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ABSTRACT

By an irregular reflexive k-labeling, we mean a function f,: E(G) - {1, 2, ..., k.} and f,: V(G) —
{0,2, ..., 2k,} such that f(x) = f,(x) if x € V(G) and f(xy) = f,(xy) if xy € E(G), where k =
max{k,, 2k, }. Let H c G, the irregular reflexive k-labeling is called an H -irregular reflexive k-
labeling of graph G if every two different subgraphs H’ and H" isomorphic to #, it holds
w(H') # w(H)," where w(H) = Yrevar) fo(X) + Zxer@r) fe(x). The minimum k for graph G
which has an # -irregular reflexive k-labeling, is called the reflexive H strength of graph G and
denoted by rHs(G). In this paper, we initiate to study the lower bound of the reflexive H
strength of graphs and the reflexive H strength of flower, Shack(C;, v, n), and book graph, where
H isomorphic to C3, C¢, and C,, respectively.
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INTRODUCTION

Let G be a graph with vertex set V(G) and edge set E(G). A graph labeling is an
assignment of integers to elements of the graph, such as vertices, edges, faces, or sub-
graphs, subject to certain conditions [20]. In the paper, certain conditions are
constraints put on the weights of the graph element. The weight of a vertex is the sum of
the labels of edges incident to the vertex together with the vertex label if it exists. The
weight of an edge is the sum of the end vertices together with the edge label if it exists.
For vertices u, v, edge uv, and labeling f the vertex weight, wt(v) is defined as wt(v) =
f() + Xwenw) f(vw), while the edge weight is denoted wt(uv) = f(uw) + f(v) + f(uv).
Labeling is considered vertex irregular if all vertices' weights are pairwise distinct and
edge irregular if the edge weights are pairwise distinct [4].

Total labeling is a labeling of vertices and edges; a total k-labeling is a total labeling
in which the largest label is k. The smallest k for which a total (vertex, edge) k-labelling
exists is known as the total (vertex, edge) irregular strength of the graph [1]. Many
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results concerning vertex irregular and edge irregular total k-labelings can be found in
the survey by Gallian [4].

For H S G, the weight of His is given by wt(H) = Y,ev@r) f(V) + Xeerar) f(e). If
there exists a partition of G such that every subgraph in the partition, H; isomorphic,
then the graph G admits an #'-covering. Note that each edge of E(G) belongs to at least
one of the sub-graphs #;,i = 1,2, ...s. The H-irregular total k-labeling (¢) in which the
sub-graph weights are pairwise distinct. For more on subgraph irregular total k-
labelings, see [2, 3].

Irregular reflexive k-labelings arose from considering the labels as a function of the
graph structure rather than arbitrary assignments. Irregular reflexive k-labelings were
introduced by Tanna et al. [8]. Edge labels indicate parallel edges in a multi-graph, while
vertex labels represent loops at a vertex. The principal differences to total irregular k-
labelings are in the vertex labels. Since in irregular reflexive k-labeling, the vertex labels
represent loops; then they must be even numbers since each loop contributes 2 to the
degree of the vertex. In addition, the vertex label 0 is permitted as representing a
loopless vertex. Edge labels do not permit the 0 labels, as this would just indicate the
absence of an edge. Irregularity and weights of vertices of edges, subgraphs, etc, are the
same as for total irregular labeling [6]. The smallest k for which a reflexive (vertex or
edge) k-labelling exists is known as the irregular reflexive strength of the graph [15].

The formal definition of vertex irregular reflexive k-labeling can be seen in [7, 8];
they also provided some results on rvs(G), the smallest value of k for which such
labeling exists is called the reflexive vertex strength of the graph G, where G were
prisms, wheels, fans, baskets, any graph with pendant vertex, sunlet graph, helm graph,
subdivided star graph, and broom graph. While for a formal definition of edge irregular
reflexive k-labeling can be seen in [8, 9, 10, 11, 12, 13, 14, 15]. They determined the
lower bound lemma and some previous results of res(G), where G were a star, double
star S, ,,, caterpillar graphs, generalized subdivided star, broom, double star graph S, ,,,
cycle, a cartesian product of cycles, join of cycle graphs and K;, generalized friendship
graphs, wheels, prisms, basket, and fan graphs, the disjoint union of Generalized
Petersen graphs. Agustin et al. Also determined the reflexive edge strength of some
almost regular graphs, namely ladder, triangular ladder, B, X C3, P,® P,, and P,,®Cj;.

Furthermore, we develop a new concept of irregular reflexive k-labeling, namely H -
irregular reflexive k-labeling for H c G. We evaluate the sub-graph weights under
irregular reflexive k-labeling. We initiate to study the lower bound of the reflexive H
strength of graphs and the reflexive H strength of some graphs, namely flower graph,
Shack(C;,v,n), and book graph. We studied the subgraph H = C;on determining
rHs(Fl,), the subgraph H = C; on determining rﬂ’-[s(Shack(Ct, v, n)), and the subgraph
H = C, on determining rH's(B,). We can look at [5] for more details about shackle
operation. The book graph is obtained by edge amalgamation product of C, with linked
edge [19].

NEW CONCEPTS OF # IRREGULAR REFLEXIVE k-LABELING

We present a new definition for H irregular reflexive k-labeling as follows.

Definition 1. Let G be a graph under the function f, : E(G) - {1,2,...,k.} and f, :
V(G) - {0,2,...,2k,} such that f(x) = f,(x) if x € V(G) and f(xy) = f,(xy) if xy €
E(G), where k = max{k,, 2k, }. The irregular reflexive k-labeling is called an # -irregular
reflexive k-labeling of the graph G if every two different sub-graphs H' and H"
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isomorphic to K, it holds w(H") # w(H)," where w(H) = Yyevir) fr(X) + Zxer@r) fo (%)
for the subgraph H < G. The minimum k for graph G, which has an H-irregular
reflexive k-labelling, is called the reflexive H strength of graph G and is denoted by
rHs(G).

From the definition of H-irregular reflexive k-labeling, we give the results of our
research on H-irregular reflexive k-labeling of graphs. Before prove our obtained
theorems, we will show the lower bound of the reflexive H strength of any graph r#'s in
the following Lemma.

Lemma 1 Given that a graph H c G. Let p4, q3r be, respectively number of vertices
and edges of H. Let |H'| be the number of sub-graphs. The reflexive H strength satisfies

rafs(G) = [ZEEE

Ptqx

Proof. Let G be a graph and H c G, with py;, g3 be, respectively number of vertices
and edges of H. Let |H| be the number of subgraphs. Based on the definition of H -
irregular reflexive k-labeling, since we require k-minimum for graph G, which has an H-
irregular reflexive k-labeling, the set of an H -weight should be consecutive, otherwise it
will not give a minimum rHs. Thus, the set of an H-weight is w(H) = {qs, g3 + 1, q4c +
2,...,qy + |H| — 1}. Since the minimum k = max{k,, 2k,} is the reflexive H strength,
then the maximum possible H -weight of graph G is ps (2k,) + g4 (ko) < k(psr + q40). It
implies

k(pse +q3) = qa+1H| -1

H|l-1
I > gy + |H|
Py +
+|H| -1
Py + s
Since rH's(G) should be an integer, and we need a sharpest lower bound, it implies
+|H| -1
rHs(G) = [wl
Py + qa
It completes the proof. |

By the above lemma, we derive the following corollary of the lower bound.

Corollary 1 Given that a graph H < G. Let py, q4¢ be, respectively number of vertices
and edges of ' and |H| be the number of sub-graphs. If qsr + |H| — 1 = t(py + q3),
then

+ |H| -1
rHs(G) = [w‘ + 1.

Py + Q¢
where t is an odd natural number.

Proof. Given a graph H c G. Let py, qx be the number of vertices and edges of H,
respectively, and |H| be the number of sub-graphs. Let qs + |H| — 1 = t(py + q3),
based on Lemma 1, we obtain.
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9s(G) > [M‘

Py + Ax
[t(P}[ + Qi)
Py + Ax

Furthermore, suppose t is rHs(G), then t is the largest label under any # -irregular
reflexive k-labeling on graph G. Let H; be a sub-graph, such that the H weight of #; is

0(#) = Y AL+ Y L0)S - Doy + tlan)
x€V(H) XEE(H)
Based on Lemma 1, the largest # weight under any H -irregular reflexive k-labeling is at
least gy + |H| — 1, such that qy + |H| —1 < (t — D)py + t(qs). It is a contradiction
with g5 + |H| — 1 = t(ps + q4)- Hence, t # rHs(G), such that rH's(G) > [W] —

P +qx

[M = t. Thus, it concludes that rH's(G) > [w] o
PH A PH A
METHODS

The following method is used to calculate a graph's distance reflexive strength:
1. Graphs are defined as data or research objects and their sub-graphs.
2. Determine vertex and edge sets of graphs.
3. Use the following lemma and corollary to find the lower bound on the reflexive H
strength of a graph.
qz+I13|-1

Lemma: rHs(G) = [ ——
H H

17| = 1 = t(ps + qa)-

4. Develop vertex and edge labels using the # irregular reflexive k-labeling
definition.

5. Using the function obtained in step 4 to determine the upper bound of rH's(G).

6. The exact value of rH's(G) can be determined if its upper and lower bounds are
both equal.

7. If the upper and lower bounds of rHs(G) are not equal, then step 4 can be
repeated until the upper bound and lower bounds of rH's(G) are equal.

qy+|H|-1
PrH+qx

] and Corollary: r#s(G) > [ ] + 1, if g3 +

RESULTS AND DISCUSSION

We present the following theorems of several graphs with their respective sub-
graphs.
Theorem 1 Let H = (3 is a sub graph of Fl, and for every natural number n > 4, then

n+2
[ c ]+ 1, ifn = 3,4(mod 12)

n+2 )
[ c ], otherwise.

rHs(Fl,) =

Proof. Let Fl,,n > 4, be a flower graph with the vertex set V(FL,) = {xil,yl-l; 1<i<

E]} U {xiz,yl-z: 1<i< BJ} and the edge set E(Fl,) = {xilxilﬂ’x[l%]xlzgl 11<i< E] -
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1} U {xi1+1y1'1:y[13]xl23] :1<i < E] - 1} U {xilyil 11<i < E]} U {xizyl-z 11<i< BJ} U
2 2
{x-zxizﬂ,x%xf 1<i< FJ - 1} U {x-zyl-zﬂ,x%ylz :1<i< [EJ - 1}_
n+2

Based on Corollary 1, we have r?—[s(Fln)>[—]+1 if n=3,4(mod 12) and

rHs(Fl,) = [T]’ otherwise. To show that k is an upper bound for the H-irregular
reflexive k-labeling of Fl,,, we define:

Case 1: For every even n > 4, the graph Fl,, has the vertex labeling as follows:

0, ifl<i<2
ﬁ’(xil):{z[%], if3<i<=
0, ifi=1
ﬁ&ﬁ—{[ ] if2<i<
if 1<i<3
oD = £ {1—3' ﬁ4stsg

For the edge labeling of Fl,, suppose xlxl+1 = e}, xixs = ex, x} ,yt = s}, yaxs = su :
2 2 2 2 2 2

-1},

Lo n 2 _ _ — 2 102 _ 2.
I=sisg- 1} and {xi Xy = el xixt = ef, Xyl = shxiyf =sf:1<i<

NIS

then we have
I (2t —1, ifet—5<i<6t—2
fe(ei)_ﬁ(ei)_{ 2t, if6t—1<i<é6t
2t —1, ifet—5<i<6t—2
ﬁ@9={ 2t, ifi=6t—1
2t+ 1, if i =6t

ﬂ“”“)‘{ 2t,  if i = 6t

1, if1<i<4
2, ifi=5
f(sH) = 3, ifi=6
2t+2, ife6t+1<i<6t+4
\2t+3, ifi=6t+6

2, if1<i<5
3, ifi==6
fL(x2y?) =<{2t+1, if6t+1<i<6t+4
2t + 2, ifi=6t+5
k2t+3 ifi=6t+6
Case 2: For every odd n > 4, the graph FI,, has the vertex labeling as follows:
0, if1<i<?2

folad) = {2 [g . o _n+1
6

, f3<i<——
i i >
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0, ifi=1
2 if2<i<e6
2\ ) = =
Gt zr_ﬂ+2 f7<i<t
6 ' Hr=t= 2
0, if1<i<3
1 = i—3 +1
G0 {ZF——, fa<i<——
6
0, if1<i<3
2, if4<i<8
FOD = 2| =8 42, fo<i<ls
[en womiat

For the edge labeling of Fl,, suppose {x}xilﬂ = eil,x[lﬁlxlzﬂl = e[lﬂl,xilﬂyil = sil,y[lﬁ]xlzzj =
2 2 2 2 2

1, : n 2.2 _ 2 1.2 _ 5,2 ,,2,,2 _ .2 1,2 — 2. ;
S[E].l <i< H - 1} and {xi Xiy1 = €41, X1X7 = €5, X Y41 = SituXiyi =s1 1 <i <
2

EJ — 1}, then we have

For1<i< E],

N (2t —1, if 6t —5<i<6t—2
fx%)‘{ 2t if6t—1<i<6t
2t — 1, ifet—5<i<6t—2
ﬁ@9={ 2t, ifi=6t—1
2t + 1, if i = 6t
ﬂwﬂi‘{ 2t,  if i = 6t
For1<i<|3,
( 1, if1<i<4
2, ifi=5
f.(e?) = 2t, ifé6t<i<é6t+3
L2t+1, ifi=6t+4
2t + 2, ifi=6t+5
1, if1<i<4
2, ifi=5

2y —
fe(sD) =Y 20 41,

ifet<i<6t+3

2t+2, if6t+4<i<6t+5
2, if1<i<5
ﬂﬁﬁyﬂ::%t+1, if6t<i<6t+4
2t+2, ifi=6t+5

The function f, is a periodic function with variable t. At each value of positive integer t,
t = 1,2, .., the function f, is used to give labels on edges of Fi,,.
Then, we get the H -weights:

w1 = fo(x) + f(xi ) + LD + fole]) + fo(xlyi) + fo(s)
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wy = f,(xf) + fo (i) + LOF) + folef) + fo(xfyD) + fo(sD)
w=w;Uw,

Furthermore, for each value of t(t = 1,2, ...), we will obtain the H-weights of Fl, as
follows.
If Fl,,,n = 0(mod 12),n = 12, we have

w=1{3,4,56..,12t + 2}
If Fl,,,n = 11(mod 12),n > 12, we have

w ={3,4,5,6..,12t + 1}
The H weights from the W set are clearly different numbers. Thus, it gives an H-
irregular reflexive k-labeling of Fl,,,n > 4. i

Theorem 2 Let H = C, is a sub-graph of G = Shack(C,,v,n) and for every natural number
n =2, then

t+n—1 .
[T] 1, ifn=23,..,t+ 1(mod 4t)
rHs(G) = t+n—1
[—] , otherwise.
2t

Proof. Let G = Shack(C;,v,n), n = 2, be a graph with the vertex set V(G) = {x;;0 <i <
ntuf{y;;11<i<n1<j<t—2}and the edge set E(G) ={g;:1<i<n1<j<t}
Based on Corollary 1, we have rH's(G) = [H:t_l] +1,ifn=234,-,t +1 (mod 4t) and
rHs(G) = [H;t_l], otherwise. To show that k is an upper bound for the H-irregular

reflexive k-labeling of G, we define:
Forl<i<mn,

fo(x0) =0
0, ifl<i<t+1

2, ift+2<i<4t+1
SO =3 1i- e+ 1)
12— |2
4t

if4t+2<i<n

We define the function in the following for y; ;, and e; ;.
0, ifi >j

otherwise
(L ifi>j

h (ai'j) N {2, otherwise
(2 ifi>]

hs (ai'j) - {1, otherwise

For1 < j <t — 2, then we have,
( 0, ifil<i<t+1

2, ift+2<i<t+3

hy(a;j), ift+4<i<2t+1

foyip) =3 2, if2t+2<i<4t+1

21, ifAt)l+2<i<(4t)l+3
hy(a; ;) @ 21, ifAl+4<i<@t)l+t+1
\ 21 + 2, ifAl+t+2<i<@t)l+4t+1
For 1 < j < t, then we have,
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( 1, ifi=1

hy(a;;), if2<i<t+1

hs(a;;), ift+2<i<2t+1

ho(a;;), if2t+2<i<3t+1
fe(ei,j):< hy(a; ;) D 1, if3t+2<i<4t+1
h3(a; ;) @ (2L - 1), if@l+2<i<@l+t+1
hy(a;;) © (21— 1), if@l+t+2<i<@)l+2t+1

h,(a;;) © (2D), if@t)l+2t+2<i<(@t)l+3t+1

\ha(a; ;) @ (2L + 1), ifAl+3t+2<i<@)l+4t+1

The function f,, and f, is a periodic function with variable I At each value of positive
integer [, [ = 1,2,..., the function f, and f, is used to give labels on vertices and edges of G=
Shack(C.,v,n). The function f, with [ = 1 is used to give labels on vertices and edges of
G= Shack(C;,v,n) for n = 1(mod 4t) where n is a positive integer n > 8t + 1.
Then, we get the H -weights:

W = f,(x) + fo(xis) + fo(vi) + fo(es)
For each value of I (Il = 1,2,---), we will obtain the H'-weghts of G= Shack(C;, v,n) for
n = 1(mod 4t),n = 8t + 1 such that

wW={tt+1,t+ 2,4l +5)t}

The H weights from the W set are clearly different numbers. This, it gives an H-
irregular reflexive k-labeling of G = Shack(C;, v,n), n > 2. i

Yoo

9, 3
Yiez Yi2

Figure 1. The illustration of Shack (C;, v, n).

Figure 1 is the illustration of Shack(C;,v,n), there are n cycles of graph C; with the
linkage vertexis x; with1 <i<n-—1.

Theorem 3 Let H = C, be a sub-graph of book graph B,, and for every natural number n >
2,

n+2
[ c ] + 1, ifn = 2,3(mod 10)
rHs(B,) = —
[ z ], otherwise.

Proof. The graph B,,n = 2, is a book graph with the vertex set V(B,) = {4,B,u;,v;: 1 <
i < n} and the edge set E(E,) = {AB, Au;, Bv;,u;v;: 1 < i < n} with sub graph H = C,.
Edge AB is the edge that is always be part of each sub graph. Since we can give label 0 on
vertex A and B, label 1 on its edge, we can exclude this edge from determining the lower
bound of rH's(B,,). If n = 2,3(mod 10), then we refer to Corollary 1 to determine the
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lower bound of rHs(B,), such that rHs(B,) = [w] +1= [
[qﬂ-[+|7—[| 1] [3+n 1] _ [n+2

1. For n otherwise, we have rH's(F,) =

upper bound for the H -irregular reflexive k-labeling of B,,,we define:

fo(A) = f,(B) =0
Forn € {2,3,4,5,6,7,8,9,10,11,12}, we refer to Table 1 to give labels on vertices and edges

of E,.

Table 1. LABELING OF VERTICES AND EDGES OF
B, :n €{2,3,45,6,7,8,9,10,11,12}.

i 1 2 3 4 5 6 7 8 9 10 11 12
u; 0 0 0 0 0 2 2 2 2 2 2 4
v; 0 0 0 0 0 0 2 2 2 2 2 2
Au; 1 2 2 2 2 2 2 2 3 3 3 3
Bv; 1 1 1 2 2 2 2 2 2 2 3 3
wv; 1 1 2 2 1 2 1 2 2 3 3 2
Forn > 13and 1 <i < n, we have
( 0, ifl1<i<4
2, ifs5<i<11
fo(ui) =1 i — 117
i <i<
\2 10 + 2, ifl2<i<n
( 0, ifl<i<e
2, if7<i<13
fo(vy) =+ i — 13
i <i<
\2 10 + 2, ifl14<i<n
( 1, ifi=1
2, ifi =2,3,4,5
i—5
fe(Au;) = | 2[ 10 ], ifi =6,7,8 (mod 10)
i— 9
kZ [ 10 +1, ifi =0,1,2,3,4,5,9 (mod 10)
( 1, ifi =1,2,5,7
2, ifi = 3,4,6,8,9
'i -9
© ] ifi = 2,4 (mod 10)
fe(uivy) = 1
ifi = 0,1,3,5,6 (mod 10)

i—7
fBu)={ 2|0

z[i_7 +1
\“1 ™10

Then, we get the H -weights.

ifi =
ifi

ifi =7,8,9 (mod 10)

1,2,3
= 4,5,6,7

ifi =0,8,9 (mod 10)

ifi =1,2,3,4,5,6,7 (mod 10)

w(H)=t+3:1<t<n
The H -weights from the set w(H;) are clearly distinct numbers. This, it gives an H-
irregular reflexive k-labeling of B,;,n > 2.

3+n— 1] +1= [n+2] +

] Otherwise, to show

O
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CONCLUSIONS

We have obtained the lower bound of the reflexive H'strength of graphs and the
reflexive H'strength of some graphs, namely flower graph, Shack(C;, v,n), and book
graph. We studied the sub graph H = C5 on determining rH's(Fl,), the sub graph H =
C; on determining r?—[S(Shack(Ct,v, v)), and the sub graph H = C, on determining
rHs(B,). We consider our paper has contributed a new novel to the study of the
reflexive strength of graphs. However, characterising the exact value of reflexive H -
strength for any graph G remains an open problem. Since obtaining the reflexive H -
strength of a graph is considered to be an NP-complete problem. As a result, we propose
the following open problems.

1. Determine the exact value of reflexive Hstrenght of any graphs with different
subgraphs and characterize the existence of graph for specific rHs(G).

2. Determine the sharper upper bound reflexive H 'strenght of any graphs with any
sub-graph.
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