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Abstract

The Bayesian approach is one of the parameter estimation methods that can be applied to
Zero-Inflated Negative Binomial (ZINB) regression analysis. The ZINB regression model
is used to analyze over-dispersion data with excess zeros. This study aims to evaluate the
performance of ZINB regression parameter estimation using a Bayesian approach with Cauchy
prior in pneumonia studies. The analysis is applied to secondary data as well as to simulated
data with various scenarios based on different sample sizes and proportions of zero values
such that the optimal model can be determined. The results show that ZINB regression
models using the Bayesian approach provide stable parameter estimates as sample sizes and
proportions of zeros increase. In cases of under-five deaths due to pneumonia, the data
often contains many zeros because not all regions report cases. The ZINB model effectively
addresses over-dispersion and excess zeros through a combination of negative binomial and
zero-inflation models. This provides more accurate modeling results to support policymaking.
The Bayesian approach also provides flexibility in integrating prior information and handling
small samples, making the ZINB model well suited for health data with rare events and many
Zeros.
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1 Introduction

Poisson regression is a statistical method applied to examine the relationship between discrete
response variables and continuous, discrete, or mixed predictor variables. Over-dispersion, where
the variance is greater than the mean, is often found in discrete data [1]. Some of the causes of
over-dispersion are missing observations, outliers in the data, and having excess zero values. One
alternative regression model in overcoming these problems is the Zero-Inflated Negative Binomial
(ZINB) regression model. The ZINB model is based on a mixed Poisson and Gamma distribution
[2]. Additionally, the ZINB model features a dispersion parameter that serves to explain the
extent of variance in the data. Since the ZINB model is non-linear, parameter estimation is an
important topic to study.

In ZINB regression, parameter estimation is typically carried out using the Maximum
Likelihood Estimation (MLE) approach. Research conducted by [3] states that the MLE
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approach is used in constructing ZINB regression models. Another study by [4] also uses the
MLE approach in estimating parameters in ZINB regression models. Despite its frequent use, the
MLE method has some limitations. one particular limitation is when dealing with small samples.
A better alternative for estimating ZINB regression model parameters is the Bayesian approach.

The Bayesian approach is better to use because MLE is based solely on sample data, and
sample size affects estimation results [5]. The Bayesian method considers sample data taken from
population data. It also takes into account an initial distribution, called the prior distribution.
Then, the prior distribution is integrated with the sample data information to produce parameter
estimates known as the posterior distribution. [6] stated that the Bayesian regression model is
superior to other regression models because it produces smaller standard errors and narrower
confidence intervals. Bayesian regression models can also produce higher coverage probabilities
and lower bias. [7] conducted a study explaining that ZINB regression parameter estimation was
carried out using a Bayesian approach using normal priors.

In the context of estimating under-five pneumonia mortality cases, the Bayesian approach
allows for the incorporation of supplementary information through the assignment of priors,
yielding more precise analysis results. The posterior distribution is influenced by the selection of
the prior distribution. Thus, assigning priors shapes a more representative posterior distribution.
[8] conducted research to obtain a prior distribution for regression parameters that provides
more stable estimations. The study used the Cauchy distribution as a prior on all regression
parameters. The Cauchy distribution has a thick tail, making it more robust to outliers in the
data. It can provide better parameter estimates and flexibility in Bayesian methods when used
as a prior distribution.

In Bayesian methods, the combination of prior distributions and sample data is used to
estimate parameters in the form of posterior distributions. In practice, however, posterior
distributions are difficult to obtain as they are complex and cannot be easily solved analytically.
In order to overcome this problem, the Markov Chain Monte Carlo (MCMC) algorithm was
developed based on the Gibbs Sampling algorithm. MCMC generates samples from a given
distribution using Markov chain properties. This method can solve complicated posterior
distributions [9].

Previous research has primarily focused on developing regression models using MLE or
Bayesian approaches using normal priors, but has rarely used simulation studies to determine
the resulting performance. Simulation is a method of recreating situations using a model for the
purposes of learning, testing, training, evaluation, and improvement of system performance [10].
Simulation is beneficial as a decision-making tool for designing systems with specific performance
characteristics, at both the design and operational stages. Simulation is used not only for
designing decisions but also for validating that the made decision are optimal [11]. Additionally,
simulation can reduce costs and time while providing accurate predictions of complex system
performance.

Based on the relevance of the research and the high mortality rate of children under five due
to pneumonia in East Java, this study aims to evaluate the performance of the ZINB regression
model with a Bayesian approach in estimating parameters from discrete data with an excess
proportion of zeros. The results of this study are expected to contribute to the development of
more appropriate methods for estimating parameters of discrete data with excess zero values,
particularly in the health sector. The study is organized by first providing preliminary information
on the development of ZINB regression models using Bayesian approach for under-five mortality
cases due to pneumonia. A brief road-map of the paper’s structure, as the following: Section 2
details the methodology, Section 3 presents the results and discussion, and Section 4 provides
conclusion.
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2 Methods

This section provides an overview of the data, modeling methods, and simulation scenarios used,
which are organized systematically to facilitate understanding of the analytical approach applied.

2.1 Data

This research uses secondary data and simulations. The secondary data were obtained from the
East Java Provincial Health Office in 2023 [12]. The data set consists of one response variable
and three predictor variables: the number of under-five deaths due to pneumonia (Y’), under-fives
aged 0-59 months with malnutrition status (X), exclusive breastfeeding in infants (X32), and
complete basic immunization coverage in infants (X3).

The low rate of exclusive breastfeeding, both globally and nationally, increases the risk of
infants contracting infectious diseases such as pneumonia. Research shows that infants who are
not exclusively breastfed are seven times more likely to contract pneumonia than those who
are [13]. Additionally, immunization has been proven to influence the incidence of pneumonia
in infants [14]. Nutritional status is also a key factor, with malnourished infants having a 162
times higher risk of developing pneumonia compared to well-nourished infants [15]. With the
appropriate statistical approach, it is hoped that the infant mortality rate due to pneumonia can
be reduced, thereby increasing the chances of children surviving into the future.

2.2 Over-dispersion

A common issue in Poisson regression is over-dispersion, a condition in which the variance of
the response variable exceeds its mean value [2]. When Poisson regression is applied to discrete
data showing over-dispersion, the estimated regression coefficient parameters are consistent but
inefficient because they produce relatively large standard error values. This can be expressed
mathematically through Equation (1).

2
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where p; is the estimated mean of the i-th observation, ¢ is the dispersion value, n is the total
number of observations, and p is the number of predictor variables. If the dispersion value is
greater than one, it indicates that the response variable in the data is over-dispersed.

2.3 Excess Zero

One of the problems in the application of Poisson regression is the presence of zeros, also known
as excess zero. This condition can lead to over-dispersion, a situation in which the variance of
the data exceeds its mean. Using appropriate statistical models, such as Zero-Inflated Negative
Binomial (ZINB), allows researchers to obtain more precise results and conclusions. Excess zeros
can be identified when the response variable contains a proportion of zero that is significantly
higher than the proportion of other discrete values. If more than 0.5 or 50% of the response
variables have zero data, this often indicates over-dispersion [16].

2.4 Zero-Inflated Negative Binomial (ZINB) Regression

ZINB regression is a regression model derived from a Poisson-Gamma mixture distribution [2].
In the ZINB regression model, the response random variable y; is a free random variable with
i =1,2,...,n that can take two states, namely the zero inflation state and the negative binomial
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state [17]. The ZINB distribution function is written as in Equation (2) [18].
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where 0 < m; <1, p; > 0, k is the dispersion parameter with 1/x > 0, and I'(-) is the gamma
function. When m; = 0, the random variable y; follows Y; ~ NB(u;, k). Both u; and 7; are
considered to depend on the vector of covariates x;, which can be defined as in Equation (3) [19].
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where the superscript T in xiT denotes the transpose, which means converting rows into columns
or vice versa, § and v are the parameters of the ZINB regression model.

The ZINB regression model can generally be expressed in Equation (4) and Equation (5).
Model for log (negative binomial state): fi;

p
Infi; =fo+ Y Bjwy, i=1,2,...,n and j=1,2,...,p (4)
j=1

Model for logit (zero inflation state): 7;

p
logit(#;) =40 + »_4jwij, i=1,2,...,nand j=1,2,...,p (5)
j=1

where p is the number of predictor variables, n is the number of observations, 3 and 4 are the
parameters of the ZINB regression model for the negative binomial state and zero inflation state.

2.5 Zero-Inflated Negative Binomial (ZINB) Bayesian Regression

In the Bayesian method, a parameter treated as a random variable with a distribution is called a
prior distribution. The prior distribution provides the initial information necessary for forming a
posterior distribution. In ZINB regression, the parameters of the two models are assumed to
have Cauchy distributions: 8 ~ Cauchy(ls, sg) for the negative binomial state model ;, and
~ ~ Cauchy(l,, s,) for the zero inflation model 7;. Additionally, a dispersion parameter needs
to be estimated and is denoted by x. Since x > 0, the dispersion parameter is modeled using
a gamma distribution, namely k ~ Gamma(a, b). The parameters 3, v, and x are assumed to
be independent of each other; therefore, the product of their probability density functions is
expressed in Equation (6).
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The likelihood function is widely used in estimation processes, including the Bayesian method
[20]. In the Bayesian method, the ZINB regression likelihood function is used to form the
posterior distribution and is expressed in Equation (7).
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The posterior distribution forms the basis for modeling using the Bayesian method, which
combines two types of information: past data, which serves as a prior, and observation data,
which serves as a constituent of the likelihood function. The posterior distribution used to
estimate ZINB regression parameters is given by Equation (8).
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2.6 Simulation Scenarios

f(B,7,k|Y) x

Simulation method recreates situations and conditions using models for the purposes of learning,
testing, training, evaluation, and improvement of system performance [10]. Simulation can be
used to solve uncertain problems and consider possibilities that cannot be thoroughly accounted
for. Simulation is a technique that uses a model of a real system to carry out experiments. It is
beneficial as a decision-making tool for designing systems with specific performance requirements
at both the design and operational stages.

The simulation data in this study were generated based on previously processed secondary
data. This dataset is created with various characteristics to evaluate the ability of the ZINB
regression model in handling over-dispersion [21]. The characteristics used to generate the
response variables include:

1. Y; ~ ZINB(u;, k,p): p; and k are obtained from the estimated parameters of the ZINB
model based on secondary data.

2. The proportion of zeros (p): 0.3, 0.5, and 0.8.

3. Sample sizes (n): 38, 100, and 500.
The research conducted by [21] used zero proportions of 0.4, 0.6, and 0.8. In this study, the
zero proportions used were p = 0.3, 0.5, and 0.8, representing low, moderate, and high levels
of zero inflation. These variations were used to evaluate the sensitivity and performance of
the ZINB model in the context of under-five deaths due to pneumonia, where zero data is
common. Meanwhile, the sample sizes used were n = 38, 100, and 500, respectively reflecting
small (referring to actual data), medium, and large data conditions. The combination of zero
proportions and sample sizes allows for a more comprehensive evaluation of the performance of
the ZINB regression model under various data conditions. The predictor variables are obtained
from the original data through resampling using the bootstrap method. The data generation
process was conducted using R software version 4.4.2.

3 Results and Discussion

This section presents the research results and analysis in a structured way. First, it tests for
over-dispersion and excess zeros in the data. Then, it presents the results of the Zero-Inflated
Negative Binomial (ZINB) Bayesian model estimation, simulation results, and an evaluation of
the accuracy of the parameter estimation.

3.1 Over-dispersion

Over-dispersion in Poisson regression can be tested by comparing the chi-square value to the
degrees of freedom [22]. Over-dispersion occurs if the dispersion value is greater than one. The
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dispersion value obtained from the test results is 1.28, which is greater than one. Therefore, it
can be inferred that the response variable shows over-dispersion.

3.2 Excess Zero

Zero inflation is assessed by evaluating the proportion of zero values present in the response
variable. The results of the excess zero check are presented in Table (1) below.

Table 1: Excess Zero Checking Result

Number of under-five deaths due to pneumonia Percentage

0 81.58%
1 13.16%
3 2.63%
9 2.63%

Referring to Table 1, it can be seen that the response variable experiences an excess zero
because the proportion of zero values exceeds 50%, which is 81.58%. Therefore, it can be
concluded that the Poisson regression model is not appropriate for use in modeling these data.

3.3 Zero-Inflated Negative Binomial (ZINB) Bayesian Regression

The Zero-Inflated Negative Binomial (ZINB) Bayesian regression model was applied to cases of
under-five deaths due to pneumonia in East Java. In this modeling, three predictor variables and
one response variable were used. The ZINB Bayesian model is formed in several stages. First,
the likelihood function is determined and the prior distribution is set for each parameter in the
model. Next, the posterior distribution is formed using Markov Chain Monte Carlo (MCMC)
simulation through the Gibbs Sampling algorithm. After obtaining the posterior distribution,
convergence testing is performed to ensure the simulated samples adequately represent the actual
posterior distribution. These steps are all important in forming the Bayesian ZINB regression
model, which consists of two main components.

Model for log (negative binomial state): fi;

Infi; = 6.75 + 1.07X; — 0.01X5 — 0.09X3
fii = exp(6.75 + 1.07X; — 0.01X5 — 0.09X3)

Model for logit (zero inflation state): 7;

logit #; = —132.79 4+ 1.16 X1 + 0.23X5 + 1.21X3
exp(—132.79 4+ 1.16 X + 0.23X5 + 1.21X3) (10)
T 1+ exp(—132.79 4 1.16X, + 0.23X, + 1.21X3)

A

Equation (9) shows that a 1% increase in the number of under-fives aged 0-59 months with
a malnutrition status can enhance the average number of under-five deaths due to pneumonia
by 1.07 or 2.92%. Conversely, a 1% increase in exclusive breastfeeding and complete basic
immunization coverage in infants can decrease the average number of under-five deaths due
to pneumonia. This interpretation shows that the regression model accurately reflects the
relationship between health factors and pneumonia-related deaths in children under five.

3.4 Simulation Results of ZINB Bayesian Regression

Simulation studies are used to validate that the decision made is optimal [11]. Simulation data
is generated based on initial ZINB parameters. Figure 1 presents the simulation results for
estimating the parameters 3; and %;.
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Figure 1: Plots of parameter estimation Bj at various sample sizes and proportions of zero values: (a)
p=0.3, (b) p=0.5, and (c) p=0.8

As can be seen in Figure 1, the parameter estimates Bl, ﬁg, and 33 tend to be inconsistent in
small sample sizes (n = 38). This reflects the instability of parameter estimates in small samples.
Meanwhile, the parameters are more stable and closer to their initial values when n = 100 and
500. Furthermore, simulations with various proportions of zeros (p = 0.3, 0.5, 0.8) show that
the results of parameter estimation tend to be better at a proportion of 0.5. This is because, in
proportion of 0.5, each parameter shows a smaller variance than in other proportions.

The parameter estimation values of 41, 42, and 43 demonstrate that increasing the sample size
impacts the stability of the estimation results across the tested scenarios, as shown respectively
in Figure 2.a, Figure 2.b, and Figure 2.c. At small (n = 38) and medium (n = 100) sample sizes,
the parameter estimates exhibit greater variability. This suggests that increasing the sample size
will improve classification accuracy. When viewed based on the proportion of zero values, the
parameter estimates are stable at p = 0.5. With a small proportion of zero values, zero inflation
becomes less dominant and can cause fluctuations in the parameter estimates. However, this
effect can be reduced at larger sample sizes. In general, it can be concluded that the Bayesian
approach to simulation requires a large sample size and an appropriate proportion of zero values
to produce stable and accurate parameter estimates when applying the ZINB regression model.

3.5 Accuracy of Parameter Estimation

An estimator is considered good if the value it produces is nearly equal to the true parameter
value. The accuracy of parameter estimation can be evaluated using a measure of bias. Bias
can be calculated from the difference between the mean value of the parameter estimator and

A

the true parameter value, expressed as FE(3) — § or E(4) — v. This bias reflects how far the
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Figure 2: Plots of parameter estimation 4; at various sample sizes and proportions of zero values: (a)
p=20.3, (b) p=10.5, and (¢) p=0.8

estimation results deviate from the actual parameter. A bias value close to zero indicates that
the parameter estimator has a small bias, suggesting that the estimation method is capable of
producing values that are representative of the actual parameter. The following table shows the
regression coefficient bias values for each simulation scenario.

Table 2: Regression Coeflicient Bias Values in Each Simulation Scenario

Parameter n =38 n = 100 n = 500
p=03 p=05 p=08 p=03 p=05 p=08 p=03 p=0>5 p=08
By -2.35 0.17 -0.19 0.14 0.06 -0.04 0.40 -0.03 0.01
B2 -1.14 -0.01 -0.03 0.30 0.01 0.01 -0.14 -0.01 0.01
B3 -0.90 -0.08 -0.11 -1.15 0.07 0.57 -0.35 -0.05 0.01
A1 -4.00 3.46 -0.21 -1.31 -0.09 -1.33 -2.30 -0.24 -1.29
2 -2.82 -0.02 -0.77 -15.19 0.19 -1.88 -2.16 -0.26 -1.25
A3 1.68 -0.65 -2.08 -21.88 -0.06 3.27 -4.34 -0.29 -1.25

As presented in Table 2, the bias values of the B estimator tend to approach zero as the sample
size increases, particularly at n = 500, with values ranging around 0.01. This indicates that the
estimation method provides results that closely approximate the true parameter values, suggesting
a low bias level. Moreover, the model demonstrates sufficient flexibility to accommodate the
complexity of larger sample sizes. In terms of zero proportions, the bias value of the /3 estimator
also increases at higher proportions of zero values. These findings support the suitability of the
ZINB Bayesian model for datasets characterized by high zero-inflation and over-dispersion, as
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the zero-inflation component plays a key role in capturing the underlying structure of such data.

4 Conclusion

Based on the research results, it can be inferred that Zero-Inflated Negative Binomial regression
analysis with a Bayesian approach using Cauchy prior produces more stable parameter estimates
as both the sample size and the proportion of zero values increase. In the context of under-five
deaths due to pneumonia, data often contain many zeros because not all regions report cases.
The ZINB model can handle over-dispersion and excess zeros with two components: the negative
binomial model and the zero inflation model. This results in more accurate and relevant modeling
for informed policymaking. Additionally, the Bayesian approach allows for greater flexibility in
incorporating prior information and addressing small sample sizes, which are common in health
research. These findings confirm that the ZINB model is suitable for health data with rare events
and excess zeros.

The number and variety of simulation scenarios used in this research is limited, so the
scenarios do not reflect all possible data conditions that may occur. Therefore, future research
should expand the scope of simulation scenarios. Furthermore, incorporating other relevant
variables in future research may improve the quality of the analysis and strengthen the model’s
ability to describe phenomena, particularly in pneumonia studies in the health sector.
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