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ABSTRACT

A graph G(V(G), E(G)) is called graph G (p, q) ifithas p = |V(G)| vertices and q = |E(G)| edges. The graph
G(p, q) is said to be odd harmonious if there exist an injection f:V(G) - {0,1,2, ...,2q — 1} such that the
induced function f*:E(G) - {1,3,5,...,2q — 1} defined by f*(uv) = f(u) + f(v). The function f* is a
bijection and f is said to be odd harmonious labeling of G (p, g). In this paper we prove that pleated of the
Dutch windmill graphs Cik)(r) with k = 1and r = 1 are odd harmonious graph. Moreover, we also give odd

harmonious labeling construction for the union pleated of the Dutch windmill graph Cik) (rHvu Cik) (r) with
k=1landr > 1.
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INTRODUCTION

In this paper we consider simple, finite, connected and undirected graph. A graph G(p, q)
with p = |V(G)] vertices and q = |E(G)| edges. A graph labeling which has often been motivated
by practical problems is one of fascinating areas of research. Labeled graphs serves as useful
mathematical models for many applications in coding theory, communication networks, and
mobile telecommunication system. We refer to Gallian [1] for a dynamic survey of various graph
labeling problems along with extensive bibliography. Most graph labeling methods trace their
origin to one introduced by Rosa in 1967, or one given by Graham and Sloane in 1980.

Graham and Sloane [2] introduced and defined harmonious labeling as follows:
Definition 1. A graph G(p, q) is said to be harmonious if there is an exist injection f:V(G) - Z,
such that the induced function f*:E(G) — Z, defined by f*(uv) = (f(u) + f(v))(mod q) is a
bijection and f is said to be harmonious labeling of G(p, q).

Liang and Bai [3] introduced and defined odd harmonious labeling as follows:
Definition 2. A graph G(p, q) is said to be odd harmonious if there is an exist injection f:V(G) =
{0,1,2, ...,2q — 1} such that the induced function f*: E(G) — {1,3,5, ...,2q — 1} defined by f*(uv) =
f) + f(v) is a bijection and f is said to be odd harmonious labeling of G (p, q).

A graph that admits odd harmonious labeling is called odd harmonious graphs. Liang and
Bai [3] have obtained the necessary conditions for the existence of odd harmonious labeling
graph. They proved if G is an odd harmonious graph, then G is a bipartite graph and G (p, q) is an
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odd harmonious labeling then number vertices is bounded by \/a <p < 2q — 1. The maximal
label of all vertices in an odd harmonious graph G is at most 2q — §(G), where §(G) is the
minimum degree of the vertices of G. In the same paper Liang and Bai [3] proved that C,, is odd
harmonious if and only if n = 0 (mod 4) and a complete graph K,, is odd harmonious if and only
ifn = 2. The odd harmoniousness of graph is useful for the solution of undetermined equations.

Alyani, Firmansah, Giyarti and Sugeng [4] proved the odd harmonious labeling of kC,
snake graphs for specific values of n, that is, forn = 4 and n = 8. Firmansah [5] proved that union
of snake graph kC, U kC, with k > 1 and pleated of snake graph kC,(r) with k > 1andr > 1
admitted odd harmonious graph. Firmansah and Sugeng [6] proved that the Dutch wind mill graph
Cik) with k > 1 and union of the ducth windmill graph Cik) V] Cik) with k > 1 admited odd
harmonious labeling. Firmansah [7] proved that the quadrilateral windmill graph DQ®) with k >
1 admitted odd harmonious graph. Several results have been published on odd harmonious
labeling see [8], [9], [1], [10], [11], [12], [13], and [14].

In this paper, we prove that pleated of the Dutch windmill graphs C ik)(r) with k > 1 and
r =1 are the odd harmonious graph. Moreover, we also give the odd harmonious labeling
construction for the union pleated of the Dutch windmill graph C ik)(r) ucC ik)(r) with k > 1 and
r=1.

Definition 3. [6] The Dutch windmill graphs Cik) with k = 1 is a graph which consists of k copies
of cycle graphs C, with a common central vertex u,.

Definition 4. [5] The pleated cycle graphs C,(r) withr = 1 is a graph formed from cycle graphs
C, with vertex set {uy, v1, V2, U1} by adding {u,,us, ..., u,.} vertices which are connected with vertex
v, and v,.

RESULTS AND DISCUSSIONS

We have some observation to show the result of odd harmonious graph.

Definition 5. The pleated of the Dutch windmill graphs Cik) (r)ywithk =>1andr =1 is a graph
which consists of k copies of the pleated cycle graphs C,(r) with a common central vertex u.

The vertex notation and construction of the pleated cycle graph C,(r) with r > 1 and

pleated of the Dutch windmill graph Cik) (r) with k = 1 and r = 1 is shown in Figure 1.
uy

C.(r) C,"(r)

Figure 1. The pleated cycle graph C,(r) and pleated of the Dutch windmill graph Cik) (r)
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Definition 6. A graphs Cik) (rHu Cik) (r) with k =1 and r = 1 is a union pleated of the Dutch
windmill graphs Cik) (rwithk >1and r > 1.

The vertex notation and construction the union pleated of the Dutch windmill graphs
Cik) (rHu Cik) (r)withk > 1and r > 1 is shown in Figure 2.

r
1

c.()0 )

Figure 2. The union pleated of the Dutch windmill graphs Cik) v Cik) )

Theorem 1. The pleated of the Dutch windmill graphs Cik) (r)with k=1 and r = 1 is an odd
harmonious graph.

Proof.

Let G be the pleated of the Dutch windmill graphs C ik) (r)withk > 1andr > 1.

The vertex set and edge set of C‘Ek) (r) are defined as follows
V(G) ={ugpu{v/|1<i<k j=12}u{y™1<i<k1<m<r}and
E@G) ={uv/|1<i<k j=12}u{v/u™1<i<k1<m<rj=12}then
p =|V(G)| = kr + 2k + 1 and q = |E(G)| = 2kr + 2k.
Define the vertices labels f: V(G) — {0,1,2,3 ...,4kr + 4k — 1} as follows
f(up) =0
f(v))=4i+2j-51<i<kj=12
fwM=Ur+4dk—-—@Ar+4)i+4m1<i<k1<m<r
The labeling f will induce the mapping f*: E(G) — {1,3,5,7, ...,4kr + 4k — 1} which is defined by
f*(uv) = f(u) + f(v). Thus we have the edges labels as follows
f(uovi!) =4i+2j—5 1<i<kj=12
fr/ul®)=(@Ur+4k—4ri+2j+4m—-51<i<kl1<m<rj=12
It is not difficult to show that the mapping f is an injective mapping and the mapping f* admits a
bijective mapping. Hence pleated of the Dutch windmill graphs Cik) (r)withk > 1andr > lisan
odd harmonious graph. m
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Theorem 2. The union pleated of the Dutch windmill graphs Cik)(r) U Cik)(r) withk = 1land r =
1 is an odd harmonious graph.
Proof.
Let G be the union pleated of the Dutch windmill graphs Cik)(r) U Cik)(r) withk = 1andr > 1.
The vertex set and edge set of G are defined as follows
V(G) =fudu{v/|1<i<k j=12}uf{u™1<i<kl1<m<r}u{x}u
{yvi/[1<i<k j=12}u{x™[1<i<k1<m<r}and
E@G) ={uv/|1<i<k j=12}u{vJu™1<i<kl<m<rj=12}U
{xoy/|1<i<k j=12}u{y/x™1<i<k1<m<r,j=12}
thenp = |V(G)| = 2kr + 4k + 2 and q = |E(G)| = 4kr + 4k.
Define the vertices labels f: V(G) - {0,1,2,3 ...,8kr + 8k — 1} as follows
f(up) =0
f(v/)=4i+2j-51<i<kj=12
fwM=Ur+dk—Ar+4)i+4m1<i<k1<m<r
f(xo) =2
fd)=W@r+Dk+4i+2j-7,1<i<k,j=1.2
fxM)=@r+k—-—@Ar+4)i+6ml1<i<kl1<m<r
The labeling f will induce the mapping f*: E(G) — {1,3,5,7, ...,8kr + 8k — 1} which is defined by
f*(uv) = f(u) + f(v). Thus we have the edges labels as follows
f(uovi!) =4i+2j—5 1<i<k,j=12
frv/u™)=(@4r+4k—4ri+2j+4m—5 1<i<k1<m<rj=12
fr(xoy?)=(Ur+Dk+4i+2j-5 1<i<kj=12
frr/x™)=@r+8k—4ri+2j+6m—7 1<i<k1<m<rj=12
It is not difficult to show that the mapping f is an injective mapping and the mapping f* admits a
bijective mapping. Hence union pleated of the Dutch windmill graphs Cik) (ryu Cik) (r) with k >
1 andr = 1is an odd harmonious graph. m

Example 1. 0dd harmonious labeling for pleated of the Dutch windmill graph Cis)(él) is shown
in Figure 3.

Figure 3. Pleated of the Dutch windmill graph Cis) (4) and its odd harmonious labeling.
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Example 2. Odd harmonious labeling for the union pleated of the Dutch windmill graphs
cP3)ucP(3) and €V (4) U €7 (4) is shown in Figure 4.

., (3)uc, ()

c(4)uci(4)

Figure 4. The union pleated of the Dutch windmill graph C,,EA’) B)u Cfo (3),
Cis)(él) U Cis) (4) and its odd harmonious labeling.

CONCLUSION

We have shown that the pleated of the Dutch windmill graphs and the union pleated of the
Dutch windmill graphs admitted odd harmonious labeling. We suggest that there is an open
problem for further research as follows.
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Open Problem. Find if there exists odd harmonious labeling on pleated of the Dutch windmill graph
C,(lk)(r) withn =0 (mod 4),k =1 and r = 1.
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