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ABSTRACT

The nonhomogeneous Poisson process is one of the most widely applied stochastic processes. In
this article, we provide a confidence interval of the intensity estimator in the presence of a
periodic multiplied by trend power function. This estimator's confidence interval is an
application of the formulation of the estimator asymptotic distribution that has been given in
previous studies. By using the asymptotic theorem, the distribution was derived in the form of a
confidence interval for the intensity function. In addition, constructive proof of the convergent in
probability has been provided for all power functions. The results of this study contribute to the
study of statistical analysis of the estimators that have been formulated previously.
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INTRODUCTION

There are many events in nature can be modeled by stochastic modeling processes.
The stochastic process is a set of random variables that map the sample space to a state
space. One of the stochastic processes is a counting process which states the number of
events at a time interval. The counting process assuming the number of events has a
Poisson distribution is called the Poisson process. Some basic theories related Poisson
process can be seen in [1]-[3].

Due to the intensity function, the Poisson process is divided into two categories,
namely the homogeneous Poisson process and the nonhomogeneous Poisson process. A
homogeneous Poisson process has a constant intensity function (independent of time),
while a nonhomogeneous Poisson process has a time-dependent intensity function. This
nonhomogeneous Poisson process is widely applied to real phenomena, such as the
phenomenon of earthquakes [4], traffic accidents [5], and radio burst rates [6].

On the other hand, the study of the nonhomogeneous Poisson process in the form a
periodic intensity function also has been conducted in recent years. [7] studied the
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estimation of the intensity function in a nonhomogeneous Poisson process by including
a trend component in the periodic intensity function. The trend component began with a
trend in the form of an additive linear function. Then the study was continued with a
trend in the form of a multiplicative linear function [8]. The estimation of the intensity
function was carried out using the general kernel function approach, and [9] examined
this Poisson process with a uniform kernel approach. Other related studies can be seen
in [10]-[13].

[14] studied the estimation of the periodic Poisson process intensity function with
the power function trend using a general kernel. Furthermore, the statistical properties
of these estimators have also been proven. [15] has given strong consistency of these
estimators. In addition, the asymptotic normality of the estimator has also been
formulated and given a numerical simulation of the consistency of the estimator [16].
The results obtained in that study are the estimator of the periodic component which
converges to the normal distribution by providing certain conditions.

As an application of the asymptotic normality, it can be determined the confidence
interval of the estimator for the periodic component. This study provides the theorems
for the confidence interval for the intensity function parameters and their proofs. The
contribution of this study is to provide the characteristics of the estimator, especially in
terms of accuracy. With a certain number of samples (interval length), it can be
determined how accurately the estimator predicts the value of the parameter in the
form of a confidence interval.

METHODS
The Estimator for Periodic Component of the Intensity Function

Suppose that {N(t),t = 0} is a nonhomogeneous Poisson process with intensity
function 4 which locally integrable and unknown. Suppose also that A is a periodic
function with the trend of the power function, then A which depends on the time
variable s can be expressed as

A(s) = 2:(s).as>. (1)
The values of the a and b constants are assumed to be known, so that what is not
known is the function of the periodic component of the intensity function, namely A;.
Equation (1) can also be stated as follows
A(s) = A (5)-s7, (2)
with 4, (s) = ali(s). [14] has been given the kernel type estimator for 1. (s) by using
general kernel functions. The estimator for periodic component of the intensity is

R T o 1 T (x—(s+ k1)
Aeni(s) = Ekzzomfo K <h—n> N(dx). 3)

On Equation (3), the constant 7t is a period of the intensity function which
satisfies
Ac (s +kt) =2, (s),fork € Z.
With n is the length of the time interval used. In this case, since the Poisson process is a
discrete stochastic process, it is clear that n is a natural number. The function K called a
kernel function if it satisfies the following properties: (K1) K is a probability density
function, (K2) K is bounded, and (K3) K is defined in [-1,1] [17].
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The Asymptotic Normality of the Estimator
Theorem 1 (The Asymptotic Normal Distribution for 4., ,(s), 0 < b < 1)

Suppose that the intensity A satisfies (1) and locally integrable. The kernel function
K satisfies (K1), (K2), (K3), A, has a bounded second derivative around of s, 0 < b < 1,
n'=Ph, - 0,n?*1h, > o0, h, | 0asn — oo,

1
a) If(n'*Ph3)z - 0, then

1. d
(n**Phy, )2 (Aenk (s) — Ac(s)) = Normal(0,62) (4)
. TAe(s) (1
asn — oo, with g2 = (1_;) J_ K*(2)dz.
1
b) If (n**Ph3)z - 1, then
L d
(n**?hy, )2(Agmk(s) = Ac(s)) = Normal(y,o%) (5)

asn — oo, with u = ACT(S)f_llZZK(Z)dZ and g? = %fjl K?(z)dz.

Theorem 2 (The Asymptotic Normal Distribution for ic,n,k(s), b=1)

Suppose that the intensity A satisfies (1) and locally integrable. The kernel function
K satisfies (K1), (K2), (K3), A, has a bounded second derivative around of s, b =1,

In(n)h, - 0, _legg — o0, h, | 0asn — oo,
1
n?h5\2
a) If (ln(n)) — 0, then 1
n2h, 5(2 (s) 2 )dN 100,02) )
I, ~N - b d
In(n) eni(S c(s) ormal(0, o (6)

asn — oo, with 62 = tA.(s) f_ll K?(z)dz.
1

n2h3\2
b) If(ln(n)) 1, then
1
n’h,\2 , . d
(mdﬂ) (Aemi(s) = 2c(s)) = Normal(y, 0?) )

asn — oo, with u = ACT(S)f_llzzK(z)dz and 62 = tA.(s) f_llKZ(Z)dZ-

Theorem 3 (The Asymptotic Normal Distribution for ian’k (s), b>1)

Suppose that the intensity A satisfies (1) and locally integrable. The kernel function
K satisfies (K1), (K2), (K3), and A, has a bounded second derivative around of s, b > 1,
n%h, > o, h, L 0asn - oo,

1
a) If(n?h3)z - 0, then

(02,7 (Aenic(s) = Ac(s)) = Normal(0,a?) ®)
asn — oo, with 62 = t2722.(s)2(b) f_ll K?(2)dz,

and {(b) = Tlll_r)rolo (Z,‘?’:lkibl(y + s+ kt €0, n])).
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1
b) If (n?h3)z - 1, then

(12R)3 (Ao (5) — Ae(s)) > Normal(, 0%) ©)

as n - oo, with p =220 ! 22K (2)dz, 02 = 1202,()¢(b) [, K2(2)dz, and {(b) =

r{im (Z,‘?’:lkibl(y +s+kt €0, n])).

The proofs of Theorem 1, Theorem 2, and Theorem 3 above can be proved through
a rough analysis, [18]. It is recommended to study the basic theory to proof these
theorems in [19]-[21].

RESULTS AND DISCUSSION

Suppose that ¢ denotes the standard normal distribution with ¢~ is the inverse.
Based on Theorem 1, Theorem 2, and Theorem 3 above, it can be given some confidence
interval for A, with significant level 1 — a as follows:

Corollary 1 (The confidence interval for A, for0 < b < 1)

Suppose that all conditions on Theorem 1 are satisfied, the for a significant level a
where 0 < a < 1, the confidence interval for A, for 0 < b < 1 has been given in the
following conditions:

1
a) If(n'*’h3)z - 0 then
I/'LC = ic,n,k (s) —

2 _ TA(S) 1 2
where g2 = b J_, K*(2)dz.

1
b) If (n**Ph>)z > 1 then
-1 a
4 (1-9 -
[ni+bh,

ot (1 —%) + 1

where u = ACT(S)f_ll z?’K(z)dz and ¢? = %f_ﬂ K?(z)dz.

IAC = /Tc,n,k (s) — :)Alc,n,k (s) +

Corollary 2 (The confidence interval for 4, for b = 1)

Suppose that all conditions on Theorem 2 are satisfied, the for a significant level a
where 0 < a < 1, the confidence interval for A, for b = 1 has been given in the following

conditions:
1

n2h3\2
a) If(%) — 0 then

o (1) oy [ (1) |

where 02 = t1.(s) f_ll K?(2)dz.

I)lc = ic,n,k(s) —0
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[

n2n3

b) If (m)E S 1 then

In(n)

IAC = (ic,n,k(s) - (aq)_l (1 - %) +w nz_hn»ic,n,k(s) + (O'Cl)_l (1 — g) =) M)

n2hy,
where u = '102—(S)f_11 z?K(z)dz and 0% = 11.(s) f_ll K?(z)dz.
Corollary 3 (The confidence interval for 4, for b > 1)

Suppose that all conditions on Theorem 3 are satisfied, the for a significant level a
where 0 < a < 1, the confidence interval for 4, for b > 1 has been given in the following
conditions:

1
a) If(n®h>)z - 0 then
-1 _ g
o9~ (1-35)

he = | Aenic(s) - ——
‘ o n2h, n2h,

where 02 = t27°2.(s){(b) f_ll K?*(z)dz
1
b) If (n'*?h>)z - 1 then

L, =\ Acni(s) -
¢ ek nZh, nZh,

where u = @f_llzzl((z)dz, 0?2 =12722.(s)(b) f_ll K?(z)dz,

and {(b) = il_r)go <Z,‘1°=1kibl(y + s+ kt €0, n])).

To strengthen the reasons for the above confidence intervals, it is given the
probability convergence theorems for these confidence interval.

Theorem 4. Convergence in Probability of the Confidence Interval for 4, and 0 <
b<1

If Xc,n,k is the estimator for periodic component of the intensity function that is
given in equation (3). Also, I, is a confidence interval that is given in Corollary 1, then
for the value 0 < b < 1 satisfies

P(Ac,n(s)el;lcyn) - 1—a+o0(1),
provided n — oo.

The proof of Theorem 4:

1
Case (a) Assumption (n'*’h3)z - 0

o9 (1-5)
[ni+bh, =

o9 (1-9)
/n1+bhn

P(}\C(S)EIXC) =P 7\\c,n,k - )\c,n(s) < Xc,n,k +
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oo~ (1-5) LA Gt
=P _m < Xc,n,k - }\c,n(s) = m

=P (—O‘(l)_ (1 - —) 1/ Tl1+bh O\cnk c,n(s)) < O-(l)_l (1 - %))’

Let Y = n'*Ph, (A.nx — Ac(S)), then based on Theorem 1 Y~Normal(0,?), By using
Central Limit Theorem

Y
Z = E~Normal(0,1).

Therefore

P(A(s)ely,) = P (—cp—l (1- %) <z<¢(1- %))
= P(Z <7 (1 —%)) —P<Z <-¢71(1 —%))

Since the normal distribution has a symmetricity property,

P (z <-¢71(1- %)) =p <Z > -7 (1- %))

P()\C(s)el;\c) =P <Z < ¢t (1 - %)) — <Z > —¢p! (1 _%

)
=P<Z$¢‘ (1——)—1+P< - (
=¢(¢—1<1—%))—w(cb-l(l—;))

=1—%—1+1—%=1—a,providedn—>00.

1
Case (b). Assumption (n'*?h3)? > 1

P()\c(s)el;\c)
(Y o (1-9) -1
=P }\c,nk \/711"‘71’}171 < }\cn(s)<)\cnk+ \/Tbhn
b (1-2) o o (1-9) -

Ikhsan Maulidi 78



The Confidence Interval for the Periodic Intensity Function in the Presence of Power Function
Trend on the Nonhomogeneous Poisson Process

=P (— (007 (1-3) — 1) < VAT Phy Renic = Aen(®) < (007 (1-3) + u))

2
Suppose that ¥ = /n1*Ph, (A, — Ac(s)) then based on Theorem 1b Y~Normal(y, 62),
and
Y—p
Z= T~Normal(0,1).

Therefore

o) =4 (- = 724(-9)

=P(ZS¢‘1(1—%)>—P<Z<—cl)‘l(l—%)).

Since the normal distribution has a symmetricity property
_o-1(1-%)) = o112
P<Z< o (1 2) =P(z2-¢7(1 2).

SO

P(A(s)el, ) = P <Z <¢! (1 - %)) - <Z = -¢™ (1 - %))
_ p(Z < (1)—1(1_%))— 1+P<Z < ¢‘1(1—%)>
= c1>(c1>-1(1—%))—1+¢<¢‘1(1—%))

= 1—%— 1+ 1—%= 1 — a, provided n — co.
Theorem 5. Convergence in Probability of the Confidence Interval for A,and b =1
If Xc,n,k is the estimator for periodic component of the intensity function that is

given in equation (3). Also, I, is an confidence interval that is given in Corollary 2, then
for the value b = 1 satisfies

P(Ac(s)ely,) » 1 —a+ o(1),
provided n — co.

The proof of Theorem 5

1

2p5\5
Case (a) Assumption (n h")z -0

In(n
P()\c(s)el;\c)
~ In(n) , _, a R In(n) , _, a
=P Ac,n,k — 0 lehn (1) (1 — E) < Ac,n(s) < Ac,n,k +0 m(l) (1 — E)
In(n)  _, a R In(n)  _, a
=P| —o nzhn ¢ (1 - E) = 7\c,n(s) - )\c,n,k <o m(l) (1 - E)
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In(n)  _, a - In(n) , _, a
=P| =0 [0 (1-3) < Renk—Aen(®) <0 T (1-3)
S O WP L -1(1_&
=Pl -0¢7 (1-3) = o8 Ronk = Aen() <007 (1-3) |
Let = Tz(h’; (Aenk — Ac(8)), then based on Theorem 2 Y~Normal(0,02), By using

Central Limit Theorem
Y
7 = ;~Normal(0,1).

Therefore

POcsIen) =P (~47 (1-3) < 2207 (1-5))

By using the same arguments before, it is obtained
P(AC(S) € I;\C) =1 — a, provided n — oo.
1

. n?h5\2
Case (b). Assumption (1 o )) -1
P(Ac(s)ely,)

= P (Ronsc— 007 (1= 2) 410 B2 < 3.9 < Ao + (0971 (1-2) — 10 [2)

=P 097 (1-3) +m) %S A®) ~Aen <07 (1-5) - ) l;z(::

=p( =07 (1-3)-w :12(2) < Ao Ac0) S o0 (1-3) 40 lnz(f?j

|- (- = [ Genmren= (o (1508
nhn

Suppose that Y = (Aenk —Ac(s)), then according to Theorem 1b

In(n)
Y ~Normal(u, 62) and

Y —p
Z= T~Normal(0,1).

Therefore

P(Acn(s) €ly,,) = P (—cp—l (1- %) <z<¢t(1- %))

The same arguments gave us
P(Ac(s) € I;\C) =1 — a, provided n — oo.
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Theorem 6. Convergence in Probability of the Confidence Interval for 4,
andb > 1

If Xc,n,k is the estimator for periodic component of the intensity function that is
given in equation (3). Also, I,__is a confidence interval that is given in Corollary 3, then

for the value b > 1 satisfies
P(Ac(s)ely,) » 1 — a+ o(1),
provided n — co.
The proof of Theorem 6
1
Case a. Assumption (n?h3)z - 0
P(Ac(s)ely,)

a - a
—p <—aq>-1 (1 - E) < Jn2hy Renk — Ac(s)) < 0! (1 - E)>
LetY = \/n2h,; (Acnx — Ac(S), then according to Theorem 3a Y~Normal(0, 62) and
Y
Z = ;~Normal(0,1).

Therefore

P(A(s)el, ) = P <—c1>-1 (1- %) <z<¢(1- %))

The same arguments gave us
P(Ac(s) € I;\C) =1 — a, provided n — oo,

1
Case b. Assumption (n%h>)z - 1

P(Xc(s)e I;\C)
~ op 1 (1-2)+ ~ o (1-2)—u
=P }\c,n,k - ( 2) < }\c(s) < }\cnk + ( 2)
nzhn nzhn
od (1-3)+pu ~ odp 1 (1-3)—pu
=P| - ( 2) = }\C(S)_}\cnk<o— ( 2)
n2h, n?h,
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- (24
L i o

(-5
Jn?h, - n2h,
=P (— (007 (1-3) — 1) < Vit Geni =2 = (007 (1-3) + u)>.

Suppose that Y = ./n?h, (Xc,n’k — A.(s), then based on Theorem 3b Y~Normal(u, c?)
and

op !

=pP| -

Y—pu
Z= T~Normal(0,1).

Therefore

P(Ac(s) €lp,) = P <—q>-1 (1- %) <z<¢(1- %))

By using the same arguments, it is obtained that
P(A.(s) €l;,) = 1 — a, provided n — oo,

CONCLUSIONS

From the results that have been studied, the formula to determine the confidence
interval for parameter of the periodic component of the nonhomogeneous Poisson
process with the intensity in the form of periodic function has been obtained. These
confidence intervals have been given for each case of the values of b, this is because the
results of previous studies show that the variance of the estimator is given in a different
function for each case of the values of b. These confidence intervals have been proved to
converge in probability 1 — a.

The recommendation for further research that can be done is providing numerical
simulations for each confidence interval case, there are 6 cases. The simulation can be
started by determining the bandwidth function h,, which satisfies all the conditions in
the given case and determining the probability of the estimator being in the confidence
interval.
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