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ABSTRACT  

Let  ,G V E is a simple and connected graph with  V G  as vertex set and  E G  as edge set.  An 

inclusive local irregularity vertex coloring is a development of the topic of local irregularity vertex 
coloring. An inclusive local irregularity vertex coloring is defined by coloring the graph so that its 
weight value is obtained by adding up the labels of the neighboring vertex and its label. The 
inclusive local irregularity chromatic number is defined as the minimum number of colors 
obtained from coloring the vertex of the inclusive local irregularity in graph G.  In this paper, we 
find the inclusive local irregularity vertex coloring and determine the chromatic number on the 
Dutch windmill graph using axiomatic deductive and pattern recognition methods. The results of 
this study are expected to be used as a basis for studies in the development of knowledge related 
to the inclusive local irregularity vertex coloring. 
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INTRODUCTION  

A graph is a pair of sets consisting of a finite non-empty set and elements called 
vertices, and a (possibly empty) set of ordered pairs of vertices called edges [1]. One of 
the main topics in graph theory is graph coloring. Graph coloring can be interpreted as 
giving color to each element of the graph. The coloring of vertex gives a different color to 
two adjacent vertices [2]. The chromatic number is the minimum number of colors 

obtained from a graph coloring, which is denoted by  G [3]. One of the special cases in 

graph coloring is an inclusive local irregularity vertex coloring [4],[5]. Several studies 
related to the local irregular coloring can be seen in the following studies [6]-[10]. 

An Inclusive local irregularity vertex coloring is an extension of the topic of local 
irregularity vertex coloring. In local irregularity vertex coloring, the vertex weights are 
obtained by adding up the neighboring vertices. Then on inclusive local irregularity vertex 
coloring, the vertex weight is obtained by adding up the labels of the neighboring vertices 
and their label. The coloring of vertices of inclusive local irregularity as follows [11].  
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Definition 1. Given    : 1,2,...,l V G k is a function of the label and  :iw V G N  is a 

weight function of inclusive local irregularity vertex coloring, with  
( )

( ) ( ) ( )i

u N v

w v l v l u


   . 

This labeling is an inclusive local irregularity vertex coloring if: 
(i)   ( ) ; ;a aOpt l min max l l is an inclusive local irregularity vertex coloring 

(ii) For every vertex      ,uv E G w u w v   

Definition 2. [11] The minimum number of colors obtained by inclusive local irregularity 
vertex coloring of a graph G is called inclusive local irregularity vertex chromatic number, 

denoted by  i

lis G . 

 
To make it easier to find an inclusive local irregularity vertex coloring in this study, the 
following lemma and observations will be used: 
 
Lemma 1. [11] Given that the graph G is a simple and connected graph, then 

   i

lis lisG G   

Observation 1. Local irregularity chromatic number of the Dutch windmill graph  ,m nD  

with 2m   and n even  is  , 3lis m nD   

Observation 2. Local irregularity chromatic number of the Dutch windmill graph  ,m nD  

with 2m   and n odd  is  , 4lis m nD   

 
Previous research related to the inclusive local irregularity vertex coloring on several 

simple graphs, namely on path graphs, circle graphs, and star graphs [11]. then followed 
by other researchers with thatch graph, H-star graph, and double star graph  [12], with 
fan graph, firecracker graph, and sun graph [13], and with cricket graph, tadpole graph, 
peach graph, a comb star graph 1 and 1m n  , bipartite complete comb graph and star 
graph, and friendship comb graph and star graph[10], [14].  

 Dutch windmill graph denoted by  ,m nD  is a graph formed from m cycle graph 

with 2m  , where m  is the number of cycle graphs, and n  is the number of vertices of 
each cycle graph and 3n  , which has one common center vertex [15]. The research 
related to the inclusive local irregularity vertex coloring is still relatively new, the 
researchers are interested in conducting research on the inclusive local irregularity 
vertex coloring on Dutch windmill graphs because it has never been studied before. 
 

METHODS  

This research uses the axiomatic deductive method and pattern detection method. The 
axiomatic deductive method is defined as a research method that uses a theorem or axiom 
with the principles of deductive proof in mathematical logic to then be used in local 
irregularity vertex coloring on the Dutch windmill graph. While the pattern detection 
method in this study is used to formulate patterns and look for inclusive local irregularity 
chromatic numbers in a Dutch windmill graph.  
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RESULTS AND DISCUSSION  

In this study, the researcher discusses the inclusive local irregularity vertex coloring 
on the Dutch windmill graph and the theorem is generated as follows. 

 
Theorem 1. Given a Dutch windmill graf  ,m nD , with 2m  , and 𝑛 is even, then the 

inclusive local irregularity chromatic number of the graph is  , 3i

lis m nD   

 

Proof. Let  ,m nD  be a Dutch windmill graph with 2m  , and 𝑛 is even, has the vertex set 

     , , ;1 ,1 1m n i jV D y x i m j n        and the edge set 

       , ,1 , , 1 , 1;1 ;1 ,1 2 ;1m n i i j i j i nE D x y i m x x i m j n x y i m              so that the 

cardinality of the vertex and edge set are respectively    , 1 1m nV D n m    and 

 ,m nE D mn . For each  ,m nv V D  if each vertex is labeled with 1, then the neighboring 

vertex will have the same weight, like        , , , 1 3i

i j i j i jw x l y l x l x      and 

       , 1 , , 1 , 2 3i

i j i j i j i jw x l x l x l x       while the vertex ,i jx  and , 1i jx   are neighboring 

vertex. This condition is contrary to the definition where    , , 1

i i

i j i jw x w x   so in the proof 

of this case   2Opt l  . Based on lemma 1 and observation 1, it is known that the lower 

bound of inclusive local irregularity chromatic number of the Dutch windmill graph 

 ,m nD  with  2m  , and n even , is    , , 3i

lis m n lis m nD D   . The upper bound of inclusive 

local irregularity defined by  ,: {1,2}m nl V D  . The labeling function is presented as 

follows. 

 

 

,

1,  for 1 ,  

2,  for 1 ,  

2

i j

i m j odd
l x

i m j even

l y

  
 

  



 

So, if the labels of the neighboring vertex and the own label are added together, the vertex 
weights are obtained as follows: 

 

 

,

4,  for 1 ,  

5,  for 1 ,  

2 2

i

i j

i

i m j odd
w x

i m j even

w y m

  
 

  

 

 

 

From the vertex weights, we get  , 3m nw D   which is the chromatic upper bound of 

the Dutch windmill graph  ,m nD  with 2m  , and n even . Based on the chromatic lower 

bound through observation 1 and the chromatic upper bound through the labeling above, 

obtained  ,3 3i

lis m nD   so that the chromatic number of the Dutch windmill graph 

 ,m nD  with 2m  , and n even  is  , 3i

lis m nD  .∎ 
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1Figure 1. Dutch Windmill Graph 5m   dan 4n   5,4 3i

lis D   

 
Figure 1 is the result of inclusive local irregularity vertex coloring on the Dutch windmill 

graph  5,4D , According to theorem 1, the inclusive local irregularity chromatic number is 

 5,4 3i

lis D  . 

 
Theorem 2. Given a Dutch windmill graf  ,m nD , with 2m  , and 𝑛 is odd, then the 

inclusive local irregularity chromatic number of the graph is  , 4i

lis m nD   

 
Proof. Let  ,m nD  is Dutch windmill graph with 2m  , and 𝑛 is odd, has the vertex set 

     , , ;1 ,1 1m n i jV D y x i m j n        and the edge set

       , ,1 , , 1 , 1;1 ;1 ,1 2 ;1m n i i j i j i nE D x y i m x x i m j n x y i m              so that the 

cardinality of the vertex and edge are respectively    , 1 1m nV D n m    and 

 ,m nE D mn . For each  ,m nv V D  if each vertex is labeled with one, then the neighboring 

vertex will have the same weight, like        , , , 1 3i

i j i j i jw x l y l x l x      and 

       , 1 , , 1 , 2 3i

i j i j i j i jw x l x l x l x       while the vertex ,i jx  and , 1i jx   are neighboring 

vertex. This condition is contrary to the definition where    , , 1

i i

i j i jw x w x   so in the proof 

of this case   3Opt l  . Based on lemma 1 and observation 2, it is known that the lower 

bound of inclusive local irregularity chromatic number of the Dutch windmill graph 

 ,m nD  with  2m  , and n odd , is    , , 4i

lis m n lis m nD D   . The upper bound of inclusive 

local irregularity defined by  ,4: {1,2,3}ml V D  . The labeling function is presented as 

follows. 

 

 

,

1,  for 1 ,  

2,  for 1 ,  

3

i j

i m j even
l x

i m j odd

l y

  
 

  



 

So, if the labels of the neighboring vertex and the own label are added together, the vertex 
weights are obtained as follows: 
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,

4,  for 1 ,  3

5,  for 1 ,  2

6,  for 1 ,  1,4

3 3

i

i j

i

i m j

w x i m j

i m j

w y m

  


   
   

 

 

 

From the vertex weights, we get  , 4m nw D   which is the chromatic upper bound of 

the Dutch windmill graph  ,m nD  with 2m  , and n odd . Based on the chromatic lower 

bound through observation 2 and the chromatic upper bound through the labeling above, 
obtained  ,4 4i

lis m nD   so that the chromatic number of the Dutch windmill graph 

 ,m nD  with 2m  , and n odd is  , 4i

lis m nD  .∎ 

 
 

2Figure 2. Dutch Windmill Graph 6m   dan 5n   6,5 4i

lis D   

 
Figure 2 is the result of inclusive local irregularity vertex coloring on the Dutch windmill 

graph  6,5D , According to theorem 2, the inclusive local irregularity chromatic number is 

 6,5 4i

lis D  . 

 

CONCLUSIONS 

Based on the results and discussion above, two new theorems were obtained regarding 
the topic of inclusive local irregularity vertex coloring of the Dutch windmill graph. While 
the inclusive local irregularity chromatic number of the Dutch windmill graph is as 
follows. 

(i) Inclusive local irregularity chromatic number of Dutch windmill graph  ,m nD , 

with 2m  , and n even  is  , 3i

lis m nD   

(ii) Inclusive local irregularity chromatic number of Dutch windmill graph  ,m nD , 

with 2m  , and n odd  is  , 4i

lis m nD   
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