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ABSTRACT

The inclusion properties in Herz-Morrey spaces has proved by Rahman in 2020. This paper aims
to discuss the inclusion of the homogeneous Herz-Morrey spaces and homogeneous weak Herz-
Morrey spaces with variable exponent. We also investigated the inclusion between both spaces.
This result will be useful to prove fractional integral on the homogeneous Herz-Morrey spaces
with variable exponent.
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INTRODUCTION

Inclusion properties or inclusion relation between spaces has received a lot of
attention from researchers. It seems that many authors have studied this issue in some
spaces (see [1]-[5]). Thus, this lead the author for discussing the inclusion properties
especially in Herz-Morrey spaces.

Herz spaces can be traced back to the work of Beurling. Beurling [6] introduced a
space A,, which is the original version of non homogeneous Herz spaces. Lu et al [7] has

given the inclusion properties in homogeneous Herz spaces, as a proposition below.
Proposition 1.1. Leta € R, p > 0,and q < o. The following inclusions are valid.

a. Ifp; < p,, then KP*(R™) ¢ K P2(R™)

1 1
b. Ifq, < q,, then KXP(R™) © K, "G qz)'p(w).

This proposition can be proved by simply computation. In fact, if 0 <r <1, (a) is a

consequence of the inequality
o r co
(Zmu) < ) lal”

k=1 k=1

While, (b) can be deduced directly from the Holder inequality.

In 2016, Gunawan et al. (see [1] [2]) have proved the inclusion of Morrey spaces
and generalized Morrey spaces. Recently, Rahman [8] also has proved the inclusion
properties in Herz-Morrey spaces. These result have been motivated the author to study
more about inclusion in homogenous Herz-Morrey spaces, but in this case the author
uses variable exponent.

Since 1991, the research of Kovacik and Rakosnik [9] motivated many
researchers to study about function spaces with variable exponent in several
discussion. Suppose that O < R™ is an open set, p(:):Q — [1,0) is a measurable
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function and LP®)(Q) is denoted the set of measurable functions f on (, such that for

some positive A satisfied
p(x)
X
(LY 4 <cn
Q A

If LPO)(Q) equipped by the Luxemburg-Nakano norm
()
: |7 1)”
I f 11,0y =1nf{/1>0:f (T dx < 1%,
Q

then LP)(Q) becomes a Banach function spaces. Since these spaces generalize the
standard LP spaces, they are also referred to as variable LP spaces. LPO(Q) is
isometrically isomorphic to LP(Q), when p(x) = p is a constant.

In 2010, the boundedness of sublinear operators on Herz-Morrey space with
variable exponent ]V[Kp() and ]V[Kp() was proved by Izuki [10]. Then, Xu and Yang [11]

developed the definition of Herz-Morrey spaces with variabel exponents. Let p(:) €
P(R"), 0<qg<o0=<A<o,and a(:)isa bounded real-valued measurable function

on R", the homogeneous Herz-Morrey spaces with variable exponent MK “(M(R”)

().
consists all functions f € L?  (R"/{0}) such that

loc )
k p()
Il o002 gy = SUP Iz o (Zho e 25O fxie 0 ey )7 < o0,
14QX

where B, ={x € R"™ |x| < 2¥}, Ay = By/By_1 "and Xk = Xa, is the characteristic
function of the set 4, for k € Z.

As another spaces which have their weak type spaces, Herz-Morrey spaces also
have their weak type spaces. For a(:) € R"*, p(:1) e P(R"), 0< A1 <oand 0 <q <
o, the homogeneous weak Herz-Morrey spaces with variabel exponent

(W ]V[Kg(());(]}&”)> is a set of measurable f € L? (R™/{0}) which is equipped with

norm such that

loc

1
” ” EL OP0) ( )p(') "
J a()Amny — SUP Y SU 2 PUm V, f q < oo,
WMK () (]R ) >13 L Zp Zl,l k

k=—o0

where my (y,f) = [{x € A: [f ()| >y 3.

Some authors have investigated those spaces in various terms of discussion (see
[12] - [15]). Meanwhile, this article aims to discuss in terms inclusion properties and
inclusion relation of the homogeneous Herz-Morrey spaces and homogeneous weak
Herz-Morrey spaces with variable exponent.

RESULT AND DISCUSSION

Our main results are the following:
Theorem 2.1. Let 1 < p;(-) < p,(1) <q <, and a(-) is a bounded real-valued
measurable fuction on R™. Then, the inclusion

a(),A a(),A
MKP ()q(Rn) MKp ()q(Rn)’

Is valid.
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a()l

Proof. We may take any f € MK p1()a

p1 < p, we have

(R™). Then, by using Holder inequality and

1

1 L o P10)
_ ka()pa() P1(
17y e gny = SUP ST ( Z 2 ”ka”Lq(R")>

k=—o0

L p1() L 1-P1ON p10)
1 E e ok 2 O Yo
ka()pi(- 0} 1\ 20)=p1(
< SLEE o7 (2 1 )pl ("f)(k”Lq(Rn))

k=—o0

1

_P10\ p1()
1 L P10P20) \ P20
ka()p2() p2()-p10)
= Supon Z 2 kzoo”f)( el gemy
1

p20)-P10\ p2()
r10)p20)

L P10)
z 2ka()P2()< z Lf X ”zgf(ﬁgf)ﬂ))

— k=—c0

1

< sup—= S

LeZ
1

1 L 6 p20)
< sup— o ( Z 2ka()p2() ||ka||fg(Rn)>
k

Lez

< ||f||MKa())/1 ()"
p2(

It is easy to know that f € M K;(())); (R™), where a(-) € (R") and p(-) € P(R"). Then,

a(),A a()A
wehaveMKp()q(]Rn) MK O (R™).
By the previous theorem, the author established the following inclusions.
Theorem 2.2. Let 1 < p;(*) < p,(*) < q <o, and a(-) is a bounded real-valued

measurable fuction on R", then the following inclusion is valid.
a(-),A

L1(R™) = M KgOM (RY) € M REO (RY) € M RSO (R™).

Proof. Theorem 2.1 has stated that MK;(())Z(R’I) c MK;(())’Z(R’I) Then, we only

prove that L9 (R®) = MK ¢ (R") & MK 5% (R™). Let f € MK, ¢"" (R™), by using

similar method as before, we get

L 1
1 q
1 Wy s0aqmy < 5P > ket (f HOK dy) ( mwy)
MK qq" (R™) = 211 = B(0,2k) B(0,2k)
1
q

L
1 1
E ka() q kd
= SLlég 2L4 X : <fB(0,2k) |f(x)| 4 > (27

=—00

< € (fyom PGV dy)3
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< £l Lacgn).
Hence, f € L9 (R™®) and LY(R™) C ]\/l”I'((jf(g')')L (R™). In the other hand, for any f €
ka(-)+%

L1(R™), there exist any constant C such that C = ES;Z% A

Consequently, we have f € MKO‘(M(R") and MK a()l(]R") c LI(R™). It gives
conclusion that LI(R™) = M K “(M (R™), where a(-) € (R™).

Furthermore, we will prove that M K a()’l(]Rn) c ; (())Z(IR{") By using
similar method as the proof of Theorem 2.1, we have ”f”MK“(”(le”) <
p2()a

. n
” f ”M K;%);A(Rn)i Where a( ) € (R )

The author also added the inclusion of the homogeneous weak Herz-Morrey
spaces with variable exponent by the following theorem.
Theorem 2.3. Let 1 < p,(-) < p,(:) < q <o, and a(-) is a bounded real-valued
measurable fuction on R", the following inclusion holds:

W M K“(()fq (R") € WM K“(()fq (R™).

Proof. Let f € ||f]| o.'())l we have

WMK (R”)’

1 (< pi02\ P10
1f Ny ¢ k502 gny = SUP ¥ sup 2_,1< > 2kemOm, @, K )

y>0 LEZ ko
1

20\p20)
<sup y sup 3 (Zk__oo 2Ky (y, £) 4 )
Y>0 LEZ

—= “f”WMKa(())A (Rn)

The above inequality has shown that W M K;‘ (())'}1 (R c WM K; (())2 (R™).

Now, we state the inclusion relation between both spaces.
Theorem 2.4. Let 1 < p(-) <gq, and a(-) is a bounded real-valued measurable
function on R™. Then, the inclusion

a(),A a(),A
M Ky (R™) €W M K5 (R™)

Is proper.
Proof. We use similar idea as before to prove this theorem. Let f € M K;(()); (R™),
a(-) ER", p(-) € P(R™) and y > 0. We have observed that

40)

e Ag If@I> 1} T < (f F G2 dx)q = Il fatic 1 6 my
B

(02%)

Multiplying both sides by Y£__  2k¢0P0) | we get
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L L
2O |
D KR x e A If I >y H @ < Y 2KOPO |y 120
k=—o0 k=—o0
ot < ot O Rn
Clearly, we see that || f ||WMKp((.))',; &Y S Il f ”MK,,E&Q &’ and f € W]V[Kp(.)’q (R™),

which implies that M K%

N . ,ﬂ.
SOMR™ € W M RS (R,

CONCLUSION

By this result, the author can conclude that the homogeneous Herz-Morrey spaces with
variable exponent have inclusion properties ... . This result will be useful to be used in
proving fractional integral on the homogeneous Herz-Morrey spaces with variable
exponent.
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