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ABSTRACT

This paper relates the representation of all basis elements of five-dimensional nonstandard
Filiform Lie algebra in matrix forms to its Lie bracket computations and its Lie group
representation which is constructed by using these matrix forms. The basis elements of its Lie
algebra in matrix forms are considered easier to determine the representation of five-
dimensional Filiform nonstandard Lie group using the orbit method initiated by Kirillov. The
purpose of this paper is to determine the representations of all basis elements of five-
dimensional nonstandard Filiform Lie algebras in 5 X 5 real matrix forms. The computation
algorithms of this representation were constructed by following Ceballos, Nufiez, and Tenorio’s
work. The study shows that the basis elements of the five-dimensional nonstandard Filiform Lie
algebra can be represented in five 5 X 5 real matrix forms. This implies that each element of
five-dimensional Filiform Lie algebra can be also representated in this matrix forms. The result is
in line with the Lie bracket calculations and is significant in representing its Lie group. This
research is significant in light of represntation theory of a Lie algebra and its Lie group. Better
construction of Lie group representations in the term of matrices can be considered as an easier
model in the orbit method. For further research, it can be extended to case of six-dimensional or
higher dimensional Filiform Lie algebras both standard and nonstandard types.
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INTRODUCTION

They are saveral type of Lie algebras such as Frobenius Lie algebras, contact Lie
algebras, nilpotent Lie algebras, solvable Lie algebras, and Filiform Lie algebras. The
notion of a Filiform Lie algebra corresponds to its nilindex. Roughly speaking, a nilindex
of a Lie algebras g is the integer k such that g* = {0} but g*~! # {0}. A Lie algebra g is
called Filiform if its nilindex is equal to dim g — 1. The familiar example of Filiform Lie
algebra is 3-dimensional Heisenberg Lie algebra b; with its nilindex equals 2. The best
the best model to understand a representation theory using the orbit method. All
elements of h; are represented in matrix forms. This makes easier computations in
representations of its Heisenberg Lie group. The popular representation of its Lie group
is known as Schrodinger representation. Initiated from this results, we extend to case of
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five-dimensional Filiform Lie algebras. The obtained matrix forms as realization of
elements basis will be applied for representation of its Lie group. That is why this
research is important to represent all elements of basis of five-dimensional Filiform Lie
algebras in matrix forms.

Some researchers classified the Filiform Lie algebra up to the dimension
7([1],[2]). The 3-dimensional Filiform Lie algebras are known as the Heisenberg Lie
algebra b3 as mentioned above and it has been widely studied as the best model or the
best example of representation theory of Lie algebras and their Lie groups, especially
the Schrodinger representation ([3]-[8]). Better computations are realized all elements
of basis in matrix forms. In the case of four-dimensional standard Filiform Lie algebras,
the representation of their Lie groups have been obtained. It is also proved that its
representation of 4-dimensional Filiform Lie group 1is a square-integrable
representation. Therefore, it is obtained the Duflo-Moore operator [9]. Furthermore, the
unitary irreducible representation of Lie groups of the five-dimensional standard
Filiform Lie algebra has also been obtained by means of the orbit method [10]. We
emphasize that the classification of Filiform Lie algebra up to dimension six has been
classified by [2] and classification of Filiform Lie algebra up to dimension seven has been
obtained by ([1], [11], [12]). To the best of author’s knowledge, there is none of
researcher has yet classified the Filiform Lie algebra with dimension more than seven.

The study of Filiform Lie algebra is very important since it corresponds to
another type of Lie algebras. For example, Filiform Lie algebras correspond to nilpotent
Lie algebras [13]. Some properties of Filiform Lie algebras are still open to be explored.
For example, there is notion of invariant of Filiform Lie algebra [14]. Some Filiform Lie
algebras can be also extended to Frobenius Lie algebras by computing their split torus
[15].

Different from previous results, this study aims to realize the basis elements of
five-dimensional Filiform Lie algebra in real matrices 5 X 5 forms. We sharp the result in
[2] with more direct computations by following the algorithm’s Ceballos in our
computations. The result is the same as the calculation obtained by Ceballos [2].
Moreover, the obtained matrix forms will be useful when one computes its five-
dimensional Filiform Lie group representation via orbit method.

METHODS

We apply literature study for the research method, especially the study of
Filiform Lie algebra and matrix representation. For a given the nonstandard filiform Lie
algebra, we follow the algorithm’s Cheballos to compute representations of its all basis
elements. We also proved that the Lie algebra with certain Lie brackets in this paper is
nilpotent and nonstandard Filiform. Before going into the discussion, we introduce the
theoretical foundations used in this study as follows. We introduce some notions of Lie
algebras, nilpotent Lie algebras, and Filiform Lie algebras.

Definition 1 [1] Let g be a vector space over a field F. The vector space g is called a Lie
algebra if g equip the bracket product [-,-] and it satisfies the following three properties
1. Bilinearity: [u+v,w]=[uw]+[v,w]; [u,v+w]=[uv]+[uw] [aupfv]=
afBlu,v], Va,B € F, Vu,v,w € g.
2. Anti-commutative: [v,u] = —[u,v],Vu,v € g.
3. Jacobi Identity: [u, [v,w]] + [v, [w,u]] + [w, [u,v]] =0, Vu,v,w E g.

Definition 2 [1] Let g be an n-dimensional Lie algebra. The lower central series on g is
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defined as follows

C'(g) = 6,C%(g) = [C'(g), 8], C3(9) = [C%(g), 4], -..C*(9) = [€**(a), g, ... (1)

and g is called nilpotent if there exist k € N such that C*(g) = {0}.

Definition 3 [2] An n-dimensional nilpotent Lie algebra g is called Filiform if its lower
central series (1) satisfy the following

dimC'(g) = n,dimC?(g) =n—2,dimC3(g) =n—3,..,dimC"(g) = 0 (2)

Definition 4 [2] A basis {X;}{~, of an n-dimensional Filiform Lie algebra g is called
adapted basis if it verifies the following relations

[X1, Xn] = Xn-1, for3<h<n;
[X2, Xr] =0, fori<h<n;
[X3,Xr] =0, for2 <h<n.

Definition 5 [2] A Filiform Lie algebra called standard Filiform Lie algebra if the bracket
product only [Xy,X] = Xy_4, for 3 < h < n. Otherwise, it is called nonstandard Filiform
Lie algebra.

RESULTS AND DISCUSSION

In this section, let g be a five-dimensional Lie algebra and let 8B =
{X1,X,,X3,X4,Xs} be a basis for g. The Lie bracket of g is defined as usual by
multiplication matrices [X;,X;| = X;X; — X;X;, VX;,X; €g. In this case, we have the
nonzero Lie bracket of g written as the following forms

[
[

[
[X4,

IS
> Bq B B

=X
] = X3' (3)
=X
1=x

z (4)
Property 1. Let g = span{X;,X,, X5,X,,Xs} be a five-dimensional Lie algebra whose
brackets were given by the equations (3) and (4). Then g is a five-dimensional nilpotent Lie
algebra.

Proof. To prove this statement, we apply the lower central series of g as given in
equation (1). To prove the nilpotency of g, we shall show there exists k, € N such that
cko(g) = {0}. By direct computation we have

Fork = 1,thenC'(g) = g
[€'(8),9] = span{[u, v]|u € g, v € g} = span{Xy, X3, X,}.
[
[

For k = 2, then C?(g)
For k = 3, then C3(g)
For k = 4, then C*(g)

C%(g),g] = span{[u, v]|u € g%, v € g } = span{X,, X3}.
€3(9), g] = span{[u, v]|u € ¢, v € g} = span{X,}.
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For k = 5, then C°(g) = [ C*(g), g] = span{[u, v]|u € ¢*,v € g } = span{0} = {0}.

Thus, we find k, = 5 € N such that ¢°(g) = {0}. In other words, g is five-dimensional
nilpotent Lie algebra.

[ ]

Moreover, the five-dimensional Lie algebra defined by the Lie brackets in
equation (1) is a five-dimensional nonstandard Filiform Lie algebra. Formally, we have
the following property.

Property 2. Let g = span{X;, X,, X3, X4, X5} be a five-dimensional nilpotent Lie algebra
whose brackets were given by the equation (3) and (4). Then g is a five-dimensional
nonstandard Filiform Lie algebra.

Proof. To prove the above statement, we cite the Definition 3 to show that the
dimension of nilpotent Lie algebra in their lower central series satisfy the equation given
in equation (2). It follows from the Property 1 that:

Fork = 1,dimC*(g) = dimg = 5.

For k = 2,dim €?(g) = dim g% = dim span{X,, X5,X,} =5—2 = 3.
For k = 3,dim €3(g) = dim g3 = dimspan{X,, X3} =5—3 = 2.
For k = 4,dim C*(g) = dim g* = dimspan{X,} =5 —4 = 1.

For k = 5,dim €°(g) = dim g° = dimspan{0} =5 —5 = 0.

Therefore, g is five-dimensional Filiform Lie algebra. But since we have [X,, X5] =
X,, then g is five-dimensional nonstandard Filiform Lie algebra.
[

From now we denote the five-dimensional nonstandard Filiform Lie algebra by
gri- Furthermore, we shall discuss representation of basis elements B =
{X1, X2, X3, X4, X5} of gg;) realized in the form of 5 X 5 real matrices. We follow the result
in [2]. Although the result was obtained by [2], but we provide clearer proof in our own
way. We compute directly the realization of elements of 8B in the form of 5 X 5 real
matrices. Formally we have the result written in Proposition 1.

Definition 3 [2]. Let g5 be the set of all 5 X 5 strictly upper triangular matrices given as
follow:
0 e2 e3 €14 €5
[O 0 e33 ez4 ez,s]
g5 = Span< gs(ers)=[0 0 0 e, ess|lers€ER1I<r<s<5
0 0 0 0 eys
0 O

0 0 0

and Bs be a basis of g5 given as follow:
L&) =@s)
Bs = {Ei,j = gs(eys) Egslej = { }

0,(&,)) # (r,s)

Thus, basis elements of B = {X;, X, X3, X4, Xs} of g represents as linear combination
of matrices E;; in Bs. We construct matrix representation of elements basis of five-
dimensional nonstandard Filiform Lie algebra g;; using algorithm introduced in [2] and
the computing assisted by the program Maple 18. The algorithm shown as follows:
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1. Define vectors basis of g; as linear combination of vectors in Bs
X = Z AYE;j, untuk1 < h <5. )

1<i<j<5
2. Next, impose the bracket given in (3), then resulting following relations.
3. After solving the result system of equations in step 2, solve the new system of
equations obtained when imposing the rest nonzero bracket in the law of gy,
given by (3) and (4).

Next, for the matrices representations of basis elements of g¢;;, the main result of
our discussion in this section, we will prove the Proposition 1 as follows.

Proposition 1[2]. Let gy;; be the five-dimensional nonstandard Filiform Lie algebra with
basis B = {X,, X;, X3, X4, X5} and nonzero bracket of g¢;, be given by (1) and (2). Then the
representation of all basis elements of gy, is realized in the following 5 X 5 real matrix
forms.

( 010 0 0 000 0 1 000 0 0
' /00100\ /00000\ /00001\
4X1=|00010|,X2=|00000|,X3=|00000|,X4
L\ooooo/ 00000/ \00000
000 0 0 000 00 000 00
000 10 0 0 0 0 0\)
000 00 000 10
=lo o o0 0 1|,xx=[0 0o 0o 0 o]}
0 00 0O 00001J
000 0O 000 0O

Proof. We give more computations to prove this propostion. However, we follow the
algorithm of Chebalos [2] to compute this representation directly. To represent basis
elements of gs;;, we use the algorithm given above as follows. Let g5 five-dimensional

L)) =(s)
0,(i,j) # (r,s)
gs, and gz = span{X;, X,, X5, X4, X} with nonzero bracket given in (3) and (4). The
lower central series of gs and gf;; are compatible shown as follows.

Cl(gfil) = (X1, X5, X3, X4, X5) € 61(95) = <91,2» €1,3,€14,€15,€23,€24,€25,€34,€35, 94,5)

Cz(gfil) = (X2, X3,X,) € C*(g5) = (€13,€14,€15 €24,€25 €35)

Cg(gfil) = (X, X3) S C3(gs) = (€14, €15 €25)

C4(9fil) = (X3) € C*(gs5) = (e15)

c5(gsu) = (0) € C5(gs) = (0)

Filiform Lie algebra, with B; = {Ei,j = gs (em) € gg |el-,j = { } as basis of

When applying step 1 and step 2, the following vectors obtained.
Xy = AMe1z + Ajzers + -+ A35e35 + Ayseus
Xy = /15,591,5
X3 =23 014+ A se15 + B sezs (6)
Xy = 7111},331,3 + 7111*,461,4 + 1‘1},591,5 + 13,492,4 + /1‘2},532,5 + Ag,ses,s
X5 = 25,01, + 233013 + -+ A35e35 + A5 5€45
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under the following relations.

{/1} 2= /1%,2»/1%,3 = /1% 3»/1%4 = /1%,4’)&,5 = A%,s»ﬂ%s = 1%311%,4 =

Az 4;1%,5 = A%,S;Aé, 13 4 Aé,s = /1:%;,5’1411»,5 = /1411,5’/1%,5 =

/11,2/12,3/11 4/145; 5~ 3/11,2/12,313,4/1};,5 + 3/1;2/13,3/%,4/1};,5

/152/1%,3/1 4/14 57 /12,4 = /11,2/1%,3/13,4 - 2/1%,2/13,3/%,4 + /15,2/1 3/13 4,@,5 =

Mol 3855 + A o5 405 5 + A1 343405 s — 2(A1 245323 5 + 41223 4405 +
a3 adis) + A3 2453485 + A3 245 4405 + A3 343 4 2% s, Bs= 7
A s A5 s — 205305 1AL s + A5 5L 4 AL s, A5 = 21,255 — )
232253, 284 = M A5 4 + M 3234 — 30054 — A3 3234, 415 = A1,A55 +
MaA3s + Madis — 13255 — 833455 — A adis, Asa = A5 3434 —

153034, 455 = A53055 + A3 4055 — A3 3055 — AisAas 435 = 43,455 —

/15 4%,5#15 1,2 = /1?,2'/1?,3 = /15,3;/15,4 = /15,4» /12,4 = /13,4' /1;,5 = /13,5'/13,4 =

/13 'y /12, /13 5 /12,5 = /12,5}

Thus, we get the new vectors as follows:

Xy = Ajge1; + Ajze13+ -+ A3se35 + Ayseqs

X, = /1%,591,5

X3 =2 4e14 + A se15 + 435655

Xy = 213613+ AT 014+ 21515+ A35e,5 + Assess

Xs = A3,e12+ Aze13+ A3 010+ Asers + A3 ,e04 + A5 5€05
+A35e35 + A35€45

(8)

Next, for step 3 we impose the nonzero bracket given in (3) and (4) to vectors in
(8), then solve the new obtained system of equations with Maple 18, resulting many
sets of solutions. We choose one set of solution, shown as follows.

= Mo 2ls = Mo 2l = A Mg = s 2L = 245,23, =
/1%,4’ /1% 5= /12 5’/1§4 = /13 4 /131< 5= )13,5:/1};,5 = )14,5:)11,5 =
/1% 2233034055434 = 0,41 5 = Al 2453435 + A1 2254455 —

14 sA1 22 + 11,323,424,5 - 5)%,51%,2/1 313 4'33,5 = /1%,3/154/12,5'/1‘1},3 =
0, 7114 - 11,2/13,4 + %’1 2/1 3/13 4:/115 - (EA 2/1 3/1 4/1%,5 +
2/11,213,4/13,5 — MpA35854 + 2203054455 + 241 4434255 —
271%,411,515 ): A‘} =1 315 + 11,412, 14 5/14 s’lg,s =23 414 5’11 2=

(9)

5 _ 1112(123134 /124) 5 5
0’ 11,3 - A Al 4 AZ, AZ 4 /12, )’2 5 /13 4 =

2 23,
0, Ag,s = 23,5;/145;,5 = /14,5}
Furthermore, we choose the values of A as follows,
112—/1%3 :/1%4:/1 4—145 =1 dan )L13—)L 4—_/115_/1 4—125—/135—145—
314 —115 = /125 —135 =

Moreover we substitute the values of A to the equation (8) such that resulting X;
matrices as follows :
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1\ 0
0 0

0,X;=1]0
0 \0
0 0

0
0

0\
0
0,Xx,=1]0
0 \o
0 0

0
1

0 ,X4:
0
0

[« M e e N i)
(=N e e Ne i w)
(el el e Ne i)

—  ~r—
coocoo
cooco o
cocoocococoocococoo
coocoR OO COR
cCoORrRrO0OO0OO0OOR O
cocooco o
coocoo
cooRrRoOOOCOO
OR OO0 OO0 O0O0O O
N~—————"cocococo o

as desired.

Thus, matrices representations of basis elements of five-dimensional
nonstandard Filiform Lie algebras gf;; can be written as linear combination given by the
following matrix :

0 a1 0 a; a,
/O 0 a; as a3\
X=[0 0 0 a a,l|€gs withay,ayasa,as€R.
00 0 0 a
0

0 0 0 O

As discussion, for future research there is interesting to investigate another
property of a Filiform Lie algebra. Specially for case even dimensional Filiform Lie
algebra, one can study the notion of symplectic structure and non-degenerate ([16],
[17]). In case, a Filiform Lie algebra can be extended to a Frobenius Lie algebra, one can
observe the notion of principal element ([18]-[20]).

CONCLUSIONS

It has been proven that the five-dimensional Filiform Lie algebras is nilpotent. Moreover,
we obtain the representation of basis elements B = {X;,X,, X3, X4, Xs} of the five-
dimensional nonstandard Filiform Lie algebra gf; in the form of 5 X 5 real matrices
which is shown as follows :

( 0100 0 0000 1 0000 O
/00100\ /ooooo\ /00001\
X=|o o0 1 0|X=|0000o0|X=|l0o0o0 0 0x
l 0000 O 0000 O 0000 O
0000 0 000 0 0 0000 0
000 10 00000
00000\‘ 00010\‘
={o 0o 0 0 1,x;=l0o 0 0o 0o o}
00000/ 00001/

0000 0 000 0 0/)
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As discussion, other researchers can study more about gg; five-dimensional
nonstandard Filiform Lie algebra especially in case of wunitary irreducible
representations of its Lie group. Namely, the obtained five real matrices can be applied
to find the unitary irreducible representation of the Lie group of gs;. The other cases,
this research can be extended to a higher dimension of Filiform Lie algebras and their
constructions of its unitary irreducible representations of Lie groups.
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