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 ABSTRACT  

In this paper, we start with the concept of 𝐵-algebras, commutative 𝐵-algebras and fuzzy ideal in                          
𝐵-algebras. We also study about multipolar intuitionistic fuzzy ideal. We explain the notion of 
multipolar intuitionistic fuzzy positive implicative ideal in 𝐵-algebras and some characterizes. In 
addition, we examine some theorems and proportions which contain the conditions for a 
multipolar intuitionistic fuzzy set become a multipolar intuitionistic fuzzy positive implicative 
ideal in 𝐵-algebras. One of the result is a multipolar intuitionistic fuzzy set (ℓ̂, �̂�) over commutative 

𝐵-algebra 𝑋 is a multipolar intuitionistic fuzzy positive implicative ideal (ℓ̂, �̂�) over commutative 

𝐵-algebra 𝑋 if and only if (𝑥 ∗ 𝑦) ∗ 𝑧 = 0 implies ℓ̂(𝑥) ≥ inf {ℓ̂(𝑦), ℓ̂(𝑧)}  and �̂�(𝑥) ≤

𝑠𝑢𝑝{�̂�(𝑦), �̂�(𝑧)}, for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

Keywords: B-algebras; commutative B-algebras; multipolar intuitionistic fuzzy set; multipolar 
intuitionistic fuzzy ideal; multipolar intuitionistic fuzzy positive implicative ideal 
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INTRODUCTION 

One of the topics in mathematics is about algebraic structure. An essential idea of 
algebraic structure about 𝐵𝐶𝐾-algebras was proposed by Imai and Iseki [1] in 1966. In 
thats year, Iseki [2] also give the new concept of 𝐵𝐶𝐼-algebras which is generalization 
from 𝐵𝐶𝐾-algebras. A 𝐵-algebras which satisfies some properties of 𝐵𝐶𝐾-algebras and 
𝐵𝐶𝐼-algebras was introduced by Neggers and Kim in [3]. They also discussed some 
properties of 𝐵-algebras.  

Not only algebraic structure, fuzzy is the most valuable topics in mathematics. The 
terminology of fuzzy set was proposed by Zadeh [4]. A bipolar fuzzy set as generalized of 
fuzzy set was intoduced in [5]. By two concepts, many researchers combine that two 
concepts into a new research. Meng [6] constructed fuzzy implicative ideals in                  
𝐵𝐶𝐾-algebras. Jun et al studied fuzzy 𝐵-algebras [7]. Moreover, Ahn and Bang [8] 
discussed about fuzzy 𝐵-subalgebras in 𝐵-algebras.  

The researchers also develop the concepts of fuzzy into bipolar fuzzy or multipolar 
fuzzy. In addition, Muhiuddin and Al-Kadi [9] studied bipolar fuzzy 𝐵𝐶𝐼-implicative ideals 
of 𝐵𝐶𝐼-algebras. In the next year, they also studied about bipolar fuzzy implicative ideals 
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in 𝐵𝐶𝐾-algebras [10]. They investigated the properties between a bipolar fuzzy ideal and 
bipolar fuzzy implicative ideal. A multipolar fuzzy sets which is the generalize of bipolar 
fuzzy set was introduced in [11]. Furthermore, the concept of 𝑚-polar fuzzy ideals of 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebras were discussed in [12]. In the same year, Borzooei et al in [13] 
introduced about multipolar fuzzy 𝑝-ideals of 𝐵𝐶𝐼-algebras and investigated some 
properties.  

In other hand, the researchers also studied about intuitionistic fuzzy set. Attanasov 
[14] introduced the new notion about intuitionistic fuzzy set. The researchers also 
combine this with the concept of multipolar fuzzy and algebraic structure. So, the concept 
of multipolar intuitionistic fuzzy set with finite degree and its application in            
𝐵𝐶𝐾/𝐵𝐶𝐼-algebras was introduced by [15]. Then, the concept of multipolar intuitionistic 
fuzzy 𝐵-algebras was proposed by Borzooei et al in [16]. They gived the concept of simple            
𝑚-polar fuzzy set and 𝑚-polar intuitionistic fuzzy subalgebras of 𝐵-algebras. Recently, the 
new structure of multipolar intuitionistic fuzzy ideal in 𝐵-algebras was introduced by 
Amigo et al in [17]. They discussed some properties of that. 

In this paper, we continue the last concept from Amigo et al [17]. So, we study the 
concept of multipolar intuitionistic fuzzy positive implicative ideal in 𝐵-algebras and 
investigated some related characterizes. Furthermore, we prove the conditions for 
multipolar intuitionistic fuzzy set to be a multipolar intuitionistic fuzzy positive 
implicative ideal. 

In the first, we begin with definitions and propositions in 𝐵-algebra and 
commutative 𝐵-algebra which are helpful to our main results. Then, we give the 
definitions of fuzzy ideal in 𝐵-algebras too. 
 
Definition 1.1 [18] A 𝐵-algebra is a non empty set 𝑋 with 0 as identity element (right) 
and a binary operations ∗ satisfying the following axioms:  
i. 𝑎 ∗ 𝑎 = 0, for all 𝑎 ∈ 𝑋.   

ii. 𝑎 ∗ 0 = 𝑎, for all 𝑎 ∈ 𝑋. 
iii. (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑐 ∗ (0 ∗ 𝑏)), for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 

 
First, we define a partial ordering relation " ≤ " on 𝑋 by 𝑎 ≤ 𝑏 if and only if                     

𝑎 ∗ 𝑏 = 0 for all 𝑎, 𝑏 ∈ 𝑋 ([16]). Then, we give some example of 𝐵-algebra and 
proporsition of 𝐵-algebra. 

 
Example 1.2 [18] Let 𝑋 = {0, 𝑎, 𝑏, 𝑐} be a set with Cayley table as follows: 

 
                                      Table 1: Cayley table for (𝑋;∗ ,0) 

∗ 𝟎 𝒂 𝒃 𝒄 
𝟎 0 0 𝑏 𝑏 

𝒂 𝑎 0 𝑐 𝑏 
𝒃 𝑏 𝑏 0 0 
𝒄 𝑐 𝑏 𝑎 0 

 
Then, (𝑋;∗ ,0) is a 𝐵-algebra. 
 
Example 1.3 [18] Let (ℤ; −,0) with ′′ − ′′ be a substraction operations of integers ℤ. Then, 
(ℤ; −,0) is a 𝐵-algebra. 
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Example 1.4 [17] Let (ℝ+ − {0};∗ ,1) with ′′ ∗ ′′ be a binary operation of ℝ+ − {0} defined 
by 

𝑎 ∗ 𝑏 =
𝑎

𝑏
 . 

Then, (ℝ+ − {0};∗ ,1) is a 𝐵-algebra. 
 
Proposition 1.5 [19] If (𝑋;∗ ,0) is a 𝐵-algebra, then  
i. (𝑎 ∗ 𝑏) ∗ (0 ∗ 𝑏) = 𝑎, for all 𝑎, 𝑏 ∈ 𝑋. 

ii. 𝑎 ∗ (𝑏 ∗ 𝑐) = (𝑎 ∗ (0 ∗ 𝑐)) ∗ 𝑏, for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 

iii. If 𝑎 ∗ 𝑏 = 0 then 𝑎 = 𝑏, for all 𝑎, 𝑏 ∈ 𝑋. 
iv. 0 ∗ (0 ∗ 𝑎) = 𝑎, for all 𝑎 ∈ 𝑋. 
v. (𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐) = 𝑎 ∗ 𝑏, for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 

vi. 0 ∗ (𝑎 ∗ 𝑏) = 𝑏 ∗ 𝑎, for all 𝑎, 𝑏 ∈ 𝑋. 
vii. 𝑎 ∗ 𝑏 = 0 if and only if 𝑏 ∗ 𝑎 = 0, for all 𝑎, 𝑏 ∈ 𝑋. 

viii. If  0 ∗ 𝑎 = 0 then 𝑋 contains only 0, for all 𝑎 ∈ 𝑋. 
 

After that, we also give the concept of commutative 𝐵-algebra such as the 
definition, example, and proposition. 
 
Definition 1.6 [19] A 𝐵-algebra (𝑋;∗ ,0) is said commutative 𝐵-algebra if 
 

𝑎 ∗ (0 ∗ 𝑏) = 𝑏 ∗ (0 ∗ 𝑎) 
for all 𝑎, 𝑏 ∈ 𝑋. 
 
Example 1.7 [17] Let (ℤ; −,0) with ′′ − ′′ be a substraction operations of integers ℤ. Then, 
(ℤ; −,0) is a commutative 𝐵-algebra. 
 
Proposition 1.8 [19] If (𝑋;∗ ,0) is a commutative 𝐵-algebra, then  
i. (0 ∗ 𝑎) ∗ (0 ∗ 𝑏) = 𝑏 ∗ 𝑎, for all 𝑎, 𝑏 ∈ 𝑋. 

ii. (𝑐 ∗ 𝑏) ∗ (𝑐 ∗ 𝑎) = 𝑎 ∗ 𝑏, for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 
iii. (𝑎 ∗ 𝑏) ∗ 𝑐 = (𝑎 ∗ 𝑐) ∗ 𝑏, for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 
iv. (𝑎 ∗ (𝑎 ∗ 𝑏)) ∗ 𝑏 = 0, for all 𝑎, 𝑏 ∈ 𝑋. 

v. (𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑑) = (𝑑 ∗ 𝑐) ∗ (𝑏 ∗ 𝑎), for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑋. 
 

Not only about 𝐵-algebra and commutative 𝐵-algebra, we explain some concept of 
ideal in 𝐵-algebra and subalgebras too. 
 
Definition 1.9 [18] Let (𝑋;∗ ,0) be a 𝐵-algebra. A non empty subset 𝐼 of 𝑋 is called ideal 
of 𝑋 if it satisfies: 
i. 0 ∈ 𝐼. 

ii. If 𝑏 ∈ 𝐼 and 𝑎 ∗ 𝑏 ∈ 𝐼 then 𝑎 ∈ 𝐼, for all 𝑎, 𝑏 ∈ 𝑋. 
  
Example 1.10 [18] Let 𝐼 = ℤ+ ⋃ {0} be a subset of 𝐵-algebra (ℤ; −,0), then 𝐼 is ideal of ℤ. 
 
Definition 1.11 [20] Let (𝑋;∗ ,0) be a 𝐵-algebra. A non empty subset 𝐼 of 𝑋 is called 
positive implicative ideal of 𝑋 if it satisfies: 
i. 0 ∈ 𝐼. 

ii. If ((𝑎 ∗ 𝑏) ∗ 𝑐) ∈ 𝐼 and (𝑏 ∗ 𝑐) ∈ 𝐼 then (𝑎 ∗ 𝑐) ∈ 𝐼, for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 
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Let (𝑋;∗ ,0) be a 𝐵-algebras. A non empty subset 𝐼 of 𝑋 is called subalgebras                                  
(𝐵-subalgebras) of 𝑋 if 0 ∈ 𝐼 and 𝑎 ∗ 𝑏 ∈ 𝐼, for all 𝑎, 𝑏 ∈ 𝐼 ([18]). 
 

In 𝐵-algebras, we combine that with the concept of fuzzy and multipolar 
intuitionistic fuzzy. So, we study about fuzzy 𝐵-algebras, fuzzy ideal in 𝐵-algebra, and 
multipolar intuitionistic fuzzy ideal in 𝐵-algebra. 
 
Definition 1.12 [7] Let (𝑋;∗ ,0) be a 𝐵-algebra. A fuzzy set 𝐴 in 𝑋 is called fuzzy                        
𝐵-algebras if it satisfies the inequality 

𝜇𝐴(𝑎 ∗ 𝑏) ≥ min{𝜇𝐴(𝑎), 𝜇𝐴(𝑏)}, 
for all 𝑎, 𝑏 ∈ 𝑋. 
 

Let (𝑋;∗ ,0) be a 𝐵-algebra. A fuzzy set 𝐴 in 𝑋 is called fuzzy ideal 𝐵-algebra ([21]) 
if it satisfies 

𝜇𝐴(0) ≥ 𝜇𝐴(𝑎), 
          𝜇𝐴(𝑎) ≥ min{𝜇𝐴(𝑎 ∗ 𝑏), 𝜇𝐴(𝑏)}, 
for all 𝑎, 𝑏 ∈ 𝑋. 
 

A 𝐵-algebra (𝑋;∗ ,0) in the Example 1.2. If we define a fuzzy set 𝐴 in 𝑋 by          
𝜇𝐴(0) = 𝜇𝐴(𝑏) = 1 and 𝜇𝐴(𝑎) = 𝜇𝐴(𝑐) = 0.5, then 𝐴 is fuzzy ideal of 𝑋. Moreover, a             
𝐵-algebra (ℝ+ − {0};∗ ,1) in the Example 1.4. If we define a fuzzy set 𝐴 in ℝ+ − {0} by 

𝜇𝐴(𝑥) = {
1 𝑖𝑓 𝑥 = 1,

0.5 𝑖𝑓 𝑥 ≠ 1,
 

then 𝐴 is fuzzy ideal of ℝ+ − {0}. Let (𝑋;∗ ,0) be a 𝐵-algebra. A multipolar intuitionistic 
fuzzy set over 𝑋 is a mapping 

(ℓ̂, �̂�) ∶ 𝑋 → ([0,1] × [0,1])𝑚 

                                    𝑎 ↦ (ℓ̂(𝑎), �̂�(𝑎)), 

where ℓ̂ ∶ 𝑋 → [0,1]𝑚 and �̂� ∶ 𝑋 → [0,1]𝑚 are multipolar fuzzy sets over 𝑋 which is 
satisfies the condition 

ℓ̂(𝑎) + �̂�(𝑎) ≤ 1 
where 𝜋𝑖 ∶ [0,1]𝑚 → [0,1] such that 

(𝜋𝑖 ∘ ℓ̂)(𝑎) + (𝜋𝑖 ∘ �̂�)(𝑎) ≤ 1 

for all 𝑎 ∈ 𝑋 and 𝑖 = 1,2, … , 𝑚. (see [16]). 
 
Definition 1.13 [17] Let (𝑋;∗ ,0) be a 𝐵-algebra. A multipolar intuitionistic fuzzy set (ℓ̂, �̂�) 

over 𝑋 is said multipolar intuitionistic fuzzy ideal in 𝑋 if satisfies:  
i. (∀𝑎 ∈ 𝑋) (ℓ̂(0) ≥ ℓ̂(𝑎) and �̂�(0) ≤ �̂�(𝑎)) such that 

          (𝜋𝑖 ∘ ℓ̂)(0) ≥ (𝜋𝑖 ∘ ℓ̂)(𝑎) and (𝜋𝑖 ∘ �̂�)(0) ≤ (𝜋𝑖 ∘ �̂�)(𝑎), 

ii. (∀𝑎, 𝑏 ∈ 𝑋) (ℓ̂(𝑎) ≥ inf{ℓ̂(𝑎 ∗ 𝑏), ℓ̂(𝑏)} and �̂�(𝑎) ≤ sup{�̂�(𝑎 ∗ 𝑏), �̂�(𝑏)}) such that 

          (𝜋𝑖 ∘ ℓ̂)(𝑎) ≥ inf{(𝜋𝑖 ∘ ℓ̂)(𝑎 ∗ 𝑏), (𝜋𝑖 ∘ ℓ̂)(𝑏)} and 

          (𝜋𝑖 ∘ �̂�)(𝑎) ≤ sup{(𝜋𝑖 ∘ �̂�)(𝑎 ∗ 𝑏), (𝜋𝑖 ∘ �̂�)(𝑏)}, 
for all 𝑎, 𝑏 ∈ 𝑋 and 𝑖 = 1,2, … . , 𝑚. 
 
Example 1.14 [17] Let (𝑋;∗ ,0) be a 𝐵-algebra based on Example 1.2. Given a multipolar 

intuitionistic fuzzy set (ℓ̂, �̂�) over 𝑋 by 
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(ℓ̂, �̂�) ∶ 𝑋 → ([0,1] × [0,1])5, 

𝑥 ↦ {
((0.7,0.3), (0.6,0.25), (0.7,0.15), (0.63,0.2), (0.8,0.18)) 𝑖𝑓 𝑥 ∈ {0, 𝑏},

((0.3,0.6), (0.4,0.5), (0.5,0.4), (0.2,0.7), (0.4,0.5)) 𝑖𝑓 𝑥 ∈ {𝑎, 𝑐}.
 

Then, (ℓ̂, �̂�) is 5-polar intuitionistic fuzzy ideal of 𝑋. 

 

METHODS  

In 2021, G. Muhiuddin and D. Al-Kadi [10] study about bipolar fuzzy implicative 
ideals of 𝐵𝐶𝐾-algebras and its characterizes. By the similiar way using analogy concepts, 
we obtain and investigated the definitions and related characterizes of multipolar 
intutionistic fuzzy positive implicative ideal in 𝐵-algebras. The procedure in this study 
was carried out as follows. 
1. We constructing a new structure, namely multipolar intutionistic fuzzy positive 

implicative ideal in 𝐵-algebras and give the definition of this concept. 
2. We give the example of multipolar intutionistic fuzzy positive implicative ideal in           

𝐵-algebras. 
3. By using analogy concepts in [10], we investigated and proven some theorems or 

propositions of multipolar intutionistic fuzzy positive implicative ideal in 𝐵-algebras. 

RESULTS AND DISCUSSION  

Muhiuddin and Al-Kadi [10] studied about bipolar fuzzy implicative ideals in       
𝐵𝐶𝐾-algebras and Amigo et al in [17] explained the new structure of multipolar 
intuitionistic fuzzy ideal in 𝐵-algebras. So, we continue the concept written by Amigo [17] 
with combining the concept from Muhiuddin and Al-Kadi [10]. In this part, we discuss 
about multipolar intuitionistic fuzzy positive implicative ideal in 𝐵-algebras. The section 
starts with the definition of new structure in 𝐵-algebras is multipolar intuitionistic fuzzy 
positive implicative ideal, then we give some examples and prove some properties of that. 
 
Definition 3.1 Let (𝑋;∗ ,0) be a 𝐵-algebra. A multipolar intuitionistic fuzzy set (ℓ̂, �̂�) over 

𝑋 is said multipolar intuitionistic fuzzy positive implicative ideal in 𝑋 if satisfies:  
i. (∀𝑎 ∈ 𝑋)(ℓ̂(0) ≥ ℓ̂(𝑎) and �̂�(0) ≤ �̂�(𝑎)) such that  

           (𝜋𝑖 ∘ ℓ̂)(0) ≥ (𝜋𝑖 ∘ ℓ̂)(𝑎) and (𝜋𝑖 ∘ �̂�)(0) ≤ (𝜋𝑖 ∘ �̂�)(𝑎), 

ii. (∀𝑎, 𝑏, 𝑐 ∈ 𝑋) (ℓ̂(𝑎 ∗ 𝑐) ≥ inf{ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐), ℓ̂(𝑏 ∗ 𝑐)} and 

           �̂�(𝑎 ∗ 𝑐) ≤ sup{�̂�((𝑎 ∗ 𝑏) ∗ 𝑐), �̂�(𝑏 ∗ 𝑐)}) such that 

           (𝜋𝑖 ∘ ℓ̂)(𝑎 ∗ 𝑐) ≥ inf{(𝜋𝑖 ∘ ℓ̂)((𝑎 ∗ 𝑏) ∗ 𝑐), (𝜋𝑖 ∘ ℓ̂)(𝑏 ∗ 𝑐)} and 

           (𝜋𝑖 ∘ �̂�)(𝑎 ∗ 𝑐) ≤ sup{(𝜋𝑖 ∘ �̂�)((𝑎 ∗ 𝑏) ∗ 𝑐), (𝜋𝑖 ∘ �̂�)(𝑏 ∗ 𝑐)}, 

for all 𝑎, 𝑏, 𝑐 ∈ 𝑋 and 𝑖 = 1,2, … . , 𝑚. 
 

Example 3.2 Let (ℝ+ − {0};∗ ,1) be a 𝐵-algebra based on Example 1.4. Given a multipolar 

intuitionistic fuzzy set (ℓ̂, �̂�) over ℝ+ − {0} by 

(ℓ̂, �̂�) ∶ 𝑋 → ([0,1] × [0,1])5, 

𝑥 ↦ {
((1,0), (1,0), (1,0), (1,0), (1,0)) 𝑖𝑓 𝑥 = 1,

((0.5,0.5), (0.4,0.4), (0.3,0.3), (0.2,0.2), (0.1,0.1)) 𝑖𝑓 𝑥 ≠ 1.
 

Then, (ℓ̂, �̂�) is 5-polar intuitionistic fuzzy positive implicative ideal of ℝ+ − {0}. 
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Moreover, we explain the condition of the set 𝐼(𝜔) to be an ideal of 𝑋 for all 𝜔 ∈ 𝑋. 
Furthermore, we give the condition for the set 𝐼(𝜔) to be a positive implicative ideal of 𝑋 
and its example. 
 
Theorem 3.3 Let (𝑋;∗ ,0) be a 𝐵-algebra and 𝑥 ∈ 𝑋. If (ℓ̂, �̂�) is a multipolar intuitionistic 

fuzzy positive implicative ideal of 𝑋, then 𝐼(𝜔) is an ideal of 𝑋 where 
𝐼(𝜔) = {𝑎 ∈ 𝑋|ℓ̂(𝑎) ≥ ℓ̂(𝜔) 𝑎𝑛𝑑 �̂�(𝑎) ≤ �̂�(𝜔)}. 

Proof. Let (ℓ̂, ŝ) be a multipolar intuitionistic fuzzy ideal of X where  

𝐼(𝜔) = {𝑎 ∈ 𝑋|ℓ̂(𝑎) ≥ ℓ̂(𝜔) 𝑎𝑛𝑑 �̂�(𝑎) ≤ �̂�(𝜔)}. 

i. By using Definition 1.13 (i) we have that 

ℓ̂(0) ≥ ℓ̂(𝜔) and �̂�(0) ≤ �̂�(𝜔). 
So, 0 ∈ 𝐼(𝜔). 

ii. Let Let 𝑎, 𝑏 ∈ 𝑋 such that 𝑎 ∗ 𝑏 ∈ 𝐼(𝜔) and 𝑏 ∈ 𝐼(𝜔). Then, 

ℓ̂(𝑎 ∗ 𝑏) ≥ ℓ̂(𝜔) 𝑎𝑛𝑑 �̂�(𝑎 ∗ 𝑏) ≤ �̂�(𝜔), 

ℓ̂(𝑏) ≥ ℓ̂(𝜔) 𝑎𝑛𝑑 �̂�(𝑏) ≤ �̂�(𝜔). 
By using Definition 3.1 (ii) with replacing 𝑐 = 0, we have that 

ℓ̂(𝑎) ≥ inf{ℓ̂(𝑎 ∗ 𝑏), ℓ̂(𝑏)} and �̂�(𝑎) ≤ sup{�̂�(𝑎 ∗ 𝑏), �̂�(𝑏)}, 

such that 

ℓ̂(𝑎) ≥ ℓ̂(𝜔) and �̂�(𝑎) ≤ �̂�(𝜔). 
 

So, 𝑎 ∈ 𝐼(𝜔). 
Therefore, 𝐼(𝜔) is an ideal of 𝑋.            ∎ 

 
Theorem 3.4 Let (𝑋;∗ ,0) be a 𝐵-algebra and 𝑎 ∈ 𝑋. If (ℓ̂, �̂�) is a multipolar intuitionistic 

fuzzy positive implicative ideal of 𝑋, then 𝐼(𝜔) is a positive implicative ideal of 𝑋 where 

𝐼(𝜔) = {𝑎 ∈ 𝑋|ℓ̂(𝑎) ≥ ℓ̂(𝜔) 𝑎𝑛𝑑 �̂�(𝑎) ≤ �̂�(𝜔)}. 

 
Proof. Let (ℓ̂, �̂�) be a multipolar intuitionistic fuzzy positive implicative ideal of 𝑋 where 

𝐼(𝜔) = {𝑎 ∈ 𝑋|ℓ̂(𝑎) ≥ ℓ̂(𝜔) 𝑎𝑛𝑑 �̂�(𝑎) ≤ �̂�(𝜔)}. 

i. By using Definition 3.1 (i) we have that 

ℓ̂(0) ≥ ℓ̂(𝜔) and �̂�(0) ≤ �̂�(𝜔). 
So, 0 ∈ 𝐼(𝜔).  

ii. Let 𝑎, 𝑏, 𝑐 ∈ 𝑋 such that (𝑎 ∗ 𝑏) ∗ 𝑐 ∈ 𝐼(𝜔) and 𝑏 ∗ 𝑐 ∈ 𝐼(𝜔). Then, 

ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐) ≥ ℓ̂(𝜔) and �̂�((𝑎 ∗ 𝑏) ∗ 𝑐) ≤ �̂�(𝜔), 

ℓ̂(𝑏 ∗ 𝑐) ≥ ℓ̂(𝜔) and �̂�(𝑏 ∗ 𝑐) ≤ �̂�(𝜔). 
By using Definition 3.1 (ii), we have that 

ℓ̂(𝑎 ∗ 𝑐) ≥ inf{ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐), ℓ̂(𝑏 ∗ 𝑐)} 

and 
�̂�(𝑎 ∗ 𝑐) ≤ sup{�̂�((𝑎 ∗ 𝑏) ∗ 𝑐), �̂�(𝑏 ∗ 𝑐)}, 

such that 

ℓ̂(𝑎 ∗ 𝑐) ≥ ℓ̂(𝜔) and �̂�(𝑎 ∗ 𝑐) ≤ �̂�(𝜔). 
So, 𝑎 ∗ 𝑐 ∈ 𝐼(𝜔).  

Therefore, 𝐼(𝜔) is a positive implicative ideal of 𝑋.                    ∎ 
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Example 3.5 Let (ℝ+ − {0};∗ ,1) be a 𝐵-algebra based on Example 1.4. Given a multipolar 

intuitionistic fuzzy ideal (ℓ̂, �̂�) over ℝ+ − {0} based on Example 3.2 where 

𝐼(𝑥) = {1, 𝑥|ℓ̂(1) ≥ ℓ̂(𝑥) and �̂�(1) ≤ �̂�(𝑥), ℓ̂(𝑥) ≥ ℓ̂(𝑥) and �̂�(𝑥) ≤ �̂�(𝑥)} 
with 𝑥 ≠ 1 and 𝑥 ∈ ℝ+ − {0}. Then, 𝐼(𝑥) is a positive implicative ideal of ℝ+ − {0}. 
 

In addition, we examine about properties of multipolar intuitionistic fuzzy positive 
implicative ideal in 𝐵-algebra such that make some following propositions and corollary. 
 
Proposistion 3.6 Let (𝑋;∗ ,0) be a 𝐵-algebra. Every multipolar intuitionistic fuzzy positive 

implicative ideal (ℓ̂, �̂�) over 𝑋 satisfies the following implication, 

if 𝑎 ≤ 𝑏 then ℓ̂(𝑎) ≥ ℓ̂(𝑏) and �̂�(𝑎) ≤ �̂�(𝑏), 
for all 𝑎, 𝑏 ∈ 𝑋. 
 
Proof. Let 𝑎, 𝑏 ∈ 𝑋 such that 𝑎 ≤ 𝑏. So, 𝑎 ∗ 𝑏 = 0. By using Definition 3.1 (i) and (ii) with 
replacing 𝑐 = 0, we have that 

ℓ̂(𝑎) ≥ inf{ℓ̂(𝑎 ∗ 𝑏), ℓ̂(𝑏)} = ℓ̂(𝑏) 

and 
�̂�(𝑎) ≤ sup{�̂�(𝑎 ∗ 𝑏), �̂�(𝑏)} = �̂�(𝑏).  

∎ 
 
Proposition 3.7 Let (𝑋;∗ ,0) be a commutative 𝐵-algebra. For any multipolar intuitionistic 

fuzzy positive implicative ideal (ℓ̂, �̂�) over 𝑋, if it satisfies 

ℓ̂(𝑎 ∗ 𝑏) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑏) 𝑎𝑛𝑑 �̂�(𝑎 ∗ 𝑏) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑏), 

for all 𝑎, 𝑏 ∈ 𝑋, then it satisfies 
ℓ̂((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐) 𝑎𝑛𝑑 �̂�((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑐), 

for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 
 
Proof. Let 𝑎, 𝑏, 𝑐 ∈ 𝑋 such that 

((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ∗ 𝑐 ≤ (𝑎 ∗ 𝑏) ∗ 𝑐. 

By using Proposition 1.5 and 1.8, we have that 

((𝑎 ∗ (𝑏 ∗ 𝑐)) ∗ 𝑐) ∗ 𝑐 = ((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ∗ 𝑐 ≤ (𝑎 ∗ 𝑏) ∗ 𝑐. 

From Proposition 3.6, we have 

ℓ̂ (((𝑎 ∗ (𝑏 ∗ 𝑐)) ∗ 𝑐) ∗ 𝑐) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐) 

and 

�̂� (((𝑎 ∗ (𝑏 ∗ 𝑐)) ∗ 𝑐) ∗ 𝑐) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑐). 

So, from Proposition 1.8, we have that 

      ℓ̂((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐) and �̂�((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≤ �̂� ((𝑎 ∗ 𝑏) ∗ 𝑐).              ∎ 

 
Proposition 3.8 Let (𝑋;∗ ,0) is a 𝐵-algebra. For any multipolar intuitionistic fuzzy positive 

implicative ideal (ℓ̂, �̂�) over 𝑋, if it satisfies 

ℓ̂((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐) 𝑎𝑛𝑑 �̂�((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑐), 

for all 𝑎, 𝑏, 𝑐 ∈ 𝑋, then it satisfies 
ℓ̂(𝑎 ∗ 𝑏) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑏) 𝑎𝑛𝑑 �̂�(𝑎 ∗ 𝑏) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑏), 

for all 𝑎, 𝑏 ∈ 𝑋. 
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Proof. Let 𝑎, 𝑏, 𝑐 ∈ 𝑋. By using Definition 1.1 (i) and (ii) with replacing 𝑐 by 𝑏, we have 

ℓ̂(𝑎 ∗ 𝑏) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑏) and �̂�(𝑎 ∗ 𝑏) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑏). 

 
From Proposition 3.7 and Proposition 3.8, we have this following corollary. 

Corollary If we assume that 𝑋 is a commutative 𝐵-algebra, then the statements in  
Proposition 3.7 and Proposition 3.8 are equivalent. 

 
Moreover, we gives an another condition of multipolar intuitionistic fuzzy positive 

implicative ideal in 𝐵-algebra such that make this following proposition and lemma. 
 

Proposition 3.9 Let (𝑋;∗ ,0) is a commutative 𝐵-algebra. A multipolar intuitionistic fuzzy 

set (ℓ̂, �̂�) over 𝑋 is a multipolar intuitionistic fuzzy positive implicative ideal (ℓ̂, �̂�) over 𝑋 if 

and only if (𝑎 ∗ 𝑏) ∗ 𝑐 = 0 implies 

ℓ̂(𝑎) ≥ 𝑖𝑛𝑓{ℓ̂(𝑏), ℓ̂(𝑐)}  𝑎𝑛𝑑 �̂�(𝑎) ≤ 𝑠𝑢𝑝{�̂�(𝑏), �̂�(𝑐)}, 

for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. 
 
Proof. We assume that (ℓ̂, �̂�) is a multipolar intuitionistic fuzzy positive implicative ideal 

over 𝑋. Let 𝑎, 𝑏, 𝑐 ∈ 𝑋 such that (𝑎 ∗ 𝑏) ∗ 𝑐 = 0. So, 𝑎 ∗ 𝑏 ≤ 𝑐. By using Definition 3.1 (i) 
and (ii) with replacing 𝑐 = 0, we have 

ℓ̂(𝑎) ≥ inf{ℓ̂(𝑎 ∗ 𝑏), ℓ̂(𝑏)} ≥ inf{inf{ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐), ℓ̂(𝑐)} , ℓ̂(𝑏)} = inf{ℓ̂(𝑏), ℓ̂(𝑐)} 

and 
�̂�(𝑎) ≤ sup{�̂�(𝑎 ∗ 𝑏), �̂�(𝑏)} ≤ sup{sup{�̂�((𝑎 ∗ 𝑏) ∗ 𝑐), �̂�(𝑐)} , �̂�(𝑏)} = sup{�̂�(𝑏), �̂�(𝑐)}. 

Conversely, we assume (𝑎 ∗ 𝑏) ∗ 𝑐 = 0 implies 
ℓ̂(𝑎) ≥ inf{ℓ̂(𝑏), ℓ̂(𝑐)} and �̂�(𝑎) ≤ sup{�̂�(𝑏), �̂�(𝑐)}, 

for all 𝑎, 𝑏, 𝑐 ∈ 𝑋. Let 𝑎 ∈ 𝑋. By using Definition 1.1 (ii) and Definition 1.12, we have 

ℓ̂(0) = ℓ̂(𝑎 ∗ 𝑎) ≥ inf{ℓ̂(𝑎), ℓ̂(𝑎)} = ℓ̂(𝑎) and �̂�(0) = �̂�(𝑎 ∗ 𝑎) ≤ sup{�̂�(𝑎), �̂�(𝑎)} = �̂�(𝑎). 

Then, let 𝑎, 𝑏, 𝑐 ∈ 𝑋. From Definition 1.1 (i), we have  
((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ∗ ((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) = 0 

((𝑎 ∗ 𝑐) ∗ ((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐))) ∗ (𝑏 ∗ 𝑐) = 0 

such that, by using Definition 1.13 (ii) and Proposition 3.7, we have 

ℓ̂(𝑎 ∗ 𝑐) ≥ inf{ℓ̂((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)), ℓ̂(𝑏 ∗ 𝑐)} 

                                                      ≥ inf{ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐), ℓ̂(𝑏 ∗ 𝑐)} 

and 

�̂�(𝑎 ∗ 𝑐) ≤ sup{�̂�((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)), �̂�(𝑏 ∗ 𝑐)} 

                          ≤ sup{�̂�((𝑎 ∗ 𝑏) ∗ 𝑐), �̂�(𝑏 ∗ 𝑐)}. 

So, (ℓ̂, �̂�) is a multipolar intuitionistic fuzzy positive implicative ideal over 𝑋.                               ∎ 
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Lemma 3.10 Let (𝑋;∗ ,0) be a commutative 𝐵-algebra. If (ℓ̂, �̂�) is a multipolar intuitionistic 

fuzzy positive implicative ideal over 𝑋 then 
ℓ̂((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≥ 𝑖𝑛𝑓 ∧ {ℓ̂(𝜔𝑖)|𝑖 = 1,2, … , 𝑛} 

and 

�̂�((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≤ 𝑠𝑢𝑝 ∧ {�̂�(𝜔𝑖)|𝑖 = 1,2, … , 𝑛} 

where 

∏((𝑎 ∗ 𝑏) ∗ 𝑐) ∗ 𝜔𝑖 = 0

𝑛

𝑖=1

, 

for all 𝑎, 𝑏, 𝑐, 𝜔1, … , 𝜔𝑛 ∈ 𝑋. 
 
Proof. Let 𝑎, 𝑏, 𝑐, 𝜔1, … , 𝜔𝑛 ∈ 𝑋 such that 

∏((𝑎 ∗ 𝑏) ∗ 𝑐) ∗ 𝜔𝑖 = 0

𝑛

𝑖=1

. 

By using Proposition 3.7 and Proposition 3.9, we have 
 

ℓ̂((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≥ ℓ̂((𝑎 ∗ 𝑏) ∗ 𝑐) 

                                                                                   ≥ inf ∧ {ℓ̂(𝜔𝑖)|𝑖 = 1,2, … , 𝑛} 

and 
�̂�((𝑎 ∗ 𝑐) ∗ (𝑏 ∗ 𝑐)) ≤ �̂�((𝑎 ∗ 𝑏) ∗ 𝑐) 

                                                                                   ≤ sup ∧ {�̂�(𝜔𝑖)|𝑖 = 1,2, … , 𝑛}. 
∎ 

CONCLUSIONS 

In this paper, we examine the concept of a multipolar intuitionistic fuzzy positive 
implicative ideal in 𝐵-algebras and investigated some its properties. We explain the 
conditions for a multipolar intuitionistic fuzzy set become a multipolar intuitionistic fuzzy 
positive implicative ideal and give some examples too. In our opinion, these definitions 
and main results of multipolar intuitionistic fuzzy positive implicative ideal can be applied 
with similarly in other algebraic structure such as 𝐵𝐺-algebras, 𝐵𝐹-algebras or                   
𝐵𝐷-algebras because thats structure have some same basic concept with 𝐵-algebrras. The 
future researchers can use this concept to investigate the relation with previous structure 
like multipolar intuitionistic fuzzy ideal in 𝐵-algebras too. 
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