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ABSTRACT

In this paper, we start with the concept of B-algebras, commutative B-algebras and fuzzy ideal in
B-algebras. We also study about multipolar intuitionistic fuzzy ideal. We explain the notion of
multipolar intuitionistic fuzzy positive implicative ideal in B-algebras and some characterizes. In
addition, we examine some theorems and proportions which contain the conditions for a
multipolar intuitionistic fuzzy set become a multipolar intuitionistic fuzzy positive implicative
ideal in B-algebras. One of the result is a multipolar intuitionistic fuzzy set (Z’, §) over commutative
B-algebra X is a multipolar intuitionistic fuzzy positive implicative ideal (2’, §) over commutative
B-algebra X if and only if (x*y)*z=0 implies #(x)>inf{f(y),?(2)} and$(x) <
sup{3(y),5(z)},forallx,y,z € X.
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INTRODUCTION

One of the topics in mathematics is about algebraic structure. An essential idea of
algebraic structure about BCK-algebras was proposed by Imai and Iseki [1] in 1966. In
thats year, Iseki [2] also give the new concept of BCI-algebras which is generalization
from BCK-algebras. A B-algebras which satisfies some properties of BCK-algebras and
BClI-algebras was introduced by Neggers and Kim in [3]. They also discussed some
properties of B-algebras.

Not only algebraic structure, fuzzy is the most valuable topics in mathematics. The
terminology of fuzzy set was proposed by Zadeh [4]. A bipolar fuzzy set as generalized of
fuzzy set was intoduced in [5]. By two concepts, many researchers combine that two
concepts into a new research. Meng [6] constructed fuzzy implicative ideals in
BCK-algebras. Jun et al studied fuzzy B-algebras [7]. Moreover, Ahn and Bang [8]
discussed about fuzzy B-subalgebras in B-algebras.

The researchers also develop the concepts of fuzzy into bipolar fuzzy or multipolar
fuzzy. In addition, Muhiuddin and Al-Kadi [9] studied bipolar fuzzy BCI-implicative ideals
of BCI-algebras. In the next year, they also studied about bipolar fuzzy implicative ideals
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in BCK-algebras [10]. They investigated the properties between a bipolar fuzzy ideal and
bipolar fuzzy implicative ideal. A multipolar fuzzy sets which is the generalize of bipolar
fuzzy set was introduced in [11]. Furthermore, the concept of m-polar fuzzy ideals of
BCK/BClI-algebras were discussed in [12]. In the same year, Borzooei et al in [13]
introduced about multipolar fuzzy p-ideals of BCI-algebras and investigated some
properties.

In other hand, the researchers also studied about intuitionistic fuzzy set. Attanasov
[14] introduced the new notion about intuitionistic fuzzy set. The researchers also
combine this with the concept of multipolar fuzzy and algebraic structure. So, the concept
of multipolar intuitionistic fuzzy set with finite degree and its application in
BCK /BCI-algebras was introduced by [15]. Then, the concept of multipolar intuitionistic
fuzzy B-algebras was proposed by Borzooei et al in [16]. They gived the concept of simple
m-polar fuzzy set and m-polar intuitionistic fuzzy subalgebras of B-algebras. Recently, the
new structure of multipolar intuitionistic fuzzy ideal in B-algebras was introduced by
Amigo et al in [17]. They discussed some properties of that.

In this paper, we continue the last concept from Amigo et al [17]. So, we study the
concept of multipolar intuitionistic fuzzy positive implicative ideal in B-algebras and
investigated some related characterizes. Furthermore, we prove the conditions for
multipolar intuitionistic fuzzy set to be a multipolar intuitionistic fuzzy positive
implicative ideal.

In the first, we begin with definitions and propositions in B-algebra and
commutative B-algebra which are helpful to our main results. Then, we give the
definitions of fuzzy ideal in B-algebras too.

Definition 1.1 [18] A B-algebra is a non empty set X with 0 as identity element (right)
and a binary operations * satisfying the following axioms:

i a*xa=0,foralla € X.

ii. ax0=aqa,foralla € X.

iii. (a*b)*c=a*(c*(O*b)),foralla,b,cEX.

axb =0 for all a,b € X ([16]). Then, we give some example of B-algebra and
proporsition of B-algebra.

First, we define a partial ordering relation " <" on X by a < b if and only if

Example 1.2 [18] Let X = {0, a, b, c} be a set with Cayley table as follows:

Table 1: Cayley table for (X;*,0)

* | 0|la|b]|c
0O(0|O0|b|Db
ala|0|c|b
b|b|b|O0]O
clc|blal0
Then, (X;*,0) is a B-algebra.
Example 1.3 [18] Let (Z; —,0) with " — " be a substraction operations of integers Z. Then,

(Z; —,0) is a B-algebra.
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Example 1.4 [17] Let (R* — {0};*,1) with "’ * "’ be a binary operation of R* — {0} defined
by

a*xb= % .
Then, (R* — {0};%,1) is a B-algebra.

Proposition 1.5 [19] If (X;*,0) is a B-algebra, then

i (a*b)*(0*b) =a,foralla, b €X.

ii. a*(b*c)—(a*(O*C))*b,foralla,b,cEX.
iil. Ifaxb=0thena=b, foralla, b €X.

iv. 0+x(0xa)=aq,foralla€X.

V. (axc)x(bxc)=axb,foralla, b, c€EX.

Vi. Ox(axb)=b=xa,foralla, b€EX.

vii. a*xb =0ifandonlyifb+*a =0, foralla, b € X.
viil. If 0 x a = 0 then X contains only 0, for all a € X.

After that, we also give the concept of commutative B-algebra such as the
definition, example, and proposition.

Definition 1.6 [19] A B-algebra (X;*,0) is said commutative B-algebra if

ax(0xb)=bx*(0*a)
foralla,b € X.

Example 1.7 [17] Let (Z; —,0) with " — " be a substraction operations of integers Z. Then,
(Z; —,0) is a commutative B-algebra.

Proposition 1.8 [19] If (X;*,0) is a commutative B-algebra, then
i. (0*xa)*(0*b) =b=x*a,foralla,b € X.

ii. (cxb)*(cxa)=axb, foralla,b,c € X.

iii. (axb)*c=(axc)x*b,foralla,b,c € X.

iv. (a*(a*b))*b=O,f0ralla,b€X.

V. (axc)*(b*xd)=(dx*c)*(b*a),foralla,b,c,dE€X.

Not only about B-algebra and commutative B-algebra, we explain some concept of
ideal in B-algebra and subalgebras too.

Definition 1.9 [18] Let (X;*,0) be a B-algebra. A non empty subset I of X is called ideal
of X if it satisfies:

i. 0€el

ii. Ifbelandaxb €lthena €1, foralla,b € X.

Example 1.10 [18] Let I = Z* U {0} be a subset of B-algebra (Z; —,0), then I is ideal of Z.

Definition 1.11 [20] Let (X;*,0) be a B-algebra. A non empty subset [ of X is called
positive implicative ideal of X if it satisfies:

i. 0€el

ii. If((a * b) * c) €land (b*c) €lthen(ax*c)€l, foralla,b,c € X.
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Let (X;*,0) be a B-algebras. A non empty subset I of X is called subalgebras
(B-subalgebras) of X if 0 € and a * b € I, foralla,b € I ([18]).

In B-algebras, we combine that with the concept of fuzzy and multipolar
intuitionistic fuzzy. So, we study about fuzzy B-algebras, fuzzy ideal in B-algebra, and
multipolar intuitionistic fuzzy ideal in B-algebra.

Definition 1.12 [7] Let (X;*,0) be a B-algebra. A fuzzy set A in X is called fuzzy
B-algebras if it satisfies the inequality

pala* b) = min{u,(a), us(b)},
foralla,b € X.

Let (X;*,0) be a B-algebra. A fuzzy set A in X is called fuzzy ideal B-algebra ([21])
if it satisfies
1a(0) = py(a),
ta(a) = min{u,(a * b), pa(b)},
foralla,b € X.

A B-algebra (X;*,0) in the Example 1.2. If we define a fuzzy set A in X by
Ua(0) = uy(b) =1 and py(a) = py(c) = 0.5, then A is fuzzy ideal of X. Moreover, a
B-algebra (R* — {0};*,1) in the Example 1.4. If we define a fuzzy set A in R* — {0} by
1 ifx=1,
Ha(x) = {0.5 if x # 1,
then A is fuzzy ideal of R* — {0}. Let (X;*,0) be a B-algebra. A multipolar intuitionistic
fuzzy set over X is a mapping
(2,3): X - ([0,1] x [0,1D™
aw (2a),3()
where #: X - [0,1]™ and §: X — [0,1]™ are multipolar fuzzy sets over X which is
satisfies the condition
(@) +38() <1
where 7; : [0,1]™ — [0,1] such that
(ni ° ?)(a) + (m;08)(a) <1
foralla € Xandi = 1,2, ..., m. (see [16]).

Definition 1.13 [17] Let (X;*,0) be a B-algebra. A multipolar intuitionistic fuzzy set (?, §)
over X is said multipolar intuitionistic fuzzy ideal in X if satisfies:
i, (Va € X) (2(0) = ?(a) and $(0) < $(a)) such that
(2 2)(0) = (m; o 2)(a) and (; © §)(0) < (1 ° $)(@),
ii. (Va,b € X) (?(a) > inf{?(a * b),?(b)} and 8(a) < sup{8(a * b), $(b)}) such that
(ni o ?)(a) > inf{(ni o :”) (a=*b), (ni o :”) (b)} and

(r; 0 §)(a) < sup{(m; ° $)(a * b), (m; ° 3)(b)},
foralla,b € Xandi =1,2,...., m.

Example 1.14 [17] Let (X;*,0) be a B-algebra based on Example 1.2. Given a multipolar
intuitionistic fuzzy set (:”, §) over X by
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(2,5) : X > ([0,1] x [0,1])°,
((0.7,0.3), (0.6,0.25), (0.7,0.15), (0.63,0.2), (0.8,0.18)) if x € {0, b},
" {((0.3,0.6), (0.4,0.5), (0.5,0.4), (0.2,0.7), (0.4,0.5)) if x € {a, c}.
Then, (?,ﬁ) is 5-polar intuitionistic fuzzy ideal of X.

METHODS

In 2021, G. Muhiuddin and D. Al-Kadi [10] study about bipolar fuzzy implicative
ideals of BCK-algebras and its characterizes. By the similiar way using analogy concepts,
we obtain and investigated the definitions and related characterizes of multipolar
intutionistic fuzzy positive implicative ideal in B-algebras. The procedure in this study
was carried out as follows.

1. We constructing a new structure, namely multipolar intutionistic fuzzy positive
implicative ideal in B-algebras and give the definition of this concept.

2. We give the example of multipolar intutionistic fuzzy positive implicative ideal in
B-algebras.

3. By using analogy concepts in [10], we investigated and proven some theorems or
propositions of multipolar intutionistic fuzzy positive implicative ideal in B-algebras.

RESULTS AND DISCUSSION

Muhiuddin and Al-Kadi [10] studied about bipolar fuzzy implicative ideals in
BCK-algebras and Amigo et al in [17] explained the new structure of multipolar
intuitionistic fuzzy ideal in B-algebras. So, we continue the concept written by Amigo [17]
with combining the concept from Muhiuddin and Al-Kadi [10]. In this part, we discuss
about multipolar intuitionistic fuzzy positive implicative ideal in B-algebras. The section
starts with the definition of new structure in B-algebras is multipolar intuitionistic fuzzy
positive implicative ideal, then we give some examples and prove some properties of that.

Definition 3.1 Let (X;*,0) be a B-algebra. A multipolar intuitionistic fuzzy set (z’, §) over
X is said multipolar intuitionistic fuzzy positive implicative ideal in X if satisfies:
i. (Va € X)(£(0) = #(a) and 3(0) < $(a)) such that
(7, 0 2)(0) = (m; © 2)(a) and (; © $)(0) < (m; © §)(a),
ii. (Va,b,c € X) (Z’(a % C) = inf{z’((a * b) * c),f’(b * c)} and
S(axc) < sup{ﬁ((a * b) * c), S(b * c)}) such that
(ni o Z’)(a *C) = inf{(ni ° ?)((a * b) * c), (ni ° Z’)(b * c)} and
(m; 0 )(a* ) < sup{(m; o H)((a*b) * ), (m; o ) (b * )},
foralla,b,c € Xandi =1,2,...,m.

Example 3.2 Let (R* — {0};*,1) be a B-algebra based on Example 1.4. Given a multipolar
intuitionistic fuzzy set (2,3) over R* — {0} by
(2,3) : X > ([0,1] x [0,1])5,
((1,0),(1,0), (1,0), (1,0),(1,0)) ifx=1,
e {((0.5,0.5), (0.4,0.4),(0.3,0.3), (0.2,0.2),(0.1,0.1)) if x # 1.
Then, (?, §) is 5-polar intuitionistic fuzzy positive implicative ideal of Rt — {0}.
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Moreover, we explain the condition of the set I(w) to be an ideal of X for all w € X.
Furthermore, we give the condition for the set /(w) to be a positive implicative ideal of X
and its example.

Theorem 3.3 Let (X;*,0) be a B-algebra and x € X. If(z’, §) is a multipolar intuitionistic
fuzzy positive implicative ideal of X, then I (w) is an ideal of X where
I(w) = {a € X|?(a) = ?(w) and 5(a) < $(w)}.

Proof. Let (?, §) be a multipolar intuitionistic fuzzy ideal of X where
I(w) = {a € X|?(a) = ?(w) and 5(a) < 3(w)}.
i By using Definition 1.13 (i) we have that
2(0) = ?(w) and 3(0) < $(w).
So,0 € I(w).
ii. Let Leta,b € X suchthata xb € I(w) and b € I(w). Then,
P(a*b) = ?(w) and 8(a * b) < §(w),
2(b) = ?(w) and §(b) < $(w).
By using Definition 3.1 (ii) with replacing ¢ = 0, we have that
?(a) > inf{z’(a xb), ?(b)} and §(a) < sup{8(a * b),5(b)},
such that
?(a) = ?(w) and $(a) < $(w).

So,a € I(w).
Therefore, I(w) is an ideal of X. |

Theorem 3.4 Let (X;*,0) be a B-algebra and a € X. If(?, §) is a multipolar intuitionistic
fuzzy positive implicative ideal of X, then I (w) is a positive implicative ideal of X where
I(w) = {a € X|2’(a) > ?(w) and $(a) < §(w)}.

Proof. Let (2’, §) be a multipolar intuitionistic fuzzy positive implicative ideal of X where
I(w) = {a € X|?(a) = ?(w) and 5(a) < $(w)}.
i. By using Definition 3.1 (i) we have that
2(0) = ?(w) and $(0) < §(w).
So,0 € I(w).
ii. Leta,b,c € X suchthat (a*b) *c € I(w) and b * ¢ € I(w). Then,
Z’((a * b) * c) > ?(w) and §((a * b) * c) < S(w),
(b *c) = ?(w)and §(b * ¢) < §(w).
By using Definition 3.1 (ii), we have that
P(axc) > inf{?((a x b) * c),f’(b * c)}
and
$(axc) < Sup{§((a * b) * c),§(b * c)},
such that
P(a*c)=>?(w)and $(a*c) < $(w).
So,a xc € [(w).
Therefore, I(w) is a positive implicative ideal of X. [
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Example 3.5 Let (Rt — {0};*,1) be a B-algebra based on Example 1.4. Given a multipolar
intuitionistic fuzzy ideal (2’, §) over R* — {0} based on Example 3.2 where

I(x) = {1,x|2(1) = £(x) and $(1) < 8(x),?(x) = 2(x) and §(x) < §(x)}
with x # 1 and x € R* — {0}. Then, I(x) is a positive implicative ideal of R* — {0}.

In addition, we examine about properties of multipolar intuitionistic fuzzy positive
implicative ideal in B-algebra such that make some following propositions and corollary.

Proposistion 3.6 Let (X;*,0) be a B-algebra. Every multipolar intuitionistic fuzzy positive
implicative ideal (?, §) over X satisfies the following implication,

ifa < b then 2(a) = #(b) and $(a) < $(b),
foralla,b € X.

Proof. Let a,b € X such that a < b. So, a * b = 0. By using Definition 3.1 (i) and (ii) with
replacing ¢ = 0, we have that
?(a) > inf{?(a * b),?(b)} = 2(b)
and
$(a) < sup{s(a * b),3(b)} = 3(b).
[ ]

Proposition 3.7 Let (X;* ,0) be a commutative B-algebra. For any multipolar intuitionistic
fuzzy positive implicative ideal (2’, §) over X, if it satisfies
?(a*b) > ?((a * b) * b) and $(a x b) < §((a * b) * b),
forall a,b € X, then it satisfies
2((axc)*(bxc))=2((a*b)*c)and §((axc) = (b*c)) <3((ax*b)xc),
foralla,b,c € X.

Proof. Let a, b, c € X such that
((a*c)*(b*c))*cs (a=*b) *c.
By using Proposition 1.5 and 1.8, we have that

((a*(b*c))*c)*c=((a*c)*(b*c))*cs(a*b)*c.

From Proposition 3.6, we have

?(((a*(b*c))*c)*c) 2?((a*b)*c)
and

§(((a* (b*c))*c)*c) SS?((a*b)*c).

So, from Proposition 1.8, we have that
?((a*c) * (b*c)) > :”((a*b) *c) andﬁ((a*c) * (b*c)) < §((a*b) *c). ]

Proposition 3.8 Let (X;*,0) is a B-algebra. For any multipolar intuitionistic fuzzy positive
implicative ideal (Z’, §) over X, if it satisfies
?((a xc) * (b * c)) > Z’((a * b) * c) and §((a xc) * (b * c)) < §((a * b) * c),
forall a, b, c € X, then it satisfies
?(a*b) = ?((a * b) * b) and $8(a *b) < §((a * b) * b),
foralla,b € X.
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Proof. Let a, b, c € X. By using Definition 1.1 (i) and (ii) with replacing c by b, we have
?(axb) > z’((a * b) * b) and $(a * b) < §((a * b) * b).

From Proposition 3.7 and Proposition 3.8, we have this following corollary.
Corollary If we assume that X is a commutative B-algebra, then the statements in
Proposition 3.7 and Proposition 3.8 are equivalent.

Moreover, we gives an another condition of multipolar intuitionistic fuzzy positive
implicative ideal in B-algebra such that make this following proposition and lemma.

Proposition 3.9 Let (X;*,0) is a commutative B-algebra. A multipolar intuitionistic fuzzy
set (?, §) over X is a multipolar intuitionistic fuzzy positive implicative ideal (Z’, §) over X if
and only if (a * b) * ¢ = 0 implies

?(a) > inf{?(b),?(c)} and $(a) < sup{8(b),$(c)},
foralla,b,c € X.

Proof. We assume that (?, §) is a multipolar intuitionistic fuzzy positive implicative ideal
over X. Let a,b,c € X such that (a * b) * c = 0. So, a * b < c. By using Definition 3.1 (i)
and (ii) with replacing ¢ = 0, we have
?(a) > inf{?(a * b),z’(b)} > inf{inf{z’((a * b) * c),z’(c)},?(b)} = inf{z’(b),z’(c)}
and
3(a) < sup{s(a = b),5(b)} < sup{sup{3((a * b) *c),5(c)}, 5(b)} = sup{3(b), 3(c)}.
Conversely, we assume (a * b) * ¢ = 0 implies
?(a) > inf{?(b),?(c)} and §(a) < sup{8(b), 3(c)},
forall a, b, c € X. Let a € X. By using Definition 1.1 (ii) and Definition 1.12, we have
2(0) = ?(a * a) = inf{2(a),?(a)} = #(a) and 3(0) = 3(a * a) < sup{$§(a),$(a)} = 3(a).
Then, let a, b, c € X. From Definition 1.1 (i), we have
((a*c)*(b*c))*((a*c)*(b*c)) =0
((a*c)*((a*c)*(b*c)))*(b*c) =0
such that, by using Definition 1.13 (ii) and Proposition 3.7, we have
Pla*c) > inf{?((a % c) * (b * c)),?(b * c)}
> inf{z’((a x b) * c),z’(b * c)}

and
$(a*c) <supf{8((a*c)*(bx*c)),3(bx*c)}
< sup{ﬁ((a * b) * c),§(b * c)}.
So, (#,3) is amultipolar intuitionistic fuzzy positive implicative ideal over X. m
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Lemma 3.10 Let (X;*,0) be a commutative B-algebra. If(?, §) is a multipolar intuitionistic

fuzzy positive implicative ideal over X then
?((a * ) * (b * c)) >inf A {?(wi)|i =1,2, ...,n}

and
§((a x¢) * (b * c)) <sup AN{§(wy)|i =1,2,..,n}
where

H((a*b)*c)*wi=0,

foralla,b,c, w, ..., w, € X.

Proof. Leta, b, ¢, w1, ..., w, € X such that

ﬂ((a*b)*c)*wi=0.

By using Proposition 3.7 and Proposition 3.9, we have

?2((a*xc)*(bxc))=2((axb)*c)
> inf A {(w)|i = 1,2, ...,n}
and
§((a x ) * (b * c)) < §((a * b) * c)
<supA{8(w)]i=12,..,n}kL

CONCLUSIONS

In this paper, we examine the concept of a multipolar intuitionistic fuzzy positive
implicative ideal in B-algebras and investigated some its properties. We explain the
conditions for a multipolar intuitionistic fuzzy set become a multipolar intuitionistic fuzzy
positive implicative ideal and give some examples too. In our opinion, these definitions
and main results of multipolar intuitionistic fuzzy positive implicative ideal can be applied
with similarly in other algebraic structure such as BG-algebras, BF-algebras or
BD-algebras because thats structure have some same basic concept with B-algebrras. The
future researchers can use this concept to investigate the relation with previous structure
like multipolar intuitionistic fuzzy ideal in B-algebras too.
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