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ABSTRACT

This paper analyzes the resolvent system for the Navier-Stokes-Korteweg model with slip
boundary conditions in a 3D half-space. The system is reduced using a partial Fourier transform,
and the homogeneous resolvent problem is solved, demonstrating the existence of a solution
operator under certain coefficient conditions. This result provides a foundational approach for
studying the non-linear Navier-Stokes-Korteweg system

which is a key system equation for describing the motion of viscous fluids.
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INTRODUCTION

The Navier-Stokes-Korteweg (NSK) model is an essential tool for describing the
behavior of compressible fluids, particularly in situations where capillary effects play a
significant role, such as in phase transitions between gas and liquid states. This model
extends the classical Navier-Stokes equations by incorporating capillarity, making it
highly relevant for understanding phenomena in multi-phase fluid flows. Including
capillary forces allows for a more accurate depiction of fluid dynamics at phase
boundaries, critical in both natural and industrial applications involving multi-phase
flows.

Previous research on the NSK model has explored its various aspects, including the
existence and uniqueness of solutions under different boundary conditions and in
varying spatial dimensions. Notably, studies by Liu et al., Danchin & Desjardins, and
Hattori & Li have examined phase transitions and the behavior of compressible fluids in
different settings [1]. In the research by Danchin & Desjardins, the existence and
uniqueness of smooth solutions were shown, which are suitable for the isothermal
compressible capillary fluid model, thus used as a phase transition model [2]. In the study
by H. Hattori & Li, the existence of a strong unique solution for initial data requiring
higher regularity than Danchin and Desjardins was demonstrated this system is a
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simplified isothermal version [3]. In H. Hattori & Li, solutions for the high-dimensional
Navier-Stokes-Korteweg system were shown for small initial data [4].

In N-dimensional space, Saito proves the existence of the R-bounded solution
operator for the compressible Navier-Stokes-Korteweg model with boundary conditions
n-Vp = gandu = 0[5]. Regarding space and time variables, various results have been
presented such as the existence of weak solutions, the local and global well-posedness for
strong solutions, large time decay of solutions, time-periodic solutions, the vanishing
capillarity limit, and maximal regularity; see, e.g., ref. [6] Subsequently, Inna etal. Studied
the Navier-Stokes-Korteweg with slip boundary conditions in the half-space for certain
coefficient conditions [7 - 8]. This research was further continued by Inna et al. to
demonstrate the R-bounded solution operator [9] for arbitrary coefficient conditions.
Furthermore, Inna & Saito demonstrate a local strong solution in the L, framework
concerning time and L, concerning space, with p € (1,) and q € (N, %) taking into
account the additional regularity level of the initial density of air, which depends on the
maximum regularity level of the linear system [10].

This study builds on prior work by addressing the NSK model with slip boundary
conditions in a three-dimensional half-space, which is less explored but highly relevant
for real-world applications where fluid slip occurs at boundaries, such as in microfluidic
systems or porous media. Furthermore, this research demonstrates the existence of a
solution operator for the resolvent system of the NSK model, offering a novel contribution
to the mathematical understanding of compressible fluid models with slip boundary
conditions as follows.
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with

R ={y=uy2y3) ER’,y; >0}

R} = {y = (y1,¥2,¥3) ER% y3 =0}
where A being the resolvent parameter belonging to C, = {z € C|R, > 0}, where C
denotes the set of complex numbers, p = p(y) andu = u(y) = (u; (y), u,(¥), us (y))T are

unknown functions, where each represents density (a scalar value) and fluid velocity (a
vector value) depending on the variables y = (y;,V,,¥3). The coefficients u and v are
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used to express viscosity constants, while k denotes the capillarity constant. Furthermore,

a a8 0 d d d d
0,0,—17-(—,—,—)= ,—1U; +—u; = hy,—u, + —u, = h,, and U =h
( ) 0y, 9y, 0y3 9 dys3 1 0y, 3 1 0y3 2 a0y 3 2 3 3
represent slip boundary conditions, where (0,0, —1)" is the unit vector pointing outward

from R3.

In three-dimensional space, the Navier-Stokes-Korteweg (NSK) model with slip
boundary conditions has been explored by various researchers. Salsabila et al. developed

2
the model for the case where the coefficient u, v and k satisfying (HZ—J;V) - (i) <0, ]

u+v 2 1 . . . .
(—) - (;) >0 with k # uv [11], and Jihandika et al. extended it for the case where

2K

. . . . u+v 2 1 . .
the coefficients u, v and k satisfying (7) — (;) > 0 with k = pv [12]. Alfiyyah further

. . . . u+v 2 1
analyzed the model for the case where the coefficients y, v and « satisfying ( - ) — (E)
= 0 with k # pv [13].
Additionally, the NSK model with Dirichlet boundary conditions was examined by

. . . . u+v 2 1
Khasanah et al. for the case where the coefficients p,v and k satisfying ( » ) — (;) >

0 with k¥ = uv [14444] followed by Managqib et al., who investigated the case where the

2
coefficients satisfy u,v and k satisfying (“ZJ;V) —(l) = 0 with k # uv [15].

K

Furthermore, this research establishes the existence of a solution operator for the

resolvent system of the Navier-Stokes-Korteweg (NSK) model, for the case where the
2

’Hv) - (E) =0 with ¥ = pv.

2K K

coefficients satisfy (

METHODS

In this study, the primary goal is to analyze the resolvent system for the Navier-
Stokes-Korteweg (NSK) model with slip boundary conditions in a three-dimensional half-
space. To achieve this, a systematic approach is used to reduce the complexity of the
original problem and find a solution operator.

The first step involves simplifying the inhomogeneous system by applying a
partial Fourier transform. This method is chosen because it effectively transforms the
system of partial differential equations into a system of ordinary differential equations,
which are easier to solve. The partial Fourier transform is beneficial here as it reduces the
dimensional complexity of the problem by transforming the spatial variables into
frequency variables. This allows us to focus on the system's behaviour in terms of more
straightforward functions of one variable, making the analysis more tractable.

Before applying the partial Fourier transform, we first reduce the inhomogeneous
resolvent system. This involves isolating the terms that will be transformed simplifying
the equations into a form where the transform can be applied efficiently. By converting
the system into the Fourier domain, we can obtain a simplified set of equations that
describe the system's behaviour in a more manageable way.

After this transformation, we focus on solving the homogeneous resolvent
system, which emerges from the reduced problem. The solution of this system
demonstrates the existence of a solution operator, which is a key result of the study. This
operator confirms that the system can be solved under the given conditions, and it
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provides a framework for understanding how slip boundary conditions influence the
dynamics of compressible fluids in the context of the Navier-Stokes-Korteweg model.

This approach is chosen because it breaks down the complex system into smaller,
more solvable components, ultimately allowing us to conclude the overall system’s
behaviour. Each step is carefully structured to ensure that the mathematical complexities
are handled clearly and logically, with the Fourier transform playing a crucial role in
simplifying the analysis.

Several notations are used in this article to denote key results. For instance, N
represents the set of all natural numbers, and N, = N U {0}. Additionally, C and R denote
the set of complex numbers and the set of real numbers, respectively. For any domain Q <
R3, the Lebesgue space and Sobolev space are denoted as L, () and W™ (Q), respectively,
where m € N and q € [1, o). Furthermore, the norm of the Sobolev space W;*(Q) with
n € Ny is denoted as || - ||WC;1(Q).

Let X and Y be Banach spaces X°, where s € N, denotes the s -fold Cartesian product
of X, defined as X* = {x; = (x4, ..., x;)|x; € X}, and the length of a vector in the space X®is
denoted as || - ||xs- The set of linear operators mapping from X to Y is denoted by L(X,Y),
and the notation L£(X,Y) can be written as £(X). Furthermore, for a domain U < C,
Hol(U, L(X,Y)) represents the set of holomorphic functions mapping from U to L(X,Y).

To find the solution operator (1) we can first solve it with an approach of finding
solutions in whole-space 3-dimensional where the system of equations in 3-dimensional
whole-space (R3) is represented by the following equations:

/1p+(llaa u) =d diR®)

=f diR3
e (D)

llay)
)

Au1_ﬂ( ?:1%)”1_1/61%( 13163, i)
v p =f, diR®?
a

i
Auz_ﬂ( ?:1%)”1—1/%( l31ay ‘)_ _(Z
o (2

92 ) .
Aus_ﬂ( ?:1@)”1_1’6_3,3( l31ay i)_ By, \Hi=15,, )P =f3 d1R3J
with R® = {yly = (y1, y2,¥3)}.

Let the space for functions on the right-hand side of system of equations (2) in the

whole-space 3-demensional, be denoted as F® = (d, f1, f2, f3) and defined as follows:
X‘} (R3) = qu(R3) X Lq (R3) x L, (R3) x L, (R®)

Then, define F;F°and X (R?) as follows:

[ai“d] 1 fl\
‘ ,(D2d, | f2| | € X5 (R®)

:F;LFO =
i f3/
0y2
LR =Ly (R)S
K, =3+1+3=7

Based on the results obtained by Saito [5] for the case in (R"), the following theorem

can be proven.

Theorem 1. [5] Let q € (1,00) assume that y, v dan k are positive constants satisfying
2

(“—”) - (l) =0 and k = pv. Then, for every A € C,, there exist operators A*(A) dan

2K K

B1(A) such that:
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A'(\) € Hol (C+,L (353(1{3), A (R3))>,

B1()) € Hol (c+,L(aﬁg(R3), qu(R3)3))
so that for every F°=(d,fy,f2 f3) € X;(R®) a unique solution operator(p,u) =
(AY(AN)FLF°, BL(M)F,FO) is obtained for Equation (2).

Definition 1. [5] Given a function z defined in R3 the partial Fourier transform and the
inverse partial Fourier transform of z = z (y4, y,, y3) can be written as follows:

z2 = 2(y3) = Flz](§1,$2,¥3) = fR fRe_(y”yZ)'(fl'fz) 2(y1,¥2,¥3) dy1dy;
and the inverse of the partial Fourier transform is as follows:

Tg_l,lgz [2(§1, 2, ¥3)1 (1, y2) = (2 )2 f f ~01y2)Gad2) z(yy,y,,y3) dy,dy,

Or, it can be simplified to:

Tf_l,lgz [2(¢1, €2, ¥3)1 (1, ¥2) = 2(V1, Y2, ¥3)

RESULTS AND DISCUSSION

In this discussion, the process of proving the existence of solutions for the system of
equations (1) will be demonstrated. Let the function space on the right-hand side of the
system of equations (1) in 3-dimensional half-space, be denoted as F! =
(d, f1, f2, f3, 9, h1, ha, h3) € X3(R3) defined as follows,

X2(R®) = W (RD) X Ly (R)® x W2(RD) x W (R)? X W2 (RD)
Then, define TAFl dan %2 (R3) as follows:
X2(RY) = Lo(RDX,

[5:9] \ £ g =9 7= l[(/l)%aiylg]l

Yy, 0y, 0y,10y; 0y10y3 | |
(N ) S 2 9 i 9 70
T)LF B ayZd ’(A)Zd ’ fz ’ a)’1aYZg 33/22‘9 OYZa%g 'l(/l)z HYZ'gl,Ag ’
lidj f3 2 d 92 1,
0y> a)’1aY3g aJ/zaygg 33’32g (/Dza_ygg
92 d d
0 0 aylz 3 9y10y; S 0y,0y; S
ay; L oy, t ‘ [(A)ZM 0 _p, 0_2h3 °—
9 9 9y10y2 dy2? 9y20y3 7|’
9y, hZ 9y, hZ (/1)2}12 9 P 92 h
0y10y3 3 0y20y3 3 dys? 3
(A)z—hﬂl
1
()25 ha |, ARy | € E3(R)
19
(A)Z_h3
¥R} =1L (R )X
K =(3+1)+3+(32+3+1)+(3—1)(3+1)+(32+3+1)
K = 41

The aim of this research is to find the solution operators of System of Equations (1), or in
other words, to prove the following theorem.
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Theorem 2. Let p € (1,) and assume that y, v dan k are positive constants satisfying

u+v 2 1 . 2
( ) - (;) =0 and k¥ = uv. Then, for every A € C, there exist operators A4“(A) dan

2K

B2()) such that,

A?(1) € Hol (C+,L (Xé(Ri), %3(R§r )>’
B2(2) € Hol (C,, L(X2(RD), W2A(RD)?))

thus, for every F' = (d, f1, f2, f3, 9, h1, ha, h3) € XG(R®), (p,u) =
(A2(AD)F,FL, B2(1)F,FY) represents the solution operator of Equation (1).

The next part involves proving Theorem 2 by reducing the inhomogeneous system (1) to
a homogeneous system in the three-dimensional half-space. The subsequent step is
solving the homogeneous system in the three-dimensional half-space.

Reduced system

Assume that u; = wj; (j = 1,2) and u3(y1,¥2,¥3) = wz + hz, and w = (wy, w,, w3)',
Then the reduced equation from equation (1) is obtained as follows:

ad ~ .
/1,0+( i3=1TWi) =d 1nR?ﬂ
Yi
362) 6(36) 3(3 az) > . o3
— > — —v—_D)i,—w; )| —k— ()i, — = inR
Awl l'l' ( =1 ayiz Wl ayl =1 ayl Wl K ayl i=1 ayiz p fl +
362) 6(36) 3(3 az) . 03
— > —v—_D)i,—w; )| —k—\Dii_ = inR
Aw, ﬂ( i=13y2 W 9y, l—1ain1 Kayz Zl—layiz Y 2 +
362) 6(36) 3(3 az) > . 03
— P —y— (Y —w ) —k— (Y = inR
Aws M( i=15y2 W3 V6y3 1_1ain1 K6y3 Zl—layiz p 3 +
ip
0 oy1 r (3)
O i — R3
6yzp =g onko
aS’3p
d d 5 3
o 1+6y w3 =h; onRj
) ) = 3
—w,+—w3; =h, onR
3y, V2 T 5,3 2 0
wy; =0 onR})

with

d =d _a%h&ﬁ =fi+ Va%l(ai%hs):f; =f +Vaiy2(aiy3h3)'

B = fs + pths (%+%+%) Vo (2o hy) = Ahy, By = hy = 5hy, by = hy = 5
Next, reduce equation (3) using even extension and odd extension to form the
homogeneous system of equations (d,yy,¥,,¥3) = (0,0,0,0). For a function f =

f (v1,¥2,y3) di half-space 3-demensional, define the even extension E¢ and odd extension
E? as follows:
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erF— e _(fOuYy2ys), (3 > 0),
EXN=EF 01 y2v) = {f(YLYZ'_%)' (rs < 0)

0= FO _( fOuy2y3), (y3 > 0),
g (f)_E f@’b)’b}@) B {_f(;lﬂ;bi}@)! (;3 < O)

Then, define the extension of a vector function f = (fy, f>, f3) " as follows:
= (E°f, E°f2, E°f3) Tin RS, (4)
Note that E € £(Ly (RS )3 Lo(R®)®) and E¢ € L ( WE(RS), W} (R3))

Let AY(1)F,F°, B1(1)F,;F° be the solution operator found in Theorem 1 in the
whole space and ((1 fi for f3) be the righthand side function of equation (3) existing in the
space W, (R}) x L, (R?)?. Define operators R dan W as follows,

R = AAWF,(E¢d, E°f1, E¢f,, E°f3), ;
W = BI)F( Ed, B f,, Efy B, )} (>)
where
BI(WFA(E°d, E°f1, E*f2,E°f3)
B'(DFA(E°d,Ef1, E°fo, E°fs ) = | B3(DFy (E°d, E°fy, E°f5, E°f3) |. (6)
Bi(W)F, (E°d, Ef1, E¢fo, E°f3)

Let operators S = S(y4,¥,,¥3) and T T (v1,Y2,y3) are defined as follows:
S = R(yllyZ'_y3)' }

:
T= (W1 1 Y2 =Y3), Wo(y1, Y2, —¥3), — W3 (¥4, ¥2, —3’3))

Then, 14 dan T; represent the j-th components of the functions W dan T with j = 1,2,3.
Consequently

(7)

Ts(y1,Y2,¥3) = —Ws(y1,¥2,—Y3) (8)

The next step, substitute the operators R and W from Equation (5) into the first Equation
(3) to obtain

()lS + 33 16 )(J’1:J’2»J’3) = (AR +X5 16 i) V1, Y2, —Y3)

= (Eed(%: Y2, —Y3)

= E°d(y1, Y2, ¥3)-
By similar step as previous, we obtain the rest Equation of (3) as follows:

(1~ (Shasms) Wa v 2 (Sha W) =5 o (Shasas) R) (V)= EA(Y)

0y1 0y,
(a2 — (22 15)”/2 v e ( 'z-’;l%Wi) k2 (S R) ()= ER0Y)
(2w ‘”(Zl i) Ws =7 5= (SLim W) — e o (S 25) R) (9= E°A(G)

with y" = (y4,¥,,¥3). Thus, S dan T are also solution operators in the 3-dimensional
whole-space. Therefore, based on the uniqueness of the solution of Equation (2), we have

T1(y1,Y2y3) = Wiy, Y2, ¥3),
T,(y1,Y2,¥3) = Wo(¥1,¥2,¥3), 9)
Ts(y1,y2,¥3) = Wa(y1,¥2,¥3)
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As a result, based on Equations (8) and (9), we obtain W5 (y4,¥,,¥3) = —W5(y1, Y2, —¥3),
and when y; = 0 we get W5(y4,y2,0) = —W5(y4,y,,0) if and only if W5(y;,y,,0) = 0.

Let p and w be defined as follows:
p=R+p,

then we obtain the reduced system of Equation (3) as follows :

Vi
9%\ 9 (w3 0 9 (w3 0% «
A = (Z i) B = g5 (Bl 1) = e (Bl )
17 Zimiga) W Vg (Zis gy, W 7y: \Zi=15,7) P
9%\ d (w3 0 9 (w3 0% «
A =1 (Ei 53) B2 = v 35 (Bl ) = e (B 75)
2 T M\ di=15,2 ) W2 T Vo Li=1 5, Wi 3, Zl—layz p
92\ 9 (w3 0 ~ 9 (w3 0%\ ~
A =1 (Eia 57) s = v 3 (Bl ) = e (B 5)
3TH Z“layiz 3 Doy \Fi=lay, ! 77, \Li=15,2
Jd -
aY3p
0 0 W
dy3 1 dy1 3
0 J ~
— W, +—W
0y, 2 0y, 3
w3

with

~ 9 i f . . h -
G=9+5, A DF(EEF,Ef, Efs) hy = 5-hy —

and W=(W1+ Wl,W2+ Wz,Wg‘l' W3)=W+W,

in R3)
in R3
in R3
in R%
onR3
onR3

onR}

3
on Ry/

(10)

(11)

) i ez ~ ~ ) G e R ~ = =
<a—y33%(/1)T/1( E¢d,E°f;,Ef5, E°f3 ) + a—le§(l)?a( E°d,E°f1,E°f2,E°f3 )>,hz =h; —

0 0 5 z z z 3} = = o o
5h3 - (gB%(A)T)l( EedlEefllEefZ'Eof3 ) +£B%(A)Tl( Eed'Eefl'Eef2rE0f3 ))
2 3 2

Next, to prove Theorem 2, it is sufficient to solve the Homogeneous System (11), which

will be discussed in the following section.

Solution of the Homogeneous System in the Half-Space

The Homogeneous System of Equations (11) in the 3-dimensional half-space can be

written simply as follows:

0
A +( =W
p l—layi 2
o= (Saza) wi = va (Shagw) - (S )
1 U l=16yi2 1 v, l=1ayi l vy l=layi2 p
3 0? i} 3 0 0 3 0°
AWz—M( izl_ayiz)WZ_VE( i=13, Wi) 7 K35, Zizlayz P
3 8% d 3 0
/1W3—#( i:l@)wg,—vﬁ( i=15, Wi) T K5\ &i=
d
0y3
22
0y3 ! 0y, 3
> w > w
0y2 2 0y2 3

in R%))
in R
in R
in R3
on R}
on R}

3
on Rj

> (12)

on R3)
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For the function on the right-hand side of (12), let G = (g, hy, h,), Define the space G
X3(R3) = WZ2(R3) x W (R3) x W (R3Y)

Then, let's define G, G and X (R}) as follows:

92 a a
( [aylzg 2y:97,9 aylayag] [Azag} 2 p, ihl LN
a 9?2 9 F) 2
GG = | < A H ) e X(RY)

Az
0y10y> 0y20y3 gl g| /12 h
2 1 2

S

7] a a
l6y16y3g 63’233139 a3’32‘9 J l ZEgJ
X (RY)= L (RDM
N, (32+3+1)+(3—1)(3+1)=21

The following theorem will be used to continue the proof of Theorem 2.

Theorem 3. Let q € (1,) and assume that p,v and k are positive constants satisfying

u+v 2 1 . 3
(—) — (Z) =0 and k = uv. Then, for every A € C,. there exist operators A°(A) and

2K

B3(A) with

A3(X) € Hol (c+, (%3 (R, W3 (R )))

B3(2) € Hol (C,, £(X3 (R, W2 (RD?))
Thus, for every G = (g, hy, h;) € X3(R3), (p,w) = (A>(1)G21G, B>(1)G;6) is the solution
operator for Equation (12).

Proof

A partial Fourier transform is applied to the homogeneous system, resulting in a solvable
ordinary differential equation. Assume that y) = ( 3 wl) , then do the partial Fourier

transform on the equation (12), then for y; > 0 we obtain the system of ordinary
differential equations:

M+ =0 (13)

a0 = (03, = 162 + §)?)®r — vigwh — xi6y (5= = 1602 + %) p= 0 (14)

— (33, = 1G? + (E2N)W, —vigsh — i, (57— 162 + 2)?1) p= 0 (15)

A3 — it (5 = 1602 + (E2021) W3 — v — k= (5 = (6 + (§)1) p =0 (16)
With the boundary conditions :

~5P0) =30 y3>0, (17)

ainvT/l(O) + i& ,W5(0)=hy(0) 5> 0, (18)

667317172(0) + i&,W5(0)= h,(0) ys5 >0, (19)

W3(0)=0 y3 > 0, (20)

Where
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~ J
Y =& Wy + i&,w, +_0 W3 (21)
V3

note the equation (13) we can written as

p=- (22)

>~

Replace the equation (14), (15), (16) with (22), then for y; > 0 we have the equations:
PN 92
22y = 2 (507 = 1607 + (€)21) Wy — iy (Av (- 12 + &) |)> (23)
3

220, = 2t (o7 = (6% + (£2)?1) W — iez(Av—x(%—|<51)2+<fz)2|))¢=0 (24)

D

225 = 24t (507 = (6% + (§2)?1) W3 — 5 (Av — (5 = 166)% + <52)2|)>z/3= 0 (25)
PO =301 (26)
By multiplying (23) by i&;, (24) by ié, and (25) by 6%3 and summing up the resultant

equations, we can have from (21) :

22 = 2+ ) (o = 1607 + (E71) B + e (502 — 162 + (22 )9 =0 @

Let define a polynomial with P, (t) as follows:

Pa() =22 = Au+v)(t? = [(§)? + (§)%D + k(t? — 1(§1) + (§2)])? (28)
Thus, the form of the ordinary differential equation system in (27) can be written as
follows:
Py (i) D=0, y; >0. (29)
dys3
Let

A
= \/|(f1)2 + (&% + P

Then by the definition w, above, Equations (23), (24) and (25) can be written as

A (5 — (@p)? )Wl +i6 (lv — K (% — (&> + (fz)2|)>l/7= y: >0, (30)
2 (3 = (@02)2) Wy + i, (Av — e (7 = 1G60)? + (622 |)> =0 y>0, (3D

(Av—x(ﬁ (6% + (£2)? |)>z/3=o y:>0.  (32)
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Apply Py (%) to equations (30), (31), and (32), and then substitute equation (29) into
3
(30), (31), and (32) to obtain the following simpler ordinary differential equations

(35— @) P (5=) Wi = 0,35 >0 fori =123 (33)

To obtain the characteristic roots 0f Equation (33), let us consider

Py(t) = kA2 (% _ (u_+v) (t2—|<fl>j+<sz)2|) N (t2—|<fl);+<ez>2|)2>_ 34)

K

t2—|(6)*+(&2)?|

7 ) then equation (34) becomes:

Py(8) = kA?p(c) (35)

Suppose ¢ = (

where p(c) is given by
p(c) = %—?c + c2.

Thus, the roots of the p(c) are obtained as follows:

pv (m)z_l

C =
12 2K K K

2
In this study, the case of the coefficients satisfy k¥ = puv and (%) - % = 0, then the
roots of p(c) are

_ _[1+V_1
€ =Cp=—— =

t2—|(&1)%+(&2)?|

Consider ¢; = with i = 1,2. The solution for t is as follows:

A
t=+/Ac; + (€)% + (&2,

Then we have

ty; =y Ac; + 12 + (§2)?], fori=1.2
are the roots of the equations of (32). Moreover, since c¢; =c, = ,42_4:; = i the
characteristic roots of (29) and (32) are given by :

ty =t = Au T+ (6% + ()% = wy,

Thus, the general solution of (29) and (32) is given by

l/)A = ge ~WAY3 + Ty3e_w13’3 (36)

W, = aje Vs + Biy;e s +y,yZe s forj =123 (37)

Next, the coefficient values of the general solution to Equations (36) and (37) will be found
by substituting Equation (37) into Equation (21). Then, we obtain
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o =i€l'a1_(l)/'1a3+ﬁ3, (38)
T =i f' — wiBs + 2y3, (39)
0 =i§"y' — w3 (40)

By the assumption that u = v, then from Equations (23), (24), and (25) we obtain:

A (6?/; - w/lz) Wy — uié&y (
A (6(;:2 - w/lz) Wy — uié, (

A( 2w 2)1717 —u
6y32 ) 3

Substitute (36), and (37) into equations (30), (31) and (32) we obtain:

d
0y3

62 2 T~
6y32 — W) )l/)
62 2 T~
6y32 — W) )l/)
62 2 T~
(6y32 — W) )l/)

(=]

0,

0.

—4Ay,w; = 0, A(=2Bw; + 2y;1) + 2uié& tw; =0,
—4y,wy = 0, A(—2B,w; + 2y,) + 2uié,tw,; =0,
—42ysw; = 0, A(—2B3w; + 2y3) — 2utw,® =0

Based on equations (44), (45), and (46), the following will be obtained

—y; =0,j =123

—Afs — ptwy =0

From Equation (48) and (49) , we obtain

i§j .
B = _w_;ﬁ3 forj =12,

which imply

i 5 =

l€'[*

wy

)6

By substituting (47) and (51) into (39) then we obtain
T =—(&')B3 — wafs = — (I&'1* — w25 =
A w)

Then, since y; = 0 based on equation (47), we obtain

Wy = aje” 23 + fiyse” s forj =1,2,3

By applying the first derivative with respect to y; to Equation (53), then we have

0
0y

W, = (—ajwy + Bj — waBjys)e s forj = 1,2,3.

—2 ..

(41)
(42)

(43)

(44)
(45)
(46)

(47)
(48)
(49)

(50)

(51)

(52)

(53)

(54)

By boundary condition w3 = 0 in Equation (20) and by Equation (53) combining with

y; = 0, we derive

0= as.

(55)
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From Equation (54) combined with (18), (19) and (20), we can express

Ej(O) = —ajw, + fj,forj = 1,2
which implies, by Equation (50)
ﬁj(O) = —ajw; + _%ﬁg, forj =1,2.

Therefore, we obtain

a; = —hj—(o)—ﬁ/ﬁ, forj =1,2

Wy w2

Then multiply (56) by i§; with j = 1,2, we have

g RO .., (1]
o & =-TO ¢ +<%>ﬁ3.

Wy w3

By substituting equation (57) into equation (38), we obtain

g=— h(O) f +(|f|+w;{)ﬁ3

Next, by the boundary condition (29) and Equation (36), we get:

Ag(0) = —wyo+ 1
which implies, by (58) and (52) and (59)
G(0)A = h'(0) i§' — 2w, Bs.
Then transform equation (60) into the form of [, resulting in

__h'(0)i&'-g(02
ﬁs—————j;;;———

Next, substitute equation (61) into equations (58) and (52) as follows:

(g7 +

o= - gm0 -
(R'(0) i’ - g(O)A)

T =
sz

And also substitute equation (61) into (58) and (52) with j = 1,2 we obtain

@ = =12 - B (R(0) ig’ - §0)A)
B = 3k (R0 i§' - 9(0)2)

—) "(0)

(56)

(57)

(58)

(59)

(60)

(61)

(62)
(63)

(64)

(65)

Now, we obtain solution operators for equations (29) and (33) with coefficients a;, B}, B3,

o, T defined in equations (64), (65), (61), (62), and (63), as follows:
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- , 1§+ A -
§ = (— Gom) i RO - Q <o>> w3 (66)

~ 3oz (W(0) i§" — §(0)A)y;e s

. ki@ i§; A & 6(0)))e—@s i Y & — 6(0)A — w1y
w; ——w—l—m( (0) i&' — g(0)A)e _Zw,ﬁ( (0) i&' — G(0)A)yse (67)
_ h'(0) i§'-29(0) -
W, = (+/1g) yie~WAYs (68)

To obtain p by substituting equation (66) into equation (29) as follows:

h’(o)e—w/U’3 + M §(0)e—®a7s + My3e—w/1y3 _ mke—w/m (69)

p= Zw 3u 2wy 2w)%u

Next, by performing the inverse partial Fourier transform on p, w;, and w5 related to
equations (67), (68), and (69) as follows:

2

2
. Z Tk [ZHE (@5 | O, ,) + ik, [M

A(O)e_w’lkl 1, y2)

i (0 p
+Z fma[lg} ()3’39_“”](3’1%)— sfszl 9¢0 )yse‘wml(yl y2)  (70)

2w%u

=:c/q3(/1)G)LG
w () Yoy — ) Fel Ej 5hn(0) i&re™ 23| (y1,2)
J 6152 Y1 Y2 1.6 n€ Y1, Y2

jF —waY3 ij E 0)i —wW3Y3
+Fe 5, (Y1, y2) — 5152 m 2(0) i&ryse (1, ¥2)
_ S PO
P l_Z wjz Ay3g(0)e “’ml 1, ¥2) (71)
A

=: B (1)G,G,forj = 1,2

7, (0) i&pyse”©AY3
2wy

- Ag(0)yze~®2aY3
wy = Y74 Tgl,lgz [ ] V1, ¥2) — Tgl & [L] (1, ¥2) (72)

=: B3(1)G,6.

Suppose B*(1) = (B3 (1), B3 (1), B3 (A))T, the operator solution w can be written
as
w=: B3(1)G,G
Therefore, the solution operators (p, w) can be expressed as follows:

(p,w) = (A*(DG1G, B*(1)G216)
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Thus, it is proven in Theorem 3 that there exist the solution operators (p,w) =
(A3(1)G,G,B3(1)G;G) of the System (12) in 3-dimensional half-space.

Next, to prove Theorem 2, consider equation (10) from which the operator solution in the
3-dimensional half-space is obtained as follows:
p=R+p
= A'(WD)FF + A3(1)G,6
= c/qz (A)TAFZ

suppose u = W + w, then u can be written as follows

u =wW+w
= Bl(/l)T)LFO + B3(/1)g,1G
= BZ(A)TXFZ

Thus, equation (1) has an operator solution in the three-dimensional half-space for the
2
%) - (i) = 0 with k = uv,u = v, namely (p,u) = A2(1)F,F2, B2(L)F,F>.
Hence, Theorem 2 is proved.

case (

CONCLUSIONS

This study successfully demonstrates the existence of a solution operator for the
Navier-Stokes-Korteweg (NSK) model with slip boundary conditions in a three-
dimensional half-space. The originally complex system was simplified by applying a
partial Fourier transform, allowing the resolvent system to be solved under specific
coefficient conditions. The results confirm that the fluid dynamics of compressible two-
phase fluids, influenced by capillarity effects, can be accurately modeled in confined
geometries with slip boundary conditions. This contributes to a deeper understanding of
how fluids behave near boundaries where slip conditions occur, such as in microfluidic
devices or porous materials.

The method used here can be extended to other fluid models that include
capillarity, viscosity, or other complex boundary conditions. Furthermore, the framework
developed in this study could be applied to more intricate geometries, such as curved
surfaces or domains with obstacles, which are common in practical applications. Future
research could explore how the solution operator behaves in these more complex settings
or investigate its applicability in non-isothermal conditions, expanding its relevance to a
broader range of fluid dynamics problems.

In practical terms, the ability to solve the NSK model with slip boundary conditions
offers insights for industries dealing with multi-phase fluid flows, such as in oil recovery,
chemical engineering, and environmental sciences. By improving the accuracy of fluid
models in these contexts, the results of this research could inform the development of
more efficient simulation tools and optimization strategies for managing multi-phase
flows in industrial processes.
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