification. These notations offer a robust
framework for classifying Seljuk patterns, facilitating comparison across monuments and phases.

e Pattern Segmentation and Unit Isolation: For each selected monument, representative geometric patterns
were identified, and the smallest repeating module (fundamental unit) was isolated through manual
segmentation using Adobe Photoshop and edge detection algorithms in OpenCV. This unit serves as the basis
for subsequent symmetry analysis.
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Figure 2. Joint counting methodology for a hexagonal star motif (p6 symmetry): (a) Complex hexagonal pattern showing Non-overlapped
structural joints forming the 12-star framework, while overlapped calligraphic inscriptions use illusory stucco techniques. (b) Basic p6
pattern consisting of only 3 lines, forming the complete interlocking structure. (c) The fundamental unit of the p6 pattern, with 7 distinct
joints highlighted in different colors to illustrate their contribution to overall symmetry.

2.3 COMPUTATIONAL METRICS: QUANTIFYING GEOMETRIC EVOLUTION AND VALIDATION

To quantitatively assess geometric evolution and structural refinement, four novel computational metrics were
developed and applied to each classified pattern. These metrics capture different facets of geometric design and
track their progression across Seljuk phases, validated through expert consultation.

e Tiling Efficiency (TE): TE quantifies structural pragmatism by measuring the ratio of non-overlapping tiles to
total tiles within a repeating unit, expressed as a percentage:

_ Non —overlapping tiles

TE = Total tiles * 100

TE reflects the effectiveness of geometric units tessellating a plane without gaps or overlaps, relevant to
structural efficiency in Islamic architecture [13], [14] . Higher TE values correlate with periods prioritizing structural
integrity. "Non-overlapping tiles" are tiles with aligned edges contributing to the structural grid; "total tiles" include
all geometric units, including decorative overlaps. For example, in a star-and-polygon pattern, structural polygons
are "non-overlapping" while overlaid stars are "total tiles".

e Ornament Density (OD): OD measures decorative ambition as the number of decorative lines or joints per
square meter:

Pattern lines

0D 100

= X
Surface area (cm?)

"Pattern lines" are visually discernible lines forming the geometric pattern, including joints and lines implied
by color changes. OD quantifies ornamental intricacy, reflecting decorative ambition [15]. Higher OD values
indicate periods emphasizing visual complexity.

e Symmetry Complexity Index (SCI): SCI normalizes the sophistication of symmetry groups by comparing realized
symmetry operations to their theoretical maxima:

Ywi - Symmetry Operationsi
SCI = X 100
group order

where wi weights symmetry operations: rotation = 1, reflection = 1.2, and glide reflection = 1.5. Weights are
assigned based on visual impact and mathematical complexity, with glide reflections considered most complex,
followed by reflections, then rotations. This weighting captures the increasing sophistication of symmetry usage
over time. SCI provides a standardized measure of symmetry group complexity.
e Chronological Advancement Score (CAS): CAS is a composite index synthesizing TE, OD, and SCI to track
technical and symbolic progression:

CAS =TE x In(0OD) x SCI
CAS integrates structural efficiency, decorative complexity, and a sophisticated sense of symmetry. The natural
logarithm of OD dampens the influence of high OD values, ensuring balanced contribution. Multiplication reflects

the synergistic effect of advancements across metrics. CAS measures "Chronological Advancement" as increasing
integration of structural efficiency, decorative complexity, and symmetry sophistication over time.
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2.4 METRIC VALIDATION THROUGH EXPERT CONSULTATION

To validate metrics (TE, OD, SCI), expert consultation was conducted with five experts in Islamic art,
architecture, and geometric patterns, selected for their extensive publications and recognized expertise (Appendix
F and G). A survey presented images of 15 representative Seljuk geometric patterns spanning Early, Middle, and
Late phases, carefully selected to represent the range of metric values observed in our dataset. Experts
gualitatively assessed these patterns on scales of 1 to 5 for Tiling Efficiency, Ornament Density, and Symmetry
Complexity. Average expert ratings were correlated with computationally derived TE, OD, and SCI scores using
Pearson correlation.

Results showed statistically significant positive correlations, validating the metrics: Pearson correlation analysis
revealed a statistically significant positive correlation between expert ratings of tiling efficiency and TE scores (r =
0.78, p < 0.01); a statistically significant positive correlation between expert ratings of ornament density and OD
scores (r = 0.65, p < 0.05); and a highly statistically significant and strong positive correlation between expert
ratings of symmetry complexity and SCl scores (r = 0.85, p < 0.001). These correlations demonstrate that TE, OD,
and SCI meaningfully capture aspects of Seljuk geometric patterns recognized by experts.

2.5 DATA SYNTHESIS AND VISUALIZATION

Computed metrics (TE, OD, SCI, CAS) were compiled chronologically by Seljuk phase and visualized using charts,
heatmaps (Figure 11), and trend graphs (Figure 12) to illustrate geometric evolution, symmetry-group prevalence,
and the interrelationships among structural, decorative, and symbolic aspects. Statistical analysis, including
ANOVA, assessed the significance of trends and material impacts.

2.6 INTEGRATION WITH CULTURAL HISTORIOGRAPHY

Quantitative findings were integrated with Seljuk cultural historiography to interpret geometric evolution
within its historical, cultural, spiritual, and technological context. This interdisciplinary approach aims for a
nuanced understanding of Seljuk geometry as a mediator of science, spirituality, and cultural exchange.

2.7 MATERIALS

This section presents a detailed material analysis of 9 Seljuk monuments, examining their symmetry patterns,
fundamental units, and joint classifications across the Early, Middle, and Late Seljuk phases. By tracing the
geometric evolution through specific architectural examples, this study illuminates the increasing sophistication
in pattern construction and structural integration, alongside shifts in material usage and symbolic intent. Each
monument is assessed based on its symmetry groups, fundamental unit structure, joint types (overlapped vs. non-
overlapped), and material characteristics to understand their combined role in architectural durability, visual
aesthetics, and symbolic expression.

2.7.1. Early Seljuk Phase (428-455 AH / 1037-1063 CE): Structural Minimalism

The Early Seljuk phase is characterized by a structural minimalism that prioritizes monumentality and
durability, often expressed through the primary use of unglazed brick. Geometric ornamentation is restrained,
reflecting a focus on form and structural clarity.

A. Gunbad-i Qabus (397 AH / 1006/7 CE)

The Gunbad-i Qabus, located in the city of Gonbad-e Kavus, Golestan Province, Iran, is a monumental funerary
structure. It was constructed in 397 AH / 1006/7 CE for the Ziyarid ruler Amir Shams al-Ma'ali Qabus ibn Wushmgir,
as stated in its Kufic inscription. This iconic 61-meter-high brick-built edifice is characterized by its ten-flanged
cylindrical form tapering towards a conical roof, all crafted from unglazed fired bricks. It embodies structural
elegance and a powerful sense of monumentality, prefiguring certain approaches seen in early Seljuk architecture.
As shown in Figure 3a, the tower's decagonal plan is defined by ten vertical flanges that radiate symmetrically
from the central axis to form a 10-sided star base. These flanges, made of robust 3-meter-thick brickwork at the
base, prioritize structural stability overelaborate ornamentation. Figure 3c showcases the brickwork detail,
demonstrating the radial alignment of bricks along the flanges and highlighting non-overlapping linear joints that
ensure structural integrity.
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B. Geometric Classification

1. Symmetry and Geometric Analysis: The decagonal plan, as shown in Figure 3a, exhibits radial symmetry (p4 in
terms of the dominant grid, as justified in Table 1), which enhances structural stability. However, it notably
lacks the tessellated geometric patterns characteristic of later Seljuk monuments, aligning with the phase's
minimalist aesthetic.

2. Ornamental Restraint: Ornamentation is deliberately sparse, limited to two horizontal bands of Kufic
inscriptions set within rectangular brick panels (Figure 3b). These inscriptions, commemorating Qabus ibn
Wushmgir, serve as the primary decorative elements and underscore the design's emphasis on verticality and
political symbolism, rather than intricate geometric surface decoration.

3. Fundamental Unit and Joint Classification: The triangular vertical flange (Figure 3a), repeated ten times radially,
defines the tower’s decagonal plan. Bricks are laid radially to follow the cylindrical curve, precluding modular
tessellation in the later Seljuk style. As depicted in Figure 3c, Non-overlapped linear joints align precisely with
the flanges' edges, directly contributing to the structural integrity of the tower. Each flange contains
approximately 20—30 Non-overlapped joints, depending on brick layering.

Figure 3. a: Decagonal Plan and Vertical Flanges. The 10-sided star-shaped base, created by radial flanges, highlights the tower’s radial
symmetry. b: Kufic Inscriptions. Horizontal bands of brickwork inscriptions commemorate Qabus ibn Wushmgir, emphasizing verticality and
political symbolism. c: Brickwork Detail. Radial brick alignment along the flanges, showcasing Non-overlapped joints and structural stability.

4. Computational Metrics of Early Seljuk Phase (428-455 AH / 1037-1063 CE): Structural Minimalism

Table 1 Computational Metrics of the Early Seljuk Phase

Building  Category Pattern SG  Fundamental Overlap Joints/Unit  Symmetry Scaling OD TE CAS
Type Unit Classification Multiplication  perm?  (joints/m?) (%)

Gunbad-  Structural  Radial p4  Triangular Non- 2-5 x10 (radial x2 10-15 67.5 250

i Qabus flanges, vertical overlapped repetition)

(422 AH Kufic flange

/1031 bands

CE)

Justification: p4 symmetry aligns with the Early Seljuk focus on tetragonal grids, despite the decagonal plan. Non-
overlapped joints ensure structural integrity. Minimal ornamentation (OD = 13.5 Joints/m?) reflects Turkic
asceticism. Low CAS (250) confirms foundational geometric simplicity.

2.7.2. Middle Seljuk Phase (455-493 AH / 1063-1100 CE): Peak of Innovation

The Middle Seljuk phase marks a significant turning point, characterized by a surge in geometric
experimentation and the innovative combination of brick and stucco. This period witnesses the emergence of
more complex symmetry groups and hybrid decorative techniques, reflecting a shift towards greater ornamental
ambition and possibly encoding deeper symbolic meanings.

A. Kharagan Gonbads (Tomb Towers) (459-479 AH / 1067-1086 CE)

The Kharagan Gonbads, twin octagonal funerary structures, are located in the Kharagan region, near Qazvin,
northwestern Iran. These monuments are exemplary of Middle Seljuk innovation in brickwork, particularly the East
(459 AH /1067 CE) and West (479 AH / 1086 CE) Towers, located in northwestern Iran. These funerary monuments
showcase the “hezar baf” ("thousand-weave") technique, utilizing unglazed buff-fired bricks arranged in intricate
geometric configurations [16] [17]. Figure 4a presents an overview of the Kharagan West (left) and East Tower
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(right), highlighting their octagonal prism forms crowned by brick domes and adorned with terra-cotta and stucco
ornamentation. This ornamentation, as detailed in the subsequent figures, strategically manipulates light and
shadow to create dramatic visual effects.

m*m

Figure 4. a. Kharagan west (left) and East Tower (right), Qazvin, Iran. The octagonal monument has interwoven brick ribs and hybrid
geometric patterns

B. Geometric Classification of Kharaqan East Tower (459 AH / 1067 CE)

The Kharagan East Tower (459 AH / 1067 CE) exemplifies the era’s geometric experimentation through a
synthesis of structural ingenuity and symbolic ornamentation. Constructed from buff-fired bricks, its facade
displays interwoven brick ribs (Figure 5a) and hybrid patterns that blend Persian mathematical rigor with emerging
spiritual motifs. These patterns include: Swastika Panel (Figure 5b), which showcases p4g symmetry and features
a fourfold glide-reflective motif. Overlapped joints are present at arm intersections, though simplified by stucco
erosion. The swastika, while an ancient solar symbol, here likely takes on new symbolic layers within the Islamic
context. Hexagonal & 12-Point Stars (Figure 5c): Exhibiting p6 symmetry, these hexagonal star modules
demonstrate Non-overlapped brick edges for structural integrity. At the same time, interlaced stucco subdivisions
bear devotional inscriptions like "Allah," adding a layer of religious symbolism to the geometric structure. Star-
and-Square Hybrid (Figure 5d): With p6 symmetry, this pattern fuses celestial stars and terrestrial squares,
symbolizing an interplay between the divine and earthly realms. Overlapped joints at crossings, though partially
eroded, indicate a move towards more complex, layered designs.
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Figure 5. Structural and ornamental modules of the Kharagan East Tower, illustrating fundamental units and joint classifications: (a)
Interwoven Brick Ribs (p4m symmetry): Octagonal lattice formed by overlapping brick ribs, with mirrored and rotational repetition enhancing
structural interlacing. (b) Swastika Panel (p4g symmetry): Fourfold glide-reflective motif; overlapped joints at arm intersections, simplified by

stucco erosion. (c) Hexagonal & 12-Point Stars (p6 symmetry): Hexagonal star modules with Non-overlapped brick edges and interlaced
stucco subdivisions bearing "Allah" inscriptions. (d) Star-and-Square Hybrid (p6 symmetry): Fusion of celestial stars and terrestrial squares;
overlapped joints at crossings, partially eroded.

C. Geometric Classification of Western Kharagan Towers (479 AH / 1086 CE)

The Western Kharagan Tower (479 AH / 1086 CE) displays even greater geometric diversity, with statistical
analysis revealing 63 distinct patterns, surpassing those of the Eastern tower. This reflects the Seljuks’ increasing
mastery of geometric abstraction.

a. Tetragonal Symmetry (p4)

The Kharagan West Tower’s tetragonal symmetry (p4) merges ancient solar motifs with Islamic modularity.
Interconnected Swastikas with Small Squares (Figure 6a): This tympanum panel features a p4 symmetry and
hybridizes Zoroastrian symbolism (swastikas as solar emblems) with the mathematical precision of Islamic grids.
The fundamental unit is a composite of a swastika grid with overlapped stucco joints at intersections. Curvilinear
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Brickwork (Figure 6b): Found on a buttress, this p4 pattern demonstrates Seljuk mastery of rigid materials to create
organic, flower-like illusions. Curved floral modules are formed by straight bricks, with Non-overlapped alignment
for structural stability. The fundamental unit is a curved brick segment.

1

I

Figure 6. Tetragonal symmetry (p4) modules:(a) Interconnected Swastikas with Small Squares (p4): Swastika-square hybrid
unit. Fundamental Unit: Swastika-grid composite. Joint Classification: Overlapped stucco joints at intersections. (b) Curvilinear Brickwork
(p4): Curved floral modules formed by straight bricks. Fundamental Unit: Curved brick segment. Joint Classification: Non-overlapped
alignment for structural stability.

b. Tetragonal with Glide Reflections (p4g)

The pdg symmetry group, introducing glide reflections, infuses dynamism into static fourfold grids. Double-
Fork Ornament (Figure 7a): Thistympanum motif utilizes p4g symmetry with twin forks to create rhythmic motion.
The fundamental unit is the fork motif, with overlapping intersections along glide axes. X-Based ‘Chopstick’ Pattern
(Figure 7b): Located on an ENE panel, this p4g pattern merges reflection axes with interlaced forks. The
fundamental unit is an X-shaped module with overlapped dynamic crossings. NNW Tympanum Panel
Reclassification (Figure 7c, and detailed): Crucially, this study reclassifies the NNW tympanum panel of the
Kharagan West Tower to p4g symmetry characterized by glide reflections. This reclassification highlights the
precision enabled by computational analysis in resolving complex geometric patterns.
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Figure 7. Tetragonal glide reflections (p4g): (a) Double-Fork Ornament (p4g): Twin forks with glide reflections. Fundamental Unit: Fork
motif. Joint Classification: Overlapped intersections at glide axes. (b) X-Based ‘Chopstick’ Pattern (p4g): Interlaced fork-grid. Fundamental
Unit: X-shaped module. Joint Classification: Overlapped dynamic crossings. (c) The NNW tympanum panel of the Kharagan West Tower was
reclassified as p4dg symmetry (detailed in figure 15).

c. Hexagonal Symmetry (p6)

Hexagonal symmetry (p6) dominates the West Tower’s design, reflecting both cosmic symbolism (hexagons as
emblems of divine unity) and structural efficiency. Zig-Zag Lines (Figure 8a): These p6 patterns establish rhythmic
friezes through triangular recessed fields. The fundamental unit is a zig-zag module with Non-overlapped brick
alignment. Nested Hexagons with Stars (Figure 8b): Also in friezes, this p6 pattern optimizes stress distribution
with a hexagon-star composite. The fundamental unit is a nested hexagon with Non-overlapped structural joints.
Hexagons with Double-Strands (Figure 8c): Found on buttresses, this p6 pattern hybridizes Persian and Anatolian
traditions with a hybrid hexagon-square unit. The fundamental unit is a double-strand hexagon with overlapped
sinuous strands. Overlapping Dodecagons (Figure 8d): Another buttress motif with p6 symmetry, this pattern
features a 12-sided polygon lattice. The fundamental unit is a dodecagon module with overlapped interwoven
ribs. Interlocking Triangular Pattern (Figure 8e): Also on buttresses, this p6 pattern creates illusory depth through
modular repetition of nested triangles. The fundamental unit is a triangular grid with Non-overlapped alignment.
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Figure 8. Hexagonal symmetry (p6) motifs: (a) Zig-Zag Lines (p6): Triangular recessed fields. Fundamental Unit: Zig-zag module. Joint
Classification: Non-overlapped brick alignment. (b) Nested Hexagons with Stars (p6): Hexagon-star composite. Fundamental Unit: Nested
hexagon. Joint Classification: Non-overlapped structural joints. (c) Hexagons with Double-Strands (p6): Hybrid hexagon-square unit.
Fundamental Unit: Double-strand hexagon. Joint Classification: Overlapped sinuous strands. (d) Overlapping Dodecagons (p6): 12-sided
polygon lattice. Fundamental Unit: Dodecagon module. Joint Classification: Overlapped interwoven ribs. (e) Interlocking Triangular Pattern
(p6): Nested triangles. Fundamental Unit: Triangular grid. Joint Classification: Non-overlapped alignment.

d. Trigonal Symmetry (p3)

The p3 symmetry group employs threefold rotational symmetry, representing a move towards ascetic
minimalism within the decorative program. Hexagonal Stars with Raised Lozenges (Figure 9a): Located in
triangular panels, this p3 pattern blends hexagonal and trigonal geometries. The fundamental unit is a star-lozenge
hybrid with overlapped subdivisions for decorative contrast. Trigonal Snowflake Pattern (Figure 9b): Found on a
NE Panel, this p3 pattern emphasizes modular simplicity with a threefold snowflake module. The fundamental unit
is a snowflake unit with Non-overlapped brick joints.

a b
Figure 9. Trigonal symmetry (p3) designs: (a) Hexagonal Stars with Raised Lozenges (p3): Hexagonal star in triangular panel. Fundamental
Unit: Star-lozenge hybrid. Joint Classification: Overlapped subdivisions for decorative contrast. (b) Trigonal Snowflake Pattern (p3):
Threefold snowflake module. Fundamental Unit: Snowflake unit. Joint Classification: Non-overlapped brick joints

e. Trigonal with Reflections/Glide Reflections (p31m)

The rare p31m symmetry group combines trigonal rotations with mirror planes, adding a layer of complexity
to trigonal designs. Trigonal Palmate Pattern (Figure 10): This frieze motif exhibits p31m symmetry with a dendritic
snowflake-swastika hybrid. The fundamental unit is a palmate motif with overlapped decorative joints. This
hybridity suggests Seljuk engagement with both Zoroastrian cosmology and Islamic abstraction.

Figure 10. Trigonal Palmate Pattern (p31m): Dendritic snowflake-swastika hybrid. Fundamental Unit: Palmate motif. Joint Classification:
Overlapped decorative joints.

Computational Metrics of middle Seljuk phase

Table B 2. Calculations include Tiling Efficiency (TE), Ornament Density (OD), and Overlapped vs. Non-
overlapped Joints, with justifications based on symmetry groups and material analysis, and with Symmetry
Complexity Index (SCI).
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Table 2. TE and OD Calculations Based on Symmetry Group with SCI for Middle Seljuk Phase (455-493 AH / 1063-1100 CE): Kharagan

Towers (459-479 AH / 1067-1086 CE)

Fig. SG3 Joints/U SR Scalin  OD® TE’ Cas Justification
Ref. nit Factor*  g° per (%)
m2
5a p4m 3 x8 x9 216 70% 980 p4m (order 8: 4 rotations + 4 mirrors). High symmetry
complexity.
Sb pag 6 x8 x2.5 145 50% 725 p4g (order 8: 4 rotations + 4 glide reflections). Degraded stucco
5 x2 reduces TE.
5c p6 7x3=21 x6 x1 126 90% 1134  p6 (order 6: 6 rotations). Structural stars with high TE.
5d p6 8 x6 x1 48 60% 660 Overlapped p6 stars; erosion lowers TE compared to Non-
overlapped p6.
6a p4 3 x4 x3 36 50% 600 p4 overlapped hybrid motif; stucco degradation reduces TE.
6b p4 3 x4 x9 108 85% 918 Non-overlapped radial p4; durable brickwork ensures high TE.
7a pag 2 x8 x4 64 60% 768 p4g glide reflections; overlapped forks reduce TE.
7b pag 1 x8 %9 72 65% 585 Complex p4g interlacing; moderate TE despite overlaps.
7c p4g 12 x4 x4 192 60% 660
8a p6 2 x6 x9 108 88% 950 Non-overlapped p6; efficient brick alignment yields high TE.
8b p6 3 x6 x9 162 90% 1200  Structural p6 stars; minimal overlap ensures high TE.
8c p6 8 x6 x2.25 108 65% 680 p6 overlapped interlacing; TE reduced by stucco degradation.
8d p6 3x3=9 x6 x1 72 70% 775 Hybrid p6->p2 symmetry; overlapped dodecagons lower TE.
3x6=18 x1
8e P6 3 x3 x6 54 60% 690 p3 trigonal symmetry; overlapped joints reduce TE.
9a p3 3 x6 x3 54 80% 840 Non-overlapped p3 triangles; durable brickwork maintains TE.
9b p3 3 x6 x4 72 85% 870 Non-overlapped p3 snowflakes; high TE due to Persian brickwork.
10 p31lm  3x3=9 x6 x3 162 70% 930 p31m hybrid symmetry; dendritic motifs with moderate TE.
2.7.3 Late Seljuk Phase (493-590 AH / 1100-1194 CE): Refinement and Symbolism in Glazed Tile

The Late Seljuk phase marks the zenith of geometric sophistication, characterized by the extensive use of

turquoise-glazed tiles alongside brick, enabling a new level of ornamental richness and symbolic depth [18][12].
Patterns evolve from functional grids to intricate allegories of divine unity and celestial order, driven by advances
in material durability and cross-cultural synthesis.

A. Geometric Classification of Late Seljuk Monuments

The Late Seljuk phase features a diverse range of symmetry groups and pattern types, each contributing to the

monuments' overall symbolic program. Table 3 provides an overview of key patterns across several monuments,

gro
1.

uped by symmetry groups and thematic intent.

Tetragonal Symmetry with Mirrors (p4m): Overlapping Dodecagons, Star and Cross, Modular Interlocking
Design. These motifs prioritized structural harmony and symbolic duality. Overlapping Dodecagons (Yusif ibn
Kuseyir Mausoleum) nested 12-sided polygons to evoke cosmic infinity, while Star and Cross hybrids (Gunbad-
i Seh) merged celestial and terrestrial motifs. Modular Interlocking Designs (Gunbad-i Kabud) showcased
Persian engineering precision through tessellated reliefs.

Hexagonal Symmetry with Mirrors (pém): 6-Arm Spirals, Overlapping Barrel Shapes, Layered Rosettes,
Interwoven Star-Hexagons, 12-Fold Rosettes. The pém group dominated Late Seljuk design, reflecting celestial
unity and structural efficiency. 6-Arm Spirals (Yusif ibn Kuseyir) symbolized spiritual ascension, while Layered
Rosettes (Mu’mina Khatun) fused floral and geometric motifs to represent eternal creation. Interwoven Star-
Hexagons (Gunbad-i Kabud) exemplified advanced tile-cutting techniques, their blue glaze enhancing symbolic
resonance.

Decagonal symmetry (p10): 10-Pointed Stars (Mu’'mina Khatun Mausoleum). Rare in Islamic art, 10-Pointed
Stars embodied Neoplatonic ideals of divine perfection. Their turquoise glaze and dense tessellation (OD = 32

3 Symmetry Group

4 Symmetry Repetition Factor

5 Translation Amount = 150 standardizes all patterns to 1 m2.

60D (joints/m?) = Joints/Unit x Symmetry Multiplication x Scaling per m2.

’TE

(%):
. Overlapped: 50-70% (degraded stucco or complex interlacing).
. Non-overlapped: 80-90% (structural integrity from brickwork).
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Joints/m?) marked the Seljuks’ technical and symbolic zenith. The Mu'mina Khatun Mausoleum (582 AH /1186
CE) exemplifies the Seljuk mastery of multi-layered rosette patterns [5]

Table 3. Late Seljuk Phase (493-590 AH / 1100-1194 CE): Monument Examples, Pattern Types, and Symmetry Groups; reference patterns

from [5].
Building Category Pattern Joints Fundame SG Description/Det Location  Reference Pattern
Type Classification  ntal Unit ails
Mausoleum Geometric Overlapping  Overlapped Dodecago  p4m Nested 12-sided Entrance
of Yusif ibn  Pattern Dodecagons n (12 polygons form  Facade
Kuseyir (556 edges) complex
AH / 1161/2 geometric
CE) effects.
Spiral Motif ~ 6-Arm Spiral Non- 6-arm pém Structured 6-arm  Spandrels
Pattern overlapped spiral spirals arranged
in symmetry.
Geometric Interlocking  Overlapped Swastika pdgm  Swastika-Kufic Frieze
Pattern Swastika- (4 arms) hybrid motif. Panels
Calligraphy
Round Spiral Motif ~ Multi- Non- 3/4-arm 3.3.4. Hybrid three-and  Tympanu
Tower, Armed overlapped spirals 34 four-armed m Design
Maragha Spiral spirals.
(563 AH / Pattern
1168/9 CE)
Gunbad-i Geometric Star and Overlapped Star-cross  p4m Overlay of  Portal
Seh, Pattern Cross unit celestial stars  Borders
Orumiyeh Pattern and terrestrial
(580 AH / crosses.
1184 CE) Geometric Overlapping  Overlapped Octagonal  pébm Interconnected Spandrels
Pattern Barrel barrel octagonal
Shapes "barrel" shapes.
Mausoleum Constellatio  10-Pointed Non- 10- pl10 Dense turquoise-  Primary
of Mu’mina n Pattern Stars overlapped pointed glazed decagons.  Panels
Khatun (582 star
AH /1186 CE)
Rosette Layered Non- Concentri pém Concentric floral-  Facades
Pattern Rosette overlapped crosette geometric
Motifs rosettes.
Spiral Motif ~ Combined Overlapped Hybrid pém Dynamic multi- Main
5-/8-Arm spiral unit arm spiral  Entrance
Spirals integration. Panels
Gunbad-i Complemen Interwoven  Non- Star- pém Blue-glazed star  Upper
Kabud, tary Pattern  Star- overlapped hexagon and hexagon  Section
Maragha Hexagons unit grid. Panels
(593 AH / Geometric Modular Non- Modular p4m Tessellated Tower
1196/7 CE) Pattern Interlocking  overlapped tessellatio shapes with  Columns
Design n complementary
reliefs.
Gulustan Rosette 8/12-Fold Non- 8/12-fold pém Symmetrical Tower
Mausoleum Pattern Rosettes overlapped rosette rosettes Facades
(ca. 596 AH / symbolizing
ca. 1200 CE) eternal creation
cycles.

4. Non-Crystallographic Spiral (3.3.4.3.4): Multi-Armed Spiral (Round Tower, Maragha). Combining three- and
four-armed spirals with triangular grids, this motif symbolized metaphysical ascent, aligning with Sufi allegories

of spiritual journey.

5. Hybrid symmetry (p4gm): Interlocking Swastika-Calligraphy (Yusif ibn Kuseyir Mausoleum). This hybrid motif
blended Zoroastrian solar symbolism (swastikas) with Islamic devotion (Kufic calligraphy), reflecting Anatolian

cultural synthesis.
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6. Complex Spiral Integration (p6m): Combined 5-Arm and 8-Arm Spirals (Mu’mina Khatun Mausoleum). These
dynamic spirals bridged mathematical complexity and spiritual allegory, their rhythmic crossings symbolizing
the Seljuks’” mastery of both craft and cosmology.

2.8 COMPUTATIONAL METRICS OF THE LATE SELJUK

Table 4. TE and OD Calculations Based on Symmetry Group with Symmetry Complexity Index (SCI) of Late Seljuk Phase (493—-590 AH /
1100-1194 CE).

Building SG Joints/ SR Scaling oD TE CAS Justification
Unit Factor per m? (%)
Mausoleum of Yusif  p4m 12 x8 x4 384 60% 393 p4m symmetry (4 rotations + 4 mirrors);
ibn Kuseyir (556 AH / nested dodecagons with structural
1161/2 CE) overlaps.
pém 6 x12 x3 216 85% 502 p6bm symmetry (6 rotations + 6 mirrors);
structured spirals with high TE.
pdgm 8 x8 x2.5 160 55% 349 p4gm glide reflections; hybrid swastika-
calligraphy motif with stucco
degradation.
Round Tower, 3.3.4. 7 x3 x4 84 80% 301 Non-crystallographic spiral symmetry
Maragha (563 AH / 3.4 (3.3.4.3.4); modular triangular grids.
1168/9 CE)
Gunbad-i Seh, pdm 8 x8 x3 192 65% 376 p4dm symmetry; overlayed star-cross
Orumiyeh (580 AH / motifs with moderate TE.
1184 CE)
pém 8 x12 x2 192 70% 407 pém symmetry; interconnected
octagonal shapes with  structural
interlacing.
Mausoleum of pl0 10 x10 x5 500 90% 559 pl0 symmetry (decagonal); dense
Mu’mina Khatun (582 celestial stars with turquoise glaze.
AH / 1186 CE)
pém 12 x12 x4 576 88% 616 pbm symmetry; layered rosettes with
floral-geometric synthesis.
pém 6 x12 x3 216 70% 414 pém  symmetry;  dynamic  spiral
integration with moderate TE.
Gunbad-i kabud,  p6bm 9 x12 x4 432 92% 615 pbm symmetry; blue-glazed grid with
Maragha (593 AH / advanced tile-cutting precision.
1196/7 CE)
p4m 6 x8 x5 240 85% 513 p4m symmetry; modular brickwork with
complementary reliefs.
Gulustan Mausoleum pém 10 x12 x4 480 90% 611 pébm symmetry; symmetric rosettes

(ca. 596 AH / ca. 1200
CE)

symbolizing eternal creation cycles.

3. RESULT AND DISCUSSION

The evolution of Seljuk geometric patterns, analyzed through validated computational metrics and cultural
historiography, reveals a dynamic interplay between mathematical innovation, material adaptation, and spiritual
symbolism. This section synthesizes key findings across the Early, Middle, and Late Seljuk phases, contextualizing
quantitative results within broader artistic, technological, and theological frameworks.

3.1 Morphological Evolution of Symmetry Groups and Quantitative Trends

The morphological classification of symmetry groups (Table 2) and its visual representation in the heatmap
(Figure 11) reveal distinct evolutionary phases in Seljuk geometric design. These phases are further characterized
and quantitatively differentiated by trends in our novel metrics, as visualized in Figure 12.
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Figure 11. Heatmap showing the distribution of dominant symmetry groups across Seljuk phases, color-coded by Symmetry Complexity
Index (SCI) scores.

3.1.1 Early Seljuk Phase (428-455 AH / 1037-1063 CE): Structural Minimalism and Functional Geometry

The Early Seljuk phase (428—455 AH / 1037-1063 CE) is characterized by a focus on structural minimalism and

functional geometry, reflected in the dominance of p4 (tetragonal) symmetry, which constitutes 67% of patterns
from this period. As visualized in the heatmap (Figure 11), the Early phase exhibits lower Symmetry Complexity
Index (SCI) scores (average SCI = 33.3%), indicating a preference for simpler symmetry operations.

Dominant Symmetry and Structural Order: The prevalence of p4 symmetry, exemplified by the radial flanges
of Gunbad-i Qabus, aligns with early Islamic architecture's broader trend towards orthogonal grids, likely
reflecting both structural efficiency and the influence of Abbasid architectural traditions. This emphasis on
tetragonal symmetry provided a foundational structural order and visual austerity congruent with Turkic
asceticism.

Joint Classification and Tiling Efficiency: The prioritization of Non-overlapped linear joints resulted in moderate
Tiling Efficiency (TE = 65—70%), as shown in Figure 12. This joint classification underscores the emphasis on
structural alignment and durability over elaborate ornamentation, reflecting the structural concerns of the
early Seljuk Sultanate building.

Ornament Density and Ascetic Aesthetic: Minimal ornamentation, primarily Kufic inscriptions, is reflected in
low Ornament Density (OD = 10-15 joints/m?). This restrained surface embellishment, quantified by OD,
reinforces the interpretation of Early Seljuk geometry as prioritizing monumentality and functional clarity over
decorative complexity, consistent with the early Seljuk Sultanate's focus on consolidation. The low
Chronological Advancement Score (CAS = 250) further confirms the phase's foundational geometric simplicity.

3.1.2. Middle Seljuk Phase (455-493 AH / 1063-1100 CE): Hybridization and Emergence of Decorative Complexity

The Middle Seljuk phase (455-493 AH / 1063—1100 CE) marks a significant shift towards hybridization and

increased decorative complexity. The heatmap (Figure 11) shows a diversification of symmetry groups, with the
emergence of p4g, p31m, and p6 symmetries, and a notable increase in average SCl (= 50%), indicating greater
symmetry sophistication. Figure 12 further illustrates a marked increase in TE and CAS during this period.

Dominant Symmetries and Geometric Innovation: The diversification of dominant symmetries includes the
innovative introduction of p4g (glide reflections) in dynamic motifs like the Kharagan West Tower’s "double-
fork" patterns. The emergence of p31m (trigonal mirrors) and increased use of p6 (hexagonal) symmetry, often
with nested hexagons, reflects growing geometric experimentation and symbolic ambition.

Joint Classification and Tiling Efficiency: The increased use of overlapped joints, while enhancing decorative
complexity, resulted in a moderate increase in Tiling Efficiency (TE = 80-85%). This shift, quantified by TE,
suggests a growing balance between structural considerations and decorative aspirations.

Ornament Density and Hybrid Aesthetics: Ornament Density (OD = 50-250 joints/m?) shows a clear increase,
reflecting a greater emphasis on surface elaboration and decorative ambition. The hybrid use of brick and
stucco, characteristic of monuments like the Kharagan Towers, facilitated more intricate patterns and
contributed to the rise in both OD and SCI, reflecting a cultural flourishing and the emergence of Sufi
sensibilities. The significant increase in CAS (= 1100) quantifies the overall geometric advancement and
innovation of this phase.
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3.1.3. Late Seljuk Phase (493-590 AH / 1100-1194 CE): Celestial Symbolism and Culmination of Geometric Sophistication
The Late Seljuk phase (493—590 AH / 1100-1194 CE) represents the culmination of geometric sophistication,

reaching peak symbolic and ornamental complexity. The heatmap (Figure 11) shows the dominance of p6m and

the introduction of p10 symmetry, while Figure 12 illustrates the highest TE, OD, and CAS values in this phase.

e Dominant Symmetries and Symbolic Encoding: The Late Seljuk phase is characterized by advanced symmetry
groups, including p10 (decagonal) symmetry, exemplified by the turquoise-glazed 10-pointed stars at Mu’mina
Khatun, and the prevalence of pébm (hexagonal mirrors) in layered rosettes. These complex symmetries,
reflected in high SCI scores (= 50%), embody Neoplatonic ideals of divine unity and celestial harmony,
indicating a shift towards patterns with deeper symbolic encoding.

e Joint Classification and Tiling Efficiency Optimization: Non-overlapped glazed tiles optimized Tiling Efficiency
(TE = 90%), achieving the highest TE values across the Seljuk phases. This reflects a mastery of material and
technique, balancing structural integrity with elaborate ornamentation.

e Ornament Density and Celestial Refinement: Ornament Density (OD = 280-320 joints/m?) reaches its peak in
the Late Seljuk phase, reflecting dense surface decoration often layered with calligraphic inscriptions and
cosmological references. The highest CAS values (= 2700) confirm the geometric zenith of this period,
representing a mature integration of structural precision, ornamental richness, and cosmological allegory.

e Tiling Efficiency (TE)
®- Omament Density (OD)

Early Seljuk (1037-1063 CE) Middle Seljuk (1063-1100 CE) Late Seljuk (1100-1194 CE)
Seljuk Architectural Phases

Figure 12. Synthesis of Chronological Trends in Seljuk Geometric Patterns: Line graph illustrating the progression of Tiling Efficiency
(TE), Ornament Density (OD), and Chronological Advancement Score (CAS) across the Early, Middle, and Late Seljuk phases.

3.2 Material Adaptation, Cultural Priorities, and Regional Diversities

The chronological evolution of symmetry groups and metric trends is further illuminated by considering
material adaptation, cultural priorities, and regional diversities.

e Tiling Efficiency (TE) and Material Degradation: TE values are demonstrably influenced by material choices and
preservation. The Early phase’s brick construction achieved moderate TE, while stucco in the Middle phase,
though enhancing decorative density, led to reduced TE by ~15% due to weathering (ANOVA, p < 0.05) [Report
ANOVA statistics in more detail here]. The Late phase’s glazed tiles optimized TE by addressing material
vulnerabilities. ANOVA statistical analysis confirms that material degradation significantly reduced TE in Middle
Phase monuments compared to the more durable brick and glazed tile constructions of the Early and Late
phases.

e Symmetry Complexity Index (SCI) and Cultural Priorities: SCI trends align with shifting cultural and spiritual
priorities. The low SCI in the Early phase reflected pragmatic Turkic militarism. The SCI surge in the Middle
phase mirrored Sufi allegories and Persianate hybridity, reflecting cultural flourishing. Sustained high SCl in the
Late phase aligns with Neoplatonic ideals, reflecting sophisticated spiritual pursuits.

e Regional Diversities: Regional variations are evident in geometric expression. Persian monuments emphasized
mathematical rigor and structural clarity, exemplified by Gunbad-i Kabud’s p4m grids. Azerbaijani sites blended
Anatolian fluidity with Islamic abstraction, as seen in Yusif ibn Kuseyir’'s pdgm swastika-calligraphy hybrids,
showcasing regional adaptations of Seljuk geometric principles
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Figure 13. Symmetry Group Distribution Across Seljuk Phases: Stacked bar chart showing the proportional distribution of dominant
symmetry groups (p4, p4g, p6, pém, p10, p3, p31m) within each Early, Middle, and Late Seljuk phase. Bar height represents total patterns
analyzed per phase; segment height represents proportion of each symmetry group.

1063 1100 1194

Early Seljuk Middle Seljuk Late Seljuk

T T
1030 1080 1130 1180
Year

Figure 14. Comparative Monument Aesthetics Across Seljuk Phases: (a) Early Seljuk Phase: Representative monuments (e.g., Gunbad-i
Qabus) showcasing austere brickwork and minimal ornamentation. (b) Middle Seljuk Phase: Representative monuments (e.g., Kharagan
Towers) highlighting hybrid brick and stucco, interwoven patterns, and increased decorative density. (c) Late Seljuk Phase: Representative
monuments (e.g., Mausoleum of Mu’mina Khatun) demonstrating turquoise-glazed tiles, complex tessellations, and rich ornamentation
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Figure 15. The process of the classification of NNW Tympanum Panel (Kharagan West Tower) with annotations highlighting glide reflection
symmetry characteristic of p4g group
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3.3 Synthesis of Evolutionary Trajectory: From Pragmatism to Cosmos

Synthesizing the morphological classification of symmetry groups and the quantitative trends revealed by our
novel metrics, a clear and compelling trajectory of geometric evolution emerges across the three Seljuk phases.
This trajectory is not merely a linear progression towards greater complexity. Still, a nuanced transformation in
the character and purpose of geometric design, shifting from an initial emphasis on structural pragmatism to a
mature expression of cosmological allegory.

The Early Seljuk phase (1037-1063 CE), as evidenced by the dominance of p4 symmetry (Figure 11) and
modest Symmetry Complexity Index (SCl) scores, represents the foundational stage of this evolution.
Geometrically, this phase prioritized structural clarity and functional efficiency, mirroring the practical imperatives
of a nascent state focused on consolidation and territorial expansion. The radial flanges of Gunbad-i Qabus,
employing simple tetragonal grids, exemplify this aesthetic. Low Ornament Density (OD) and moderate Tiling
Efficiency (TE) (Figure 12) quantitatively underscore this focus on structural minimalism and a deliberate restraint
in decorative elaboration. The visual language of this phase, characterized by austere brickwork and minimal
ornamentation, effectively communicated monumentality and political power, reflecting the pragmatic and
arguably ascetic values associated with early Turkic rule.

The Middle Seljuk phase (1063—1100 CE) marks a dynamic turning point, a period of geometric hybridization
and burgeoning decorative ambition. The heatmap (Figure 11) visually illustrates diversification of symmetry
groups, with the emergence of more complex symmetries such as p4g and p6, and a marked increase in SCI. This
geometric experimentation coincides with a quantifiable increase in both Tiling Efficiency and Ornament Density
(Figure 12), indicating a shift towards more intricate, visually engaging patterns while maintaining structural
integrity. Monuments like the Kharagan Towers embody this transitional aesthetic, blending robust brickwork with
the more pliable stucco to create interwoven patterns and dynamic motifs. The introduction of glide reflections
(p4g) and the increased use of hexagonal symmetry (p6) suggest a growing interest in geometric innovation and
a nascent exploration of symbolic depth, potentially reflecting the burgeoning influence of Sufi thought and a
broader Persianate cultural synthesis. This phase represents a crucial bridge between the functional austerity of
the Early Seljuk period and the symbolic richness of the Late phase.

The Late Seljuk phase (1100-1194 CE) culminates in a remarkable geometric zenith, where patterns transcend
mere decoration to become sophisticated vehicles for cosmological symbolism. The heatmap (Figure 11) reveals
the dominance of highly complex symmetry groups, such as pém, and the innovative introduction of the
exceptionally rare p10 symmetry, resulting in sustained high SCI scores. Figure 12 shows peak values for Tiling
Efficiency and Ornament Density, indicating a masterful integration of structural optimization with elaborate
ornamentation. Monuments like the Mausoleum of Mu’mina Khatun exemplify this phase, showcasing intricate
turquoise-glazed tessellations with 10-pointed stars and layered rosettes. The prevalence of hexagonal and
decagonal symmetries, coupled with dense ornamentation and vibrant glazed tiles, signifies a deliberate shift
towards patterns encoding Neoplatonic ideals of divine unity and celestial harmony. The Late Seljuk geometric
repertoire, as quantified by our metrics and visualized across our figures, represents a mature and fully realized
synthesis of mathematical precision, artistic refinement, and profound theological expression, transforming
architectural surfaces into visual allegories of the cosmos and the divine order.

Comparing the visual aesthetics across phases, as illustrated in the comparative monument image montage
(Figure 14), further reinforces this evolutionary narrative. The austere brickwork and monumental simplicity of
Early Seljuk monuments contrast sharply with the hybrid materials and interwoven patterns of the Middle phase,
culminating in the vibrant color palettes, complex tessellations, and celestial symbolism of the Late Seljuk period.
The Symmetry Group Distribution Chart (Figure 13) vividly demonstrates a shift in symmetry group prevalence: p4
dominates the Early phase, and a more diverse and complex array of symmetries emerges and dominates in the
Middle and Late phases.

In summary, the evolutionary trajectory of Seljuk geometric patterns, as revealed through our computational
and art-historical analysis, traces a compelling arc from structural pragmatism and functional geometry in the Early
phase, through a period of hybridization and decorative innovation in the Middle phase, to a culminating phase of
celestial symbolism and geometric zenith in the Late Seljuk period. This transformation, quantitatively mapped by
our novel metrics and visually represented through our figures, underscores the dynamic role of geometry in Seljuk
architecture, evolving from a language of structural order and political statement to a sophisticated visual system
for encoding complex spiritual and cosmological concepts. This evolution reflects not only advancements in
mathematical and material techniques but also a profound shift in cultural priorities and artistic intentions across
the Seljuk centuries.
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4. CONCLUSION

This study systematically unravels the evolution of symmetry groups in Seljuk geometric architecture,
meticulously charting a transformative journey from structural pragmatism to cosmological symbolism across
three distinct phases: Early (1037-1063 CE), Middle (1063-1100 CE), and Late (1100-1194 CE). By integrating
computationally validated metrics—Tiling Efficiency (TE), Ornament Density (OD), Symmetry Complexity Index
(SCI), and Chronological Advancement Score (CAS)—with cultural historiography, this research offers a robust
quantitative and qualitative framework to decode the Seljuks’ architectural legacy, fulfilling all stated research
objectives.

4.1 Chronological Progression and Symmetric Innovation

Early Seljuk Phase: Structural Minimalism. Exemplified by Gunbad-i Qabus, this phase prioritized tetragonal
(p4) symmetry and functional geometry, emphasizing structural stability through radial brick alignment and sparse
ornamentation (OD = 10-15 joints/m?2). The decagonal plan and Non-overlapped joints achieved moderate
efficiency (TE = 65-70%), reflecting a focus on monumentality and political symbolism.
Middle Seljuk Phase: Hybridization and Experimentation. The Kharagan Twin Towers marked a turning point,
blending Persian mathematical rigor with Sufi allegory. Innovations included p4g (glide reflections), p31m (trigonal
mirrors), and p6 (hexagonal) symmetry groups, alongside overlapped joints and stucco subdivisions, raising TE to
80-85% and OD to 50-250 joints/m?,  reflecting  technical and  spiritual  ambitions.
Late Seljuk Phase: Symbolic and Celestial Refinement. Monuments like the Mausoleum of Mu’mina Khatun
epitomized geometric zenith through decagonal (p10) symmetry and turquoise-glazed tessellations. Patterns such
as 10-pointed stars and layered rosettes achieved unparalleled density (OD = 280-320 joints/m?) and efficiency
(TE =92%), embodying Neoplatonic ideals.

4.2 Material and Regional Influences

Brick vs. Glazed Tile: Early Persian monuments relied on unglazed brick for structural integrity (high TE), while
Late-phase Azerbaijani sites employed glazed tiles to enhance symbolic density and visual splendor.
Degradation Impact: Stucco erosion in Middle-phase monuments (e.g., Kharagan Towers) reduced TE by 10-20%,
underscoring material vulnerabilities. In contrast, pristine Late-phase glazing preserved geometric clarity.
Regional Synthesis: Azerbaijani sites showcased Anatolian artistic fluidity, while Persian monuments emphasized
mathematical rigor, highlighting the Seljuks” adaptability across their state.

4.3 Methodological Contributions

The study’s computational metrics resolved ambiguities, such as reclassifying the Kharagan West Tower
tympanum panel to p4g symmetry. By isolating geometric invariants from material variables and employing expert
validation, this framework offers a replicable model for analyzing Islamic architectural evolution.

4.4 Cultural and Spiritual Synthesis

Seljuk geometry evolved into a language of science and spirituality. Early patterns mirrored political asceticism,
Middle-phase hybrids encoded Sufi meditative rhythms, and Late-phase decagons symbolized celestial order. This
progression aligns with historical shifts in patronage, from Turkic militarism to Sufi mysticism and Neoplatonic
thought.

4.5 Limitations and Future Directions

While focused on northwest Iran and Azerbaijan, future studies should incorporate Anatolian and Central Asian
monuments to assess regional diversity. Additionally, exploring Timurid and Ottoman reinterpretations of Seljuk
motifs and expanding metric validation could trace their enduring influence on Islamic art and enhance the
framework’s robustness for broader application.

4.6 Final Synthesis

The Seljuk geometric legacy lies in its dynamic synthesis of mathematical rigor, cultural exchange, and spiritual
metaphor. By harmonizing structural efficiency with symbolic depth, Seljuk architects transformed brick and tile
into timeless allegories of divine unity, leaving a legacy that bridges art, science, and faith. This study not only
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redefines their contributions through a validated computational framework but also positions symmetry as a
universal mediator between human creativity and cosmic order, offering a globally replicable model for the
analysis of architectural evolution. Unlike earlier general surveys of Islamic architecture [2][3], [6][4], this research
moves beyond descriptive classification to quantify geometric evolution with precision, demonstrating that Seljuk
architects did not merely ornament surfaces but systematically advanced mathematical and symbolic systems
across three distinct chronological phases.
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APPENDICES
APPENDIX A: TECHNICAL DETAILS

Glossary

1. Metric Formulas

A 1. Summary of Metric Formulas.

Metric Formula Purpose

Tiling Efficiency (TE)

_ Non — overlapping tiles Measures structural optimization

TE = - x 100
Total tiles
Ornament Density (OD) Pattern lines Quantifies decorative complexity
0D = ———x 100
Surface area (cm?)
Symmetry  Complexity scl = Ywi - Symmetry Operationsi 100 Normalizes symmetry sophistication
(sci) - group order

Chronological

CAS =TE x In(0OD) x SCI Composite score tracking technical progression

Advancement (CAS)

2. Joints: Intersections of brick/tile edges, classified as overlapped (decorative interlacing) or non-

overlapped (structural alignment).

3.  Wallpaper Symmetry Tool: Open-source software using Conway’s orbifold notation to classify symmetry

groups. Available at: https://math.hws.edu/eck/js/symmetry/wallpaper.html .

APPENDIX B: RAW DATA

Table B1 presents raw data for the symmetry classification of four patterns from the Eastern Kharagan Tower,
including pattern names, evolutionary significance, joint classification, weathered and original symmetry groups,

and Figure References

for visual context.

Table B 1. details the symmetry classification of patterns from the Eastern Kharagan Tower (1067 CE), including Figure References (Figure
Ref.) to the Material section. SG denotes Symmetry Group

Figure Pattern Evolutionary Joints Weathered Weathered Symmetry  Original Symmetry Group
Ref. Significance Classifica Symmetry Group
tion Group
Figure Interwoven Interwoven brickwork  Overlapp Illusionary
5a Brick reflects complex ed weaving bm
Pattern geometric reduced to 5

experimentation, simpler o

structural stability, and forms

the simplicity of

ornamentation.

Friezes p4m- 3 joints

Figure Interwoven Overlapped octagonal  Overlapp Degraded ; — 7 .\
S5b Brick Ribs symmetry pattern  ed swastikas

deteriorated by with  stucco

weathering;  swastika arms

symbolism eroded.

Tympanum Panel p4g — 5 joints*4
Figure Hexagonal & The hexagonal  Non- Hexagonal e
5c 12-Point tessellation represents  overlapp tessellation A
Stars Islamic cosmology and ed (weathered) R
o5

provides an effective
distribution of
structural stress.

O<} < &

2 VAT a VANt

Ja Yo% aVA Yo% aVa Yo% ava S
Y XY XY XY
TaVAY YA VAN e YA VAV a%AY)

%aVAYA%aVa Y% aVa 4N
VvV Vi v,y

Northern Panel

p6- 7 joints*3
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Figure
5d

Hexagonal &
12-Point
Stars  (Star
Erosion)

Structural integrity and

symbolism were ed

compromised

by

erosion, resulting in the
loss of the original
clarity of stars and

hexagons.

Overlapp Eroded

exagons % ? W I
znd ’ star : Bb @ qgg
patterns s@ g@@%

" Xy

33

7200
WSy
>

B3e 33t

5

X
A
y
A .%’V.

1

D
25

51
o
.

Tympanum Panel

el
(92}

Table B 2. details the symmetry classification of patterns from the Western Kharagan Tower (1086 CE), including Figure References
(Figure Ref.) to the Material section. SG denotes Symmetry Group.

Figure Pattern Type  Evolutionary Joints Description/Det  Description/Details Symmetry Group & unit
Ref. Significance Classifi  ails
cation
Figure Interconnect  Foundational wuse Overla Swastikas ¢ e
6a ed Swastikas  of 4-fold  pped involve _ — ? ’:‘:'
with  Small  symmetry, subdivided joints ’( < -
Squares blending ancient (partly stucco). S Ha -
motifs with Islamic $ .K g =
grids. LEh % N
X i ’:‘
L o “
S ! o
Figure Curvilinear Illusionary Non- Straight  bricks b b A ]
6b Brickwork technique: overla arranged as - JK
bending rigid  pped curved
geometry into flowers/squares. > _/-_/-_
organic forms. \ \ \
/-/Q
\/\/K
SN
Figure Double-Fork Introduction of p4g  Overla Twin forks on e s
7a Ornament glide reflections, pped 2mm points; '_<l>/_<l>/_<l>_<l>
adding dynamism. glide reflections. (IHIHIHI)-
EPEXIEI
KOEREDEKDES
Tympanum pag
Figure X-Based Advanced pdg Overla Fork-like ' : B
7b ‘Chopstick’ experimentation: pped ornaments with
Pattern merging forks and intersecting

reflection axes.

reflection
planes.

Jigan syes

3t i

3

ENE Panel pag
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Farslation Amonre | 00 oo

Figure Complex Rib  Reclassified NNW  Overla
7c Pattern with  Tympanum Panel pped
Dual Lines = A
= Il capsye
J 9
= POSOOAAASONA
= AN
= RERRES
- ,’..A “"Q.'..A““"
Ve, "“"'...:-‘“"
- IR
SORLINRLIA
Figure Zig-Zag Lines Early  hexagonal Non- Triangular/S-
8a symmetry (p6) for  overla shaped patterns
rhythmic friezes. pped in recessed
fields.
Figure Nested Structural Non- Overlapping
8b Hexagons innovation: overla hexagons +
with Stars hexagons pped sixfold stars.
distribute stress.
Figure Hexagons Hybridization: Overla Sinuous double- ‘\
8c with Double-  combining pped strands create J‘
Strands hexagons with illusory overlaps. o
lower-symmetry 48
shapes. SN
Interwoven  hexagons + p6
Figure Overlapping Symmetry Overla Interwoven 12-
8d Dodecagons reduction: pped gons with nested
hexagons elements.
surrounded by 12-
sided polygons.
Figure Interlocking Illusionary  depth  Non- Nested triangles
8e Triangular via p6 symmetry, overla create
Pattern blending math and  pped interwoven
mysticism. illusions.

%
&
[>_
<

<
S
<
>
<

Buttresses P6
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Figure  Hexagonal Rare 3-fold Overla  Hexagonal stars e —
9a stars symmetry (p3), pped outlined by
outlined by emphasizing raised lozenges.
raised hexagonal
lozenges modularity.
Figure Trigonal Trigonal snowflake  Non- Trigonal ARy o
9b Snowflake pattern with  overla snowflake
Pattern threefold pped pattern.
rotational N
symmetry. -
Figure Trigonal Complex p31m (3- Overla Dendritic motifs 7
10 Palmate fold + mirrors), pped with decorative [
Pattern (snowflakes) + subdivisions. "
swastikas; trigonal 5
symmetry. - ¢
" \
- ¢
Friezes p31m
APPENDIX C

Table C1 presents the raw data for the Chronological Advancement Score (CAS) for each analyzed Seljuk
monument, including Tiling Efficiency (TE), Ornament Density (OD), and Symmetry Complexity Index (SCl) values
used for the CAS calculation.

Monument Phase TE (%) OD (joints/m?) SCI (%) CAS
Gunbad-i Qabus (1031 CE) Early 67.5 13.5 333 250.0
Kharagan East Tower (1067 CE) Middle 70.0 216.0 45.0 1164.5
Kharagan West Tower (1086 CE) Middle 81.5 21.5 50.0 1075.0
Mausoleum of Yusif ibn Kuseyir (1161/2)  Late 60.0 384.0 50.0 1259.7
Round Tower, Maragha (1168/9) Late 80.0 84.0 50.0 726.6
Gunbad-i Seh, Orumiyeh (1184) Late 65.0 192.0 50.0 1014.8
Mausoleum of Mu’mina Khatun (1186) Late 90.0 500.0 60.0 2753.9
Gunbad-i Kabud, Maragha (1196/7) Late 92.0 432.0 60.0 2432.1
Gulustan Mausoleum (~1200) Late 90.0 480.0 60.0 2692.4
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APPENDIX D: SUPPLEMENTARY VISUAL MATERIALS
This table quantifies the impact of material degradation on TE, showing a statistically significant decrease in TE
for the degraded monument (ANOVA, p < 0.05) and highlighting the role of material choice in pattern preservation

and efficiency.

Table D1. Material Impact Sensitivity Analysis

Material Preservation  TE Reduction (%) OD Impact Key Example

Unglazed Brick 0-5% Low ornament density Gunbad-i Qabus

Stucco Degraded 10-20% Medium ornament density  Kharagan Towers

Glazed Tile Pristine 0-2% High ornament density Mu’mina Khatun Mausoleum

APPENDIX E: TABLE OF MONUMENTS SELECTED FOR ANALYSIS

Table E1. Monuments Selected for Analysis: This table lists 9 Seljuk monuments analyzed in this study, detailing
their locations, Seljuk phases, construction dates, and specific justifications for their inclusion.

Table E1. Monuments Selected for Analysis, by Seljuk Phase and Region

Monument Name  Location (City, Seljuk Date (AH/  Expanded Justification for Selection
Country) Phase CE)
Gunbad-i Qabus Gonbad-e Early 397 AH /  Exemplifies Early Seljuk structural minimalism and Turkic ascetic
Qabus, Iran 1006 CE aesthetic; iconic Ziyarid-era funerary monument (for Qabus ibn

Wushmgir) whose formal qualities prefigure and influence early
Seljuk approaches; well-documented.

Kharagan East  Kharagan, Iran Middle 459 AH /  Represents Middle Seljuk innovation in geometric brickwork and

Gonbad  (Tomb 1067 CE the "hezar baf" technique; it displays complex geometric patterns;

Tower) significant octagonal funerary monument.

Kharagan West  Kharaqan, Iran Middle 479 AH /  Showcases the peak of Middle Seljuk geometric complexity with a

Gonbad  (Tomb 1086 CE diverse pattern repertoire in brick; crucial for comparative analysis

Tower) with the East tower and for understanding the evolution of
symmetry groups.

Mausoleum of  Nakhchivan, Late 556 AH /  Exemplifies Late Seljuk Azerbaijani style, constructed by architect

Yusif ibn Kuseyir Azerbaijan 1161/2 CE Adjami ibn Abubakr Nakhchivani; it features early use of glazed tile
ornamentation and complex geometric and Kufic inscription
bands.

Round Tower  Maragha, Iran Late 563 AH / Represents Late Seljuk innovation in spiral motifs and intricate

(Gonbad) 1168/9 CE brickwork; it features a unique tympanum design with non-
crystallographic symmetry elements.

Gunbad-i Seh  Orumiyeh, Iran Late 580 AH / Exemplifies Late Seljuk geometric variety in a smaller-scale

(Three Domes) 1184 CE monument; it showcases star and cross motifs and overlapping
barrel shapes in brick and tile.

Mausoleum of  Nakhchivan, Late 582 AH / Marks the apex of Late Seljuk geometric sophistication and

Mu’mina Khatun Azerbaijan 1186 CE decorative richness; built by architect Adjami for Mu’mina Khatun;
renowned for its pl0 decagonal symmetry and extensive
turquoise-glazed tilework.

Gunbad-i Kabud  Maragha, Iran Late 593 AH / Exemplifies Late Seljuk mastery of complementary patterns and

(Blue Dome) 1196/7 CE advanced tile-cutting techniques; features intricate interwoven
star-hexagons and vibrant blue glazed brickwork.

Gulustan Gulustan (near Late ca.596 AH  Represents Late Seljuk rosette patterns and intricate mugarnas; it

Mausoleum Julfa), Azerbaijan /~1200CE  displays symbolic themes of eternal creation in its red sandstone

(Gonbad) and brick construction; significant for its chronological position and

regional style.
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APPENDIX F: TABLE OF PATTERNS SHOWN TO EXPERTS FOR VALIDATION
Table F1. Patterns Shown to Experts for Validation: This table lists fifteen representative Seljuk geometric
patterns presented to experts for metric validation, providing details on monuments, Seljuk phases, symmetry

groups, and metric focuses.

Zeynab Nazer, Péter Rabb

Table F1: Seljuk Geometric Patterns Used in Expert Validation Survey.

Figure Pattern Name Monument Seljuk SG Description Metric

Ref. Phase Focus

Fig. 5a Interwoven Brick Ribs Kharagan East Middle p4m Overlapping octagons, interwoven TE
Tower brickwork.

Fig. 5b Swastika Panel Kharagan East Middle pag Weathered swastika motif, glide 0D, SCI
Tower reflections.

Fig. 5¢ Hexagonal & 12-Point Stars ~ Kharagan East Middle p6 Hexagonal tessellation, 12-point SCI
Tower stars.

Fig. 6a Interconnected Swastikas Kharagan West  Middle p4 Swastika-square hybrid, tetragonal OD
Tower symmetry.

Fig. 7a Double-Fork Ornament Kharagan West  Middle pag Twin forks, glide reflections. SCI
Tower

Fig. 8b Nested Hexagons with Stars  Kharagan West  Middle p6 Nested hexagons, sixfold stars. TE, SCI
Tower

Fig. 9b Trigonal Snowflake Pattern Kharagan West  Middle p3 Threefold snowflake motif. OoD, SCI
Tower

Table 1 Radial Flanges Gunbad-i Qabus  Early p4 Radial flanges forming decagonal TE
Tower plan.

Table 3 Overlapping Dodecagons Mausoleum of Yusif Late p4m Nested 12-sided polygons. Nel
ibn Kuseyir

Table 3 6-Arm Spiral Pattern Mausoleum of Yusif Late pém Structured 6-arm spirals. OoD, SCI
ibn Kuseyir

Table 3 10-Pointed Stars Mausoleum of Late pl10 Dense turquoise-glazed decagons. 0D, scI
Mu’mina Khatun

Table 3 Layered Rosette Motifs Mausoleum of Late pém Concentric floral-geometric 0D, SCI
Mu’mina Khatun rosettes.

Table 3 Interwoven Star-Hexagons Gunbad-i Kabud, Late pém Blue-glazed star and hexagon grid. SCI
Maragha

Table 3 Modular Interlocking  Gunbad-i Kabud, Late p4m Tessellated shapes with  TE, OD

Design Maragha complementary reliefs.

Table 3 8-/12-Fold Rosettes Gulustan Late pébm Symmetrical rosettes symbolizing  SCI

Mausoleum eternal creation.

APPENDIX G: SCATTER PLOTS OF EXPERT VALIDATION RESULTS
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Figure G. (a) Scatter plot showing the correlation between average expert ratings of Tiling Efficiency and computationally derived TE scores
for 15 Seljuk geometric patterns. The Pearson correlation coefficient (r = 0.78) and p-value (p < 0.01) indicate a statistically significant
positive correlation. (b) Scatter plot showing the correlation between average expert ratings of Ornament Density and computationally
derived OD scores for 15 Seljuk geometric patterns. The Pearson correlation coefficient (r = 0.65) and p-value (p < 0.05) indicate a
statistically significant positive correlation. (c) Scatter plot showing the correlation between average expert ratings of Symmetry
Complexity and computationally derived SCI scores for 15 Seljuk geometric patterns. The Pearson correlation coefficient (r = 0.85) and
p-value (p < 0.001) indicate a statistically significant positive correlation
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