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ABSTRACT

Let G be a connected graph with vertex set V(G) and edge set E(G). A bijection f from V(G) to the set
{1,2,...,|V(G)|} is a labeling of graph G. The bijection f is called rainbow antimagic labeling if for any two
edge xy and x'y’ in path u — v,w(xy) # w(x'y"), where w(xy) = f(x) + f(¥) and u,v € V(G). Rainbow
antimagic coloring is a coloring of graph G which has a rainbow antimagic labeling. Thus, every rainbow
antimagic labeling induces a rainbow coloring G where the edge weight w(xy) is the color of the edge xy.
The rainbow antimagic connection number of graph G is the smallest number of colors of all rainbow
antimagic colorings of graph G, denoted by rac(G). In this study, we studied rainbow antimagic coloring
and have an exact value of rainbow antimagic connection number of join product of graph ¢ + K; where
G is graph mPB,, graph mS,,, graph mF,, graph mF, and graph mS,, ,,.
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INTRODUCTION

In this paper, we use a simple and connected graphs. The graph definition used in
this study refferes to Chartrand et al. [7]. The join product of graphs G; and G, which is
denoted by G; + G, is the graph with V(G, + G,) = V(G;) U V(G,) and E(G, + G,) =
E(G;) VE(G,) U{xy |x € V(Gy),y € V(G,)} [13]. While rainbow antimagic coloring of
graph is new concept with combining the concept of rainbow coloring and antimagic
labeling of graph. Rainbow coloring was first introduced by Chartrand et al. [8]. Let G be
a connected graph, the edge coloring of G with the function c: E(G) - {1,2,...,k} k € N,
is k-coloring of the graph G where the two adjacent edges can be colored with the same
color. Rainbow u — v path is the path in G if no two edges are the same color. The graph
G is a rainbow connection if every u, v € V(G) has a rainbow path. The edge coloring on
G has a rainbow connection called rainbow coloring. The minimum colors to make G
rainbow-connected is called the rainbow connection number of G and denoted by rc(G).
The research on rainbow connection number has gained many results, including [18]
and [19].
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The study of rainbow coloring has variants including rainbow vertex coloring and
total rainbow coloring. Rainbow vertex coloring was first introduced in [17]. The results
of rainbow vertex coloring are found in [20], [22]. Another variant of rainbow coloring is
total rainbow coloring and the results can be seen in [15] and [23]. Graph labeling was
introduced in [24] by Wallis et al. (2001). Hartsfield and Ringel introduced antimagic
labeling for the first time in [14]. Antimagic labeling has had several results including by
Baca et al. in [2,3,4,5]. Then Dafik et al. has contributed to the antimagic labeling in [11].
In addition, antimagic labeling results can also be found in [9] and [10].

Arumugam et al. [1] initiated the study of combining graph coloring and graph
labeling. The bijective function from edge set E(G) to {1,2,...,|E(G)|} and w(v) =
nyEE(,,)f(xy) and E (v) is the set of edges that are incident to vertices v, for every v €
V(G). The bijective function f if for two adjacent vertices u,v € V(G), w(u) # w(v) is
called antimagic labeling. The coloring of the vertices on G with the vertices of v colored
with w(v) is the local antimagic labeling. If we consider the chromatic number of the
local antimagic labeling, then this notion is called local antimagic coloring. Motivated the
combination done by Arumugam, Dafik et al. in [12] defined the combination of the
concepts of rainbow coloring and antimagic labeling into a new concept called rainbow
antimagic coloring. Dafik et al. determine the theorem about the existence of rainbow
x — y path of any graph of diam(G) < 2.

Theorem 1. Let G be a connected graph of diameter diam(G) < 2. Let f:V(G) —»
{1,2, ..., |V(G)] } be any bijective function. For any u, v € V(G) there exists a rainbow u —
v path.

Rainbow antimagic coloring results have been studied in [6], [12], [16] and [21].
In this study, we studied rainbow antimagic coloring and have an exact value of rainbow
antimagic connection number of join product of graph ¢ + K; where G is graph mp,,
graph mS,,, graph m#,, graph mF, and graph mS,, ,,.

METHOD
To determine the number of rainbow antimagic coloring of graph, we use the
following steps:

1. For any graph G, identify the set of vertices VV(G) and set of edges E (G).

2. Analyze the lower bound of rainbow antimagic connection number (rac) based on
Lemma: rac(G) = max{rc(G),A(G)}.

3. Label the vertices of the graph G with the function: V(G) - {1,2,3,...,|V(G)|}.

4. Determine the edge weight based on the sum of vertex label which incident with the
edge. To calculate edge weight we give the function, w(uv) = f(u) + f(v) for
u,veV(G).

5. Verify that every two vertex in the graph G have rainbow paths. If not, repeat the step

3.

Determine the upper bound of rac(G) from the number of different edge weight.

7. The exact value of rainbow antimagic connection number can be determined if lower
bound is the same with upper bound of rainbow antimagic connection number.

o

RESULTS AND DISCUSSION

In this section, we will show our new results on join product of graphs stated in a
lemma and theorem. First we create a lower bound for the graph mG + K; then use it to
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determine the result of the rainbow antimagic connection number of the graph mP, +
K;, graph mS,, + K, graph, graph mF, + K; and graph mS,, , + K;.

Lemma 1. For m > 3 and G is connected graph, rac (mG + K;) = A(mG + K;).

Proof. The graph mG + K; is the comb product of graphs mG and Kj. It is obtained by
taking m copy of G and one copy of K; and joining the vertex of K; to every vertex in the
m copy of G. V(mG + K;) = V(mG)U V(K;) and E(mG + K;) = E(mG) U E(K;) U
{xy |x € V(mG),y € V(K;)}. By this definition, we have d(y) = A(mG + K;) and
f:v(mG + Ky) - {1,2,3,...,|[V(mG + K;)|} is a bijection function. Since f is a
bijection function we have f(y) # f(x), for every y,x € V (mG + K;) so that for every
yx,yz € E(mG + K;),w(yx) # w(yz). Therefore, rac(mG + K;) = A(mG + K;).
Based on the description above, rac(mG + K;) = A(mG + K;). [ ]

Theorem 2. For n,m > 3, rac(mP, + K;) = mn.

Proof. Let (mB, + K;) be a graph with vertex set V(mPB, + K;) = {xij ,1<i<m 1<
i < n} U {v} and edge set E(mP, + K;) = {vxij,l <i<m1< n} U {x;jxij41,1 <
i < m,1<n-1} The cardinality of V(mP, + K;) is |[V(mP, + K;)| = mn+ 1 and
the cardinality of E(mP, + K;) is |[E(mP, + K;)| = m(2n —1). To have the rainbow
antimagic connection number of mP, + K;, first we need to show the lower bound of
rac(mbP, + K;).Clearly, according to Lemma 1 we have rac (mP, + K;) = mn.

Secondly, to have the exact value we have to show the upper bound of rac(mp, +
Ki). Let f: V(mP, + K;) = {1,2,..., mn+ 1} be a vertex labeling of graph mP, + K;
defined as follows.

fw)y=2m+1
(i , forl1<i<m,j=1
i+j+1 , forl1<i<m,j=3
fi)=12j+i—-1 , forjisodd,1<i<m5<j<n
mn-—i+?2 , for1<i<m,j=2
n—i—j+2 , forjiseven,1<i<m4<j<n
For the edge weights, we have :
2Zm+i+1 , forl1<i<m,j=1
2m+i+j+2 , for1<i<m,j=3
w(vx;j) = 2m + i+ 2j , forjisodd,1<i<m5<j<n
[2m+nm —i—j , forl1<i<m,j=2
2m+mm—i—j+3 , forjiseven,1<i<m4<j<n
mn+ 2 , forjisodd,1<i<m
w(x;jxjjp1) =qymn+n+1 , forjisevenl<i<m,j#n-1
mn+n+2 , forl<i<m,j=n-1

It is easy to see the edge weights of f: V(mP,+ K;) - {1,2,...,mn + 1}
induces a rainbow antimagic coloring of mn colors. Thus rac(mpP, + K;) < mn.
Comparing the two bounds, we have the exact value of rac (mP, + K;) = mn. The last
is to evaluate the existence of rainbow x —y path of mP, + K;. Since diam(mpP, +
K;) = 2, based on Theorem 1, for every two vertices x,y € V(mP, + K;), there exists a
rainbow x — y path. It completes the proof. |
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For an illustration, a rainbow antimagic coloring of graph mP, + K; can be seen
in Figure 1.

&32

Figure 1. A rainbow antimagic coloring of of join product of graph 4Ps + K.

Theorem 3. For n,m > 3, rac(mS, + K;) = mn.

Proof. Let mS, + K, be a graph with vertex set V(mS, + K;) = {v}U {x;,1 < i <
m}U{x;;,1<i<m1<j< n-1}andedgeset E(mS, +K;) = {vxij,l <i<ml1<
j<n-— 1} V) {xl-xij,l <i<ml<j<n-— 1} U{vx;,1 < i<m}. The -cardinality of
V(mS, +K;) is |[V(mS,+K;)|=mn + 1 and the cardinality of E(mS, + K;) is
|[E(mS, + K;)| = 2mn — m. To have the rainbow antimagic connection number of
mS,, + K;, first we need to show the lower bound of rac(msS,, + K;). Clearly, according to
Lemma 1 we have rac (mS,, + K;) = mn.

Secondly, to have the exact value we have to show the upper bound of
rac(mS, + K;). Let f: V(mS, + K;) - {1,2,...,mn + 1} be a vertex labeling of
graph mS,, + K, defined as follows.

fw)=m+2
fxj))=1i , for1<i<m
_(m+1 , fori=m,j=1
f(xif)_{m—i+mj+2 , fori<i<m-12<j<n
For the edge weights, we have :
m+i+1 , fori=m,j=1
W(xixij):{m+mj+2 , forl<i<m-12<j<n
wx)=m+i+2 , forl<i<m
2m+ 3 , fori=m,j=1
W(vxij):{Zm—i+mj+4 , forl<i<m-1,2<j<n

It is easy to see the edge weights of f: V(mS, +K;) - {1,2,....,mn + 1}
induces a rainbow antimagic coloring of mn colors. Thus rac(mS, + K;) < mn.
Comparing the two bounds, we have the exact value of rac (mS,, + K;) = mn. The last is
to evaluate the existence of rainbow x — y path of mS, + K;. Since diam(mS, + K;) =
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2, based on Theorem 1, for every two vertices x,y € V(mS, + K;), there exists a
rainbow x — y path. It completes the proof. |

For an illustration, a rainbow antimagic coloring of graph mS,, + K; can be seen
in Figure 2.

Figure 2. A rainbow antimagic coloring of of join product of graph 4S; + K;.

Theorem 4. Forn,m = 3, rac(m¥, + K;) = 2mn + m.

Proof. Let mF, + K; be a graph with vertex set V(mF, + K;) = {v}u{x;, 1< i< m}u
{xijjl<i<mil<j<nju{y;,1<i<m1<j<n} and edge set E(mF,+K,) =
{xixip1<ismi<j<n}u{xyl<ismi<j<njufvx;1<i<m1<
j<n}u{vy;1<i<m1<j<n} Thecardinality of V(m&F, + K;) is |V (mF, + K,)| =
2mn + m + 1 and the cardinality of E(m®F, + K;) is |[E(mF, + K;)| = 5mn. To have the
rainbow antimagic connection number of m¥,, + K;, first we need to show the lower bound of
rac(m¥F, + K;). Clearly, according to Lemma 1 we have rac(mF, + K;) = 2mn + m.

Secondly, to have the exact value we have to show the upper bound of rac(m%, +
K;). Let f: V(mF,+K;) - {1,2,...,2mn + m + 1} be a vertex labeling of graph
mF, + K; defined as follows.

f(v) =3m
f(x_)_{2m+i , forl<i<m-1
Vo 2m+i+1 , fori=m
( )_{mj—i+m—3 , for1<i<m,j=1,2
F&) = mj—it2m—2 , fori<i<m3<j<n
fij)=2mn+m—-i-mj+6 , forl<i<ml1<j<n
For the edge weights, we have :
Sm+i , forl<i<m-1

W(Uxi)={5m+i+1 , fori=m
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mn+mj—i+1 , forl<i<ml1<j<n-1
W<vxij):{2mn+6—m , fori<i<m,j=n
w(y;)=4mn—i-mj—2 , forl<is<ml<j<n
3m+mj—3 , forl<i<m-1,j=12
dm+mj—2 , forl<i<m-1,3<j<n
w(xixi;) = 3m+mj—2 , fori=m,j=1,2
3m+mj—1 , fori=m3<j<n
2mn +3m —mj+ 6 , forl<i<m-1,1<j<n
W(xiyij):{Zmn+3m—mj+7 , fori=m,1<j<n
3mn—-2i—1 , for1<i<m,1<j<n
W(xijyij):{Smn—2i+4 , fori<i<m,j=n

It is easy to see the edge weights of f: V(mF, + K;) = {1,2,....2mn+m + 1}
induces a rainbow antimagic coloring of mn colors. Thus rac(m¥, + K;) < 2mn + m.
Comparing the two bounds, we have the exact value of rac(m¥, + K;) = 2mn + m.
The last is to evaluate the existence of rainbow x —y path of m#, + K;. Since
diam(mF, + K;) = 2, based on Theorem 1, for every two vertices x,y € V(m&F, + K;),
there exists a rainbow x — y path. It completes the proof. [

For an illustration, a rainbow antimagic coloring of graph m¥,, + K; can be seen
in Figure 3.

Figure 3. A rainbow antimagic coloring of join product of graph 4F; + K;.

Theorem 5. Forn,m = 3, rac(mFE, + K;) = mn + m.

Proof. Let mF, + K; be a graph with vertex set V(mF, + K;) ={v}u{x;, 1 <i<m}u
{(xijpl<j<m1<j<nj and edge set E(mE,+K;)={vx;,1<i<m}u
{vxjj,1<i<mi1<j<njufnx,1<i<ml1<j<n}u{x;xj,1<i<mlc<

Jj < n—1}. The cardinality of V(mE, + K;) is |V(mF, + K;)| = mn + m + 1 and the
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cardinality of E(mF, + K;) is |E(mF, + K;)| = 3mn. To have the rainbow antimagic
connection number of mF, + K;, first we need to show the lower bound of rac(mk, +
K;). Clearly, according to Lemma 1 we have rac (mF, + K;) = mn + m.

Secondly, to have the exact value we have to show the upper bound of rac(m#g, +
Ky).Letf: V(mFE, + K;) » {1,2,..., mn + m + 1} be a vertex labeling of graph mFE, +
K, defined as follows.

f)=2m+ [}

2m+i, for1<i<[%-1
flx) = ] " _

2m+i+1 , for [7]3157”

mn+2m—i—j([§]) , foriisodd,1<i<m,1<j<n
fO) =1 oy N . .
]([7])_l+1 , foriiseven,1<i<m,1<j<n
For the edge weights, we have:

o) 4m + 2] +i , for1<i<|?-1

4m+[§]+i+1 , for [?]SiSm
mn+4m—i—j([§])+[§] , foriisodd,1<i<m,1<j<n
W(”xij)= R m .. . .
2m—l+]([?])—[7] , foriiseven,1<i<m,1<j<n

rmn+4m—j([§]) , foriisodd,lSiS[?]—1,1Sj£n
mn+4m—j([§])+1 , foriisodd,[%]SiSm,lstn

w(x;x;;) =<
(ll]) 2m+j([%])+1 , foriiseven,lSiS[g]—l,lstn

L2m+j([%])+2 , foriisodd,lsis[%]—1,131'371
( )_{mn+m—2i+7 , foriisodd,1<i<m,1<j<n
WXijXij+1) = \mn = 2i + 7 , foriiseven,1<i<m,1<j<n

It is easy to see the edge weights of f : V(mF, + K;) - {1,2,.... mn+m + 1}
induces a rainbow antimagic coloring of mn + m colors. Thus rac(mF, + K;) < mn +
m. Comparing the two bounds, we have the exact value of rac(mF, + K;) = mn + m.
The last is to evaluate the existence of rainbow x —y path of mF, + K;. Since
diam(mF, + K;) = 2, based on Theorem 1, for every two vertices x,y € V(mFE, + K;),
there exists a rainbow x — y path. It completes the proof. ]

For an illustration, a rainbow antimagic coloring of graph mF, + K; can be seen
in Figure 4.
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Figure 4. A rainbow antimagic coloring of join product of graph 4F; + K;.

Theorem 6. Forn,m = 3, rac(mS,,, + K;) = 2mn + m.

Proof. Let mS,, + K, be a graph with vertex set V(mS,, + K;) = {v} U{x;,y;,1< i <
m}U{x;;,yi,1 <j<m,1<j<n}and edge set E(mFE, + K;) = {vx;,vy;, x;y;,1 < i <
myu {vx;;,vy;;, 1 <i<m1<j<n}u{xx;,yy;l1<i<m1<j<nl The
cardinality of V(mS,, , + K;) is |V(mS,, + K1)| = 2mn + m + 1 and the cardinality of
E(mS,, +K;) is |E(mS,, +K;)| =3m+4mn. To have the rainbow antimagic
connection number of mS,, + K;, first we need to show the lower bound of
rac(mSy,, + K1). Clearly, according to Lemma 1 we have rac (mS,,, + K;) = 2mn + m.

Secondly, to have the exact value we have to show the upper bound of
rac(mSyn, + K1). Let f : V(mS,, + K1) > {1,2,...,2mn + m + 1} be a vertex labeling
of graph mS,, ,, + K; defined as follows.

fw)y=mn+ m+1
fx))=mn+m+i+1 , forl<i<m
fy))=mn+i , forl<i<m
flxij)=G—-Dn+j , fori<i<mi1<j<n
flyij)=mn+2m+(G-Dn+j+1 , forl<i<m1<j<n

For the edge weights, we have:

wx)=2mn+m+i+2 , forl1<i<m
wy) =2mn+m+i+1 , forl<i<m
W(vxl-j)=mn+m+(i—1)n+j+1 , for1<i<m1<j<n

W(vyij)=2mn+3m+(i—1)n+j+2 , for1<i<m1<j<n
wlky) =2mn+m+2i+1 , forl<i<m
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W(xl-xl-j)=mn+m+i+(i—1)n+j+1 , for1<i<m1<j<n
w(yyij)=2mn+2m+i+(-Dn+j+1 , forl<i<ml1<j<n

It is easy to see the edge weights of f : V(mSn‘n + Kl) - {12,....2mn + m + 1}
induces a rainbow antimagic coloring of 2mn + m colors. Thus rac(mS,, + K;) <
2mn + m. Comparing the two bounds, we have the exact value of rac (mS, , +K;) =
2mn + m. The last is to evaluate the existence of rainbow x —y path of mS,, + K;.
Since diam(mS,, + K;) = 2, based on Theorem 1, for any two vertices x,y €
V(mS,, + K;), there exists a rainbow x — y path. It completes the proof. ]

For an illustration, a rainbow antimagic coloring of graph mS, , + K; can be seen in
Figure 5.

Figure 5. A rainbow antimagic coloring of join product of graph 453 ;3 + K;

CONCLUSIONS

We studied rainbow antimagic coloring of join product graph ¢ + K; where G is
mPB,, mS,, mF,, mF,, mS, ,. This research generates a lower bound of rainbow antimagic
connection number for the joint product of graph ¢ + K; and based on the lower bound,
we have the exact value of rainbow antimagic connection number of graph mP, + K3,
mS, + K;, mF, + K;, mF, + K; and graph mS,, , + K;. Based on these results, rainbow
antimagic connection number of joint product of graphs G + K; depends on maximum
degree of G + K;.

However, if is not a graph Kj, it is still difficult to determine the exact value of the
rainbow antimagic connection number. Therefore, this study raises an open problem.
Determine the rainbow antimagic connection number of join product of graph G + H
where H is not a graph Kj.
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