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ABSTRACT

Morrey space was first introduced by C.B. Morrey in 1938 which is the solution space of an elliptic
partial differential equation. Morrey space can be said to be a generalization of Lebesgue space.
Morrey spaces are generalized into generalized Morrey spaces, small Morrey spaces, weighted
Morrey spaces, and Bourgain Morrrey spaces. One of the studies in Morrey space is the
boundedness of operators in Morrey space. One such operator is the fractional integral operator.
One of the generalizations of fractional integral operators is the generalized fractional integral
operator. The generalized fractional integral operator is finite on the generalized Morrrey space.
In this study, it is extended on small Morrey spaces. The small Morrey space is the set of locally
Lebesgue integrable functions with norm defined supremum over radius of ball r € (0,1). This
paper aims to prove the boundedness properties of the generality of fractional integral operators
on small Morrey spaces using Hedberg-type inequality. The first, in this paper will be discuss to
prove Hedberg-type inequality on small Morrey spaces using dyadic decomposition, Holder
inequality, and doubling condition. The proof method used is using Hedberg's inequality. The
results imply that the generalized fractional integral operator is finite on small Morrey spaces.
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INTRODUCTION

Morrey space was first introduced by C. B. Morrey in 1938. Morrey found a
solution space of elliptic partial differential equations called Morrey space. Morrey space
can be said to be a generalization of Lebesgue space. In the development of research,
Morrey space develops into several kinds of spaces such as small Morrey space [1].
Morrey spaces are generalized into generalized Morrey spaces, small Morrey spaces,
weighted Morrey spaces, and Bourgain Morrrey spaces. One of the studies in Morrey space
is the boundedness of operators in Morrey space. One such operator is the fractional
integral operator. One of the generalizations of fractional integral operators is the
generalized fractional integral operator.

The fractional integral operator is one type of singular integral operator. Research
on fractional integral operators, first started by Hardy and Littlewood. Hardy and
Littlewood proved the boundedness of fractional integral operators on Lebesgue spaces
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using dyadic decomposition [2]. Furthermore, the research was continued by Adams [3]
and Chiarenza and Frasca [4] who proved the boundedness of fractional integral
operators on Morrey space using dyadic decomposition. Nakai generalized the space of
Adams and Chiarenza and Frasca. Nakai proved the boundedness property of fractional
integral operators on the generalized Morrey spaces using dyadic decomposition. The
result of Nakai research is also called Spanne inequality [5]. Gunawan and Eridani
extended the results of Adams and Chiarenza and Frasca [6]. Karim and Apriliani
continued their research on the Spanne inequality of the p = g case [7].

Sawano extended Morrey space into a small Morrey space for r € (0,1). In Sawano's
research, it also gives the properties of inclusions among small Morrey spaces. In
Sawano's research, it also gives the properties of inclusions among small Morrey spaces
[8]. Based on the inclusion properties, Karim et. al. research further discussed the
inclusion of Lebesgue spaces, Morrey spaces, and small Morrey spaces. Karim, et.al. has
proved the boundedness of fractional integral operator in small Morrey spaces using
Hedberg-type Inequality [9]. The purpose of this study is to extend Karim's results,
namely to investigate the boundedness of the fractional integral operator on small Morrey
spaces using Hedberg-type Inequality, in particular from small Morrey spaces to other
small Morrey spaces. This result then implies the boundedness of the generalized
fractional integral operator on small Morrey spaces.

METHODS

The method used in writing this research article is a literature study of several related
articles and books. In some of the literature, the definition and the boundedness
properties of fractional integral operators have been discussed and the boundedness
properties and definition of Morrey space have also been discussed. In this work, the
research methodology is given as follows:

i.  Constructing the Hedberg-type inequality on small Morrey spaces for
generalized fractional integral operators.

ii. Proving Hedberg-type inequality on small Morrey spaces for generalized
fractional integral operators using dyadic decomposition, Holder inequality,
and doubling condition.

iii.  Constructing the boundedness theorem of fractional integral operator in small
Morrey space.

iv.  Proving the boundedness theorem of fractional integral operator in small
Morrey space using Hedberg-type inequality on small Morrey spaces for
generalized fractional integral operators.

Therefore, by using the definitions and properties that have been discussed in the
previous literature study, it can be used to prove the boundedness properties in this
article. The first, we will discuss about Lebesgue spaces and Morrey spaces below.

Definition 1 (Lebesgue Spaces, [10])

Let (X, A, n) is measurable spaces and 1 < p < oo. The Lebesgue spaces LP(X) are
consists all equivalence class of function f : X — R such that
1

If1],p = (f Iflpdx>p <ow.
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Definition 2 (Local Lebesgue Spaces, [11])

Let (X,A,u) is measurable spaces. The Lebesgue spaces L’;OC(X) are consists all

equivalence class of function f : X — R such that for every compact subset S c X,

f|f|vdx < .
S

Theorem 1 (Holder Inequality, [11])
If f € IP(R™) dan g € L1(R™) with p > 1, then |Ifgl| . < |IfI| ,|lg]| ..

Proof. The proof of this theorem can be seen in [11].

Definition 2 (Fractional Integral Operator, [12])
Let 0 < B < n.The integral fractional operator Iz f (x) is defined by

If () = j f)

d
R" |X _Y|n_ﬁ Y

for every f € I¥ (R™) with 1 < p < oo and for every x € R",

loc

Theorem 2 (Hedberg-type inequality, [13])
Letl1<g<p<o and% = %— g, then for every f € LP(R™),
1-BP Bp
lsf Q] < Cpg(MFG) ™ [IF GO,
Proof. Suppose 1<q<p < o, take any f € LP(R") and open ball O(x,r). From
definition integral fractional operator, write

Ief(x) := Lif(x) + Lf(x),

with
_ f)
Lf(x) = fo on =y P dy,
and
_ f)
oo = | e X2

Using dyadic decomposition, partition of the open ball O(x,7) is 2*r < |x — y| < 2¥*1r
with —oo < k < —1 such that

-1
f)
I (x)ISCZf T < erf(MFw).
v Kot 2k rs|x—y|<2kttr lx —yl"F ( 4 )
Partition of the complement of open ball 0(x, )¢, we obtain 2¥r < |x — y| < 2¥*1r with

0 < k < oo such that
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N f&) pn
Lfelcy | Iy < o)l
Zf k=0 2kr<|x—y|<2k+1y |X - yln A Y | f |Lp
13
Choose r = (“ﬁ;ii{lip)n, such that we obtain

|Ipf QO] < 1L fCOI + |Lf ()
< c(ri(Mfe) + oI, )

1_Bp i3
<Cc(MfC) m|IfFGI|L.
So, Hedberg-type Inequality is holds.

Definition 3 (Doubling Condition, [14])

In defining the operators I, , the function : R — R* satisfy the doubling condition
if holds

1i_r 1 _ @)
1. IfzSSSZthenclSw(s)Sleoreveryr,s>0.

2. Forr >0, f:o@dt.

Definition 4 (Morrey Spaces, [15])

Let 0 < g < p < o and measurable spaces X = R™. The Morrey spaces Mf(]Rn)
consists of function f € L¥ (R™) with

loc
1

||f||Mp = sup IO(x,r)I%_% <f( )|f(x)|pdx>¥”
1 o(x,r

x€ER™,r>0
is finite.
Definition 5 (Small Morrey Spaces, [15])

Let 0 < g < p < o and measurable spaces X = R™. The small Morrey spaces mZ(]R{n)
consists of function f € LV _(R™) with

loc
1

||f||mp = sup IO(x,r)I%_%<f( )|f(x)|pdx>p,
q o(x,r

x€R™,re(0,1)

is finite.

RESULTS AND DISCUSSION

In this section, we will discuss the boundedness properties of the fractional integral
operator. However, we will first prove Hedberg-type inequality in small Morrey spaces.
Eridani [12] generalized the fractional integral operator. Given function i : R* - R*that
satisfies the doubling condition. The generalized fractional integral operator is defined by
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I f () = lPl(I l};l)f( Yy,
IRTL

for every f € L7 (R™) with 1 < p < oo. If (Jx —y|) == |x — y|# with 0 < a <n then
Ly f(x) = Igf (x) [14].

Since p function satisfies the doubling condition, such that for every k € Z and for

every r > 0 with 2*r < |x — y| < 2¥*1r holds
Ead
1. If < 2’,;1’ < 2 then
1 —
1_vlx=yb _ .
C = (k1)
As a result, we obtain
2k+1T
P < oy = cp@erin). ™
2. Lett := |x —y|. Theinequality (1) can be expressed as
lp(2k+1 )
< () < PR, @
The next, from inequality (2), we have
2k+11" 2k+11‘ 2k+1T
Y(2*r) P(t) j Cyp(2K*1r)
——dt < To2dt < L S
CoFiy dt < " dt < Sy dt
2ky 2ky 2kr
k+1,
2k+1T
—1/)( °C ) < 4G )dt < Cy(2F+1r). 3)
2ky

Theorem 3 (Hedberg-type Inequality)

Let functiony : R — R* satisfies doubling condition.If1 < p < g < andg = g

1
p )
then

q Ba
£ GOl < CpalMF I 2y

for every f € mg (R™), with Mf (x) is maximal Hardy-Littlewood operator.

Proof. Take any f # 0 € mZ(]R”) andlet 1 < p < q < . Defined a function  : R - R*Y,
is Y(t) = tP with 0 < <n satisfies doubling condition such that (t) satisfies
inequality (1) and (3). Write

Lyf (x) = I f (x) + L f (x),

With
ww= [ PE i ay,
o(x,r) | |
and
i@ = [ T iy
o(x,r)¢ | |

For open ball O(x,7), can be partitioned 2¥r < |x — y| < 2k*1

such that we obtain

STERN| P polay
e 2

kr<|x—y|<r2k+iy lx —y|"

r for every —oo < k < —1
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N ket L ( )
SCRZOOIIJ(Z T)(2k+1r)n f|x—y|<zk+1r|f(”|dy

) )
= k+1.0N\B___—
C kZOO(Z r) <(2k+11”)” —f|x—y|<zk+1r|f(y)| dy>

-1

1
k+1,\p8 _
|ILf(x)l<C § (2% r) <0(xs,;£1r) (2k+1p)n f|x_y|<2k+1r|f(Y)| dY>

k=—o0

-C Z (2K+17)8 MF ().

k=—o0

Because the series Y;1_., 2P**D converges to one for k < 0, then inequality can be
expressed by
IIf ()| < CrfMf(x).

For O(x,7)¢, the ball O(x, )¢ can be partitioned 2%r < |x — y| < 2¥*1r with 0 < k < oo.
Observe that

Y(x -yl
|Lf ()] < Zfzqux P l[f () |dy
Y(2kr) Yx—yD

< CZ N
k=0 (Zkr)n |x—y|<2k+1r |x— |n |f( )l y

with constant € > 0 and using Holder inequality we have

1 1 5
@eryn 'f|x—J’|<2k+1rf(y) = (W -]|-x—y|<2k+1r|f(Y) |pdy>

N2
< @) [If1],,p-
Because ¥ (t) == t#, consequently can be expressed as

o P (2kr) P(lx—yI)
|12f(X)| S CZW e y|<2k+1rW|f(Y)|dy

< cZ(zkr)ﬂ(zkr) aIfl] ’

< crfa Z(zk)ﬁ 172]

and becauseO<,8<nthen,8—n<,8—%<0for1<p<q<oosuch that the series

Y2974 converges to one. The result is
ILFEOl < cra|Ifl] .
q

Next, using triangle inequality we obtain
L, f QO] < [ILF I + 1L ()
< crfMf() + crfTaifl|
q

Rizky Aziz Syaifudin 78



The Boundedness of Generalized Fractional Integral Operators on Small Morrey Spaces

C (rﬁMf(x) + rﬁ_g||f||mg).

<

71|\
Choose r := ( q) ,such that

Mf(x)
g-2 1-Ba Ba
tprGol < (rompco +" Al ) = cCr G IfI]

So, Hedberg-type inequality on small Morrey spaces for fractional integral operator is

proved.

The following presents the limitation theorem of the generalized fractional integral
operator in small Morrey spaces.

Theorem 4
Let positive function z/) : R - R* satisfies doubling condition and 1 < p; < ¢4 <%
. 1_1_6&5 1 _ 1 Ba1
with 0 < <n.If w7 n and — = o (1 ) then exist constant C, , > 0 such

that for every f € m{ (R™) holds
||I¢f||m§§ = Cpl,ql“fllmgi-

Proof. Let 1 <p; < q; < % with 0 < B < n. Defined functiony : R — R*, is y(¢t) = th.

. P . .
Take any function f # 0 € mg; (R™). According to Hedberg-type Inequality from Theorem
3, holds

. ga
GOl < Gl OIS £ GO,

Defined
1_1 B
92 ¢ n’
and
l:l(l_&>
P2 D1 n

Therefore, it is obtained

1-Bn Bn
|I1Pf(x)| < C(Mf(x)) q1||f| .
_C(Mf(x))pz“f” p1'

Next, both segments are raised by p, and integrated over O(x r) such that

|I¢f(x)| dx < sz(Mf(X))p1||f||p2 P1

o(x,r)
_ C.pzllfllpz 171[ (Mf(x))pl dx
B(x,r)

q1

P2 p1 11 1
<crlifllly sup foGurle [ (MfGo)™ ax
1

x€R™,r€(0,1) o(x,r)
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= CP2If 1] (1M1 s
1 1

< CP2|If1] s 1]
1 1

< szllfllf,i?
1

1 1
Rank both segments by pi then multiply by |0(x,7)|%2 P2 and take the supremum over
2

radius r € (0,1) of both segments such that we get

£l . < Cova 1]
2

Thus, it is proven that I, f (x) is finite in the small Morrey spaces.

CONCLUSIONS

The generalization of the fractional integral operators by defining the positive function

Y : R - R* that satisfies the doubling condition. The proof of the boundedness properties
of the generalized fractional integral operator in small Morrey space uses the Hedberg-
type inequality. Therefore, in proving it, it is necessary to prove first that the Hedberg-
type inequality applies in small Morrey space and applies to the generalized fractional
integral operator.
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