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Abstract

An equivalence relation on a set forms equivalence classes so that the concept of approximation
is formed on that set (rough set). The concept of approximation on a set is developing very
rapidly. Some papers replace the equivalence relation with other relations, one of which
is the dominance relation. This paper provides the approximation properties that hold to
the equivalence and dominance relations using the concept of three types of approximations
defined on a set. In addition, it identifies the properties that hold in the equivalence relations
but do not necessarily hold in the dominance relations. Furthermore, this paper proves that
the three types of approximations on a set w.r.t an equivalence relation are identical, but
this result does not necessarily hold for a dominance relation, especially for the third type.
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1. Introduction

The rough set theory was first introduced by Pawlak [1]. The theory uses equivalence relations.
An equivalence relation on a set forms equivalence classes, thus forming the concept of lower
approximation and upper approximation on a set (rough set). The concept of rough sets has
developed in various fields [2—13].

The concept of rough sets has been generalized to algebraic structures by employing equivalence
relations induced by normal subgroups in groups, ideals in rings, and submodules in modules.
Since 2021, the authors have investigated rough set models involving several normal subgroups,
ideals, and submodules [14-18].

Abu-Donia [19] in 2008 introduced three types of lower and upper approximation concepts
for a set to a binary relation. Abu-Donia’s concept was developed by Salama et al. [20] in 2022
using a dominance relation. The equivalence relations are reflexive, symmetric and transitive,
while the dominance relations are reflexive, antisymmetric and transitive. This paper investigates
the approximation properties that hold to the equivalence and dominance relations regarding the
three types of approximation concepts for a set. It also determines the properties that hold for
the equivalence relations but not necessarily hold for the dominance relations. The relationship
between the three types of approximation concepts for a set to the equivalence relation and the
dominance relation has not been discussed in the literature [1, 19, 20]. The main contribution of
this paper is showing that the relationship between the concept of three types of approximation
on a set w.r.t the equivalence relation and the dominance relation.
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Approzimation Properties on a Set

2. Equivalence Relations and Dominance Relations in a Set

Throughout this paper, we denote X as a non-empty set, B as a binary relation B on X, £
represents an equivalence relation £ on X, while D denotes a dominance relation D on X.

Definition 1. [21] B is a subset of X x X = {(a,b)|a,b € X }. In this case (a,b) € B means
that a is related to b.

Definition 2. [21] an equivalence relation £ satisfies
(1) reflexive, that is, for every a € X holds (a,a) € &,
(2) symmetric, that is, if (a,b) € £, then (b,a) € &,
(3) transitive , that is, if (a,b) € € and (b, c) € &, then (a,c) € &.

Given &. For x € X, the equivalence classes of x are denoted [z]; = {y € X|(z,y) € £} =
{y € X|(y,2) € £}.

Proposition 1. [21] Given E. If a,b € X, then the relationship between 2 equivalence
classes is [a]c = [b]¢ or [a]g N [b]g = 0.

From Proposition 1, the set X is partitioned into equivalence classes on the set X.

Example 1. Let X = {a,b,¢,d,e} and € = {(a,a),(b,d),(c,c),(d,d), (e e),(b,c),
(¢,0),(d,e),(e,d)} on X, then 3 equivalence classes are formed in X, namely [a]; =
{a}7 [b]f,' = {b7 C} = [C]E ) [d]g = {d7 6} = [6]6 .

B is antisymmetric if (a,b) € B and (b,a) € B, then a = b.

Definition 3. [20] A dominance relation D satisfies reflexive, antisymmetric and transitive.

Definition 4. [19] Given B. For a € X, the right neighborhood of a is denoted aBB =
{b € X|(a,b) € B} and the left neighborhood of a is denoted Ba = {b € X|(b,a) € B}.

Given €. If a € X, then a€ = £a = [a]g, but this is not necessarily the case for D. In the next
section, we understand the three types of lower and upper approximations of a set using the right
neighborhood of an element in the set w.r.t B. The following describe the right neighborhood
properties of an element in the set w.r.t D.

Proposition 2. Given D. Ifb € aD, then bD C aD.

Proof. For b € aD so (a,b) € D. Let ¢ € bD so (b,c) € D. Since D is transitive, then
(a,c) € D so that ¢ € aD. O

Remark 1. Given D. If b ¢ aD, then
(1) it is not necessarily true that aD NbD = (),
(2) b€ bD ¢ aD but allows aD C bD.

This is shown in the following example:

Dian Winda Setyawati 402



Approzimation Properties on a Set

Example 2. Let X = {x1,x2,x3, 24,5, 76,27} and D = {(z1,21),(x2,22), (x3,3),

(w4,24) , (25, 25) , (w6, 26) , (7, 27) , (1, 22) , (T1,23) , (21, 25) , (21, %6) , (¥4, T2) , (T6, 22) ,
(z6,25), (x7,22)} in X, then the right neighborhood of the element in X is as follows:

331D = {-rla €2,T3,T5, x6} )

xoD = {x2},

x3D = {z3},

24D = {x2, 24},
zsD = {zs5},

x6D = {z2,25,26},
27D = {xa,27}.

It is seen that

(1) 29D C 21D, 23D C 21D, 25D C 1D, x¢D C 1D, 22D C 24D, xoD C x¢D, 5D C
x¢D, xoD C x7D,
) 1 & xoD, holds 21D NzoD = {x2},
3) x3 ¢ x9D, holds x3D NzoD = (),
) x3 ¢ x9D, holds 3D ¢ 2D,
) x1 ¢ x6D, holds z¢D C x1D.

Remark 2. The dominance relation D above can be described in a directed graph where
(a,b) € D means there is a directed edge from vertex a to vertex b.

O

A

.

Fig. 1: Dominance Relation D on X

3. Approximation of a Set to the Equivalence Relation and the
Dominance Relation

In this section, we provide the definitions of three types of approximations of a set and discuss
the properties that hold and those that do not necessarily hold to binary relations, equivalence
relations, and dominance relations.

The following is a definition of the lower and upper approximation of a set in Type 1 sense.
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Definition 5. [19] Given B and S C X. The lower and upper approximation of S in Type

1 sense are defined as :
Lp(S)={z € X|zB C S}

and
Up(S)={x e X|zBNS #0}.

The above definition can also be stated for an quivalence relations as follows:

Definition 6. Given £ and S C X. The lower and upper approximation of S in Type 1

sense are defined as :
Le (S) = {x € X|fal; € 5}

and
Ue (5) = {z € X|[z]¢ N S # 0}.

The following gives 2 examples of lower and upper approximation of S to £ and D.

Example 3. Given £ and X = {1‘1,1‘2,xg,SL‘4,:L‘5,2176,1'7,1'8,1‘9,1‘10,1)11,1‘12}. If
S = {w3,28,29,%10,211}, and equivalence classes [z1]; = {z1,22, 24,25, 27}, [23]g =
{x3, 26}, [w8]e = {28}, [vo]g = {w9,z11}, [®10]g = {710,712}, then L¢ (S) = {8, z9, 211}
and Ug (S) = {x3, zs, 8, T9, T10, T11, 12} so that Lg (S) C S C Ug (S5).

Remark 3. The Equivalence relation £ above can be described in a directed graph where
(a,b), (b,a) € £ means there is a directed edge from vertex a to vertex b and vice versa.

Fig. 2: Equivalence Relation £ on X with S = {z3, zs, z9, 10,11}

Example 4. From Example 2, if S = {z1, 22, x5, 26,27}, then Lp (S) = {z2, x5, x6, 27}
and Up (S) = {x1, z2, x4, x5, 6,27} = X — {3} so that Lp (S) C S C Up (S).
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> b

Fig. 3: Dominance Relation D on X with S = {z1, 22, x5, z¢, 27}

In Proposition 1 [19], the properties of approximation to any binary relation on a non-empty
set apply so that these properties also apply to equivalence relations and domination relations as
follows:

Proposition 3. Given €. If S,T C X, then
(1) Le (S) = (Ue (5))° and Ug (S) = (Le (59))°,

(2) Le(X) = X,

(3) Us (0) =

(4) ﬁs(SﬂT)Z e(S)N Le(T) and Us (SNT) C Ue (S)N Ue (T),
(5) Le(SUT)D Le(S)U Le(T) and Ug (SUT) =Ug (S)U Ug (T),
(6) If SC T, then Lg(S) C Le(T) and Ug (S) C U (T).

Proof. In Proposition 1 [19], binary relations have properties (1) — (6) so that these properties
also apply to equivalence relations . O

From paper [1] and Proposition 1 [20] it has been shown that the following properties apply:

Proposition 4. Given £. If S C X, then

(1) Le (0) =0,

(2) L£(S) C 8,

(3) L& (S) = Le (Le (S)) and Ug (S) = Ug (Ue (5)),
(4) Us (X) = X,

(5) S CU:(S),

(6) Le(S) CUeg(S)

Remark 4. Proposition 3 and 4 also hold for dominance relation.

Given €. If S = U, cx [z]s for some z € X, then Lg (S) = S = Ug (S). The following
theorem is an approximation property that applies to the equivalence relation.

Proposition 5. [1] Given €. If S C X, then
(1) Le (Ue (5)) = Ue (),
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(2) Ue (Le(S)) = Le(S).

The above characteristics do not necessarily hold to domination relations [20].

Remark 5. Given D. If § C X, then the following property does not necessarily hold
(1) SC Lp(Up(9)),

(2) Up (S) = Lp (Up(9)),

(3) S2Up(Lp(5)),

(4) Up (Lp(S)) = Lp(S).

This can be demonstrated through the following example:

Example 5. From Example 2, if S = {x3, ¢, 27}, then we have
(1) Lp (5) = {2, z7},
(2) Up (S) = {z1, T2, T4, %6, 77},

(3) Up (Lp(5)) = Up ({z2, z7}) = {21, 22, %4, 6, 27},

(4) Lp (Up (S)) = Lp ({21, 22, T4, %6, 77})) = {22, T4, 27} .

So that
(1) S¢ Lp(Up (9)),

(2) Up (S) # Lp (Up (5)),

(3) S 2 Up(Lp(S)),

(4) Up (Lp(S)) # Lp(S).

"

O

Y

G

Fig. 4: Dominance Relation D on X with S = {x, 26, x7}

The following is a definition of the lower and upper approximation of a set in Type 2 sense.

2 sense are defined as :
Lz (S) =U{zB|zB C S}

and

Ug (9) = (L5 (59)°

The above definition can also be stated for an quivalence relations as follows:

Definition 7. [19] Given B and S C X. The lower and upper approximation of S in Type
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Definition 8. Given £ and S C X. The lower and upper approximation of S in Type 2
sense are defined as :
Le (8) = U{[zl¢[z]s € S}

and

Ug (5) = (Lg (59))°

In both dominance and equivalence relations, Definition 5 and Definition 7 are the same.

This can be explained as follows:

Proposition 6. Given €. If S C X, then Lg (S) = L (S) and Ug (S) = U (5).

Proof. Since for a,b € [z]¢, then we have [z]; = [a]z = [b] so that
Le (5) = {z € X|[z]g € S} = U{[z]¢|[z]¢ € S} = L& (S)
whereas by using Proposition 3 (1), we obtain

Ug (9) = (Lg (99)° = (Le (59)° =Ue (9).

Proposition 7. Given D. If S C X, then Lp (S) = L} (S) and Up (S) = UL (S).

Proof. From Proposition 2, it is clear that Lp (S) = L}, (S), whereas by using Proposition
3 (1) we obtain
Up (S) = (LD (5%))° = (Lp (59))° = Up (S).

0

The following is a definition of the lower and upper approximation of a set in Type 3 sense.

Definition 9. [19] Given B and S C X. The lower and upper approximation of S in Type
3 sense are defined as :

Ly (S) = (Ug* (59)°

and

U (S) = U{zBlzBN S # 0}

The above definition can also be stated for an quivalence relations as follows:

Definition 10. Given £ and S C X. The lower and upper approximation of S in Type 3
sense are defined as :

LE(S) = (Ug* (59)°

and

Ug™ (5) = U{lzlgllz]e 05 # 0}

In the equivalence relation, Definition 5 and Definition 9 are the same definition but not in
the dominance relation, Definition 5 and Definition 9 are different definitions, it can be seen that
Up (S) CUK (S).
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Proposition 8. Given €. If S C X, then Lg (S) = L (S) and Ug (S) = Ug* (S) .

Proof. If a,b € [a],, then [z], = [a],; = [b], so that
Ug" (S) = U{[zlllz]e NS # 0} = {x € X|[z]g N S # 0} = Ug (5)
whereas by using Proposition 3, we obtain
L (8) = (Ug™ (59)° = (Ue (59))° = Le (5).-

O

The following example illustrates that dominance relations do not necessarily apply Lp (S) =
L35 (S) and Up (S) = Up* (5).

Example 6. In Example 2, assume that S = {x2,z7}, then we have
(1) Up(S) = X —{=z3, 25},
(2) U{)* (S) =x1DUxsDUz4DUz¢DUxiD =X,
(3) Lo (S) = {z2, 27},
(4) L5 (S) = (U (59)° = (U {z1, 23, 24, 25,26 })¢ = (21 DUz3DUz4DUx5DUZ6D)¢ =
(X = {z7})" = {ar}.
So that
(1) Up (S) # Up (9),
(2) Lo (S) # LT (5).

PSS

O

A

.

Fig. 5: Dominance Relation D on X with S = {xs, z7}

In Proposition 8, for the equivalence relation, we have Lg (S) = L£* (S) and Ug (S) = UE* (S)
so that the properties that apply to the lower and upper approximation of S of Type 1 apply to
Type 3, but they do not necessarily apply to dominance relations.

In Proposition 1 [19], the properties of approximation to any binary relation on a non-empty
set apply so that these properties also apply to equivalence relations and domination relations as
follows:

Proposition 9. Given €. If S,T C X, then
(1) Lz (S) = (Ug* (59))° and Ug* (S) = (L (5°))",
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(2) L5 (X) =X and UF* (@) =0,

(3) LEF(SNT) =LF (S)NLE (T) and Ug* (SNT) C U (S) NUF (T),
(4) L2 (SUT) 2 LE(S) UL (T) and Ug* (SUT) = Ug* (S) VU (T),
(5) If SC T, then L (S) C c** (T) and U (S) C UF (T),

(6) S < LE (Ug" (9)),

(7) Ug* (L5 (S)) C S.

Proof. In Proposition 1 [19], the binary relation has properties (1) — (7) so that these
properties also apply to equivalence relations . O

From [1] and Proposition 9 [20], it has been shown that the following properties apply.

Proposition 10. Given £. If S C X, then
(1) E** (5) €S,

(2) L D) =0 and UF* (X) = X,

3) S C Ug (5),

(4) L& (S) S U (5).

Remark 6. Proposition 9 and 10 also hold for dominance relation.

If S =U, ex [z]¢ for some x € X, then we have LE* (S) = Lg (S) =5 =Ug (S) =Ug* (5).
The following theorem states the approximation properties that apply to the equivalence relation.

Proposition 11. Given £. If S C X, then
(1) L& (U (5)) =Ug* (5),

(2) Ug* (U () = Ug" (5),
(3) L& (LE(9)) = LE°(9),
(4) Ugm (Lg"(9)) = LE(5)-

The above characteristics do not necessarily hold to domination relations [20].

Remark 7. Given D. If S C X, then the following properties do not necessarily hold
(1) £5 (U5 () = U (5)

(2) Up (Up" (9)) = Up" (9),

3) L5 (ﬁp (8)) = ( );

(4) Up" (LB (S)) = LB ().

Example 7. Let X* = {z1,z2,23,24,25} and D = {(z1,21),(x2,22),(x3,3),
(r4,24), (T5,25), (T1,22), (%1, 23),(23,22), (25,22)} on X*. Then, the right neighbor-
hood of the element in X* is as follows:

21D = {x1, 22,23}, 22D = {x2} , 23D = {x2, 23} , 24D = {24}, 25D = {22, 25} .
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@ x5

Fig. 6: Dominance Relation D on X*

If S = {z5}, then we have
(1) Up' (S) = a5D = {wa,3;},
(2) Us (U5 (S) =Up ({z2,25}) = 24D U oD U 3D UasD = {x1, 2, 23,75},
(3) LB (U5 (9)) = LB ({z225}) = (U ({m1232,}))" = (@1D U 23D U 24D)° =
({z1, 2, x3,24}) = {25} .

So that
(1) Uy (Up (9)) #Up (S),
(2) L3 (Up (9)) # Up (S).
If T = {x2, 25}, then we have
(1) L5 (T) = L5 {z2,25}) = (U ({z1,23,24}))° = (21D U 23D U 24D)° =
({z1, 22, %3, 74})° = {25},
(2) L5 (L3(T) = L5 ({zs}) = (U ({z1, 22, 23,24}))¢ = (21D U 22D U 23D U 24D U

.CC5D)C = X¢= Q),
(3) Up (LB(T)) = Up* ({ws}) = 25D = {x2,25} -
So that

(1) L5 (Lp(T)) # L5 (T)
(2) Up (L5(T) # L5 (T).

4. Conclusions

In an equivalence relation on a set, the definitions of Type 1, 2, and 3 of lower and upper
approximations are identical. In a dominance relation on a set, the definitions of Type 1 and
Type 2 of lower and upper approximations are identical, whereas the definitions of Type 1 and
Type 3 of lower and upper approximations are different.

Based on the discussion in the third section, we found the following results. In the equivalence
relations and the dominance relations, there are several properties that are the same for the
lower and upper approximations of Type 1 and Type 3 of a set. In Type 1 and Type 3, there are
several properties of the lower and upper approximations that hold to the equivalence relation
but not necessarily hold to the dominance relation.
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