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ABSTRACT

In this paper, we will discuss some applications of almost surjective e-isometry mapping, one of them is in
Lorentz space (L, 4-space). Furthermore, using some classical theorems of w*-topology and concept of
closed subspace a-complemented, for every almost surjective e-isometry mapping f: X — Y, where Yis a
reflexive Banach space, then there exists a bounded linear operator T: Y - X with ||T|| < a such that

ITf(x) — x|l < 4e
for every x € X.
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INTRODUCTION

Suppose X and Y be real Banach spaces. A mapping U: X — Y is called an isometry if
UG =UWMly = llx = yllx, for all x,y € X.

Mazur-Ulam showed that if U is a surjective isometry, then U is affine. In other word, a
surjective isometry mapping can be translated. This result lead to the following definition.

Definition 1.1. Let X and Y be real Banach spaces. A mapping f: X = Y is called an ¢-
isometry if there exists € > 0 such that

HFC) = fFWly = llx = ylix| < & forallx,y € X.

If e = 0, then 0-isometry is just an isometry. There are other names of e-isometry, some of
them are nearisometry [13], approximate isometry ([1], [7]), and perturbed metric preserved [3].
To simplify, the norm fuction is just written as ||-|| without mentioning the vector space.

Definition 1.1 above begs a question, “for every e-isometry f, does always exist an isometry

mapping U and y > 0 such that
If(x) —UIl < ve (1.1

for all x € X7

This problem was first investigated by Hyers-Ulam in 1945 [7] (therefore, s-isometry
problems are also called as Hyers-Ulam problems) and they found that for every surjective -
isometry mapping f in the Euclidean spaces, there always exists a surjective isometry mapping U
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satisfying (1.1) with y = 10. Some years later, D. G Bourgin studied e-isometry mapping in the
Lebesgue space with y = 12.

In 1983, Gevirtz delivered y = 5 which was hold for any Banach space X and Y [6]. This
result was sharpened by Omladi¢ and Semrl [10].

Theorem 1.2. Let X and Y be Banach spaces and f: X — Y is a surjective -isometry, there
exists a linear surjective isometry mapping U: X = Y such that

If(x) = U(x)|l < 2¢, for every x € X.

There are many applications of e-isometry mapping, such as Dai-Dong who use g-isometry
mapping to determine the smoothness and rotundity of Banach spaces. Semrl and Viisala
proposed a definition of almost surjective mapping as follows [13].

Definition 1.3. Let f: X — Yis a mapping, Y; is a closed subspace of Y, and § = 0. A mapping f is
called almost surjective onto Y if for every y € Y;, there exists x € X with ||f(x) — y|| < § and for
every u € X, there exists v € ¥; with || f(u) — v|| < 4.

Using Definition 1.3, Semrl and Vaisili weakened the surjective condition become almost
surjective [13] (see also [14]).

Theorem 1.4. Let E and F be Hilbert spaces and f: E — F is an almost surjective e-isometry with
f(0) = 0 that satisfies

sup lim inf <1, (1.2)

t —_—
lyl=1ltl=e Y

then there exists a linear surjective isometry U: E — F such that
If(x) —U(x)|| < 2¢,for everyx €E.

Semrl and Viisild showed that this result is true for E and F are Lebesgue spaces [13].
Vestfrid decrease the value 1 become % in (1.2) and is valid for any Banach space [15].

On the other hand, Figiel proved that for any isometry mapping U : X = Y with U(0) = 0,
there exists an operator ¢ : span U(x) — X with [|¢|| = 1 such that ¢ ° U = I, the identity on X
[5].

Using Figiel’s theorem, Cheng et. al. Give the following lemma [2] (see also Qian [11]).

Lemma 1.5.If f: R — Y is a surjective e-isometry with f(0) = 0, then there exists ¢ € Y* with ||¢|| =
1 such that

(P, f(t)) —t] <3¢, foranyt € R.

Using Vestfrid’s theorem and Lemma 1.5, Minan et. al. showed that the following lemma
is true [12].

Theorem 1.6. Let X and Y be real Banach spaces, f: X — Y is an g-isometry with f(0) = 0. If the
mapping f satisfies almost surjective condition, i. e.

sup lim inf |ty - M||
yEeSy |tl=o
then for every x* € X*, there exists a linear functional ¢ € Y* with ||¢|| = ||x*|| = r such that

(¢, f(x)) — (x*,x)| < 4er, for every x € X.
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RESULTS AND DISCUSSION

We will discuss some applications of Theorem 1.6. Therefore, this paper will be organized
as follows. Firstly, we will discuss two applications of Theorem 1.6, one of them is to determine
the stability of almost surjective e-isometry in L, ;-spaces (also called as Lorentz spaces). Next, we
will discuss the stability of almost surjective e-isometry in reflexive Banach spaces.

The used notations and terminology are standard. w* (pronounced “weak star”) topology
of the dual of normed space X is the smallest topology of X* such that for every x € X, the linear
functional x* — x*x on X* is continuous.

The author is greatly indebted to anonymous referee for a number of important
suggestions that help the author to simplify the proof.

1. Applications of Theorem 1.6

Let X and Y be Banach spaces and Y € B(X,Y). For bounded set C c X, is defined ||T||; =
sup{||Tx|| : x € C}. If there is ¢ € C such that ||Tc|| = ||T||¢, the T attains its supremum over C.
Operator T is called as norm-attaining operator.

Theorem 2.1. Let X and Y be real Banach spaces, f: X — Y is an almost surjective e-isometry with
f(0) = 0 satisfies
-5 <2

sup hm inf
YESy

||Z 2 f O +4e 2 ||Z 2|

forevery x4, ... ,x, € X and every Ay,... ,A, € R, where Y7 4; = 1.

y—— (2.1)

then

Proof. Let x4, ... ,x,, € X and X,, = span (x4, ... , x,). Banach spaces X and Y that satisfy (2.1) are
strictly convex [12]. In addition, X* and Y™ are w*-compact convex, so that for every x* € Sx -,

there exists a linear functional ¢,+ € Sy+ such that
@, f(x)) = (x", x)| < 4¢, for every x € X,.

Since f is an almost surjective e-isometry, then for every y € Sy, there exists xy € X such
that f{x,) = y. Therefore,

=50 = e -5

Hf( 0 -

= [lx*IHlxo = xII + llx"[[1lxo — I

2 [ll@a I1F Gl = Nl N F GO = Ml ™[I0 = X[ + Nl {l2¢0 — x|

2 sup [{x%x0 —x)| = [{x", %0 — )| + [{@x+, f(X0)) — (@, f D)

"
x ESXn*

= sup [{x",x0 —x)| = [{x", %0 — )| + @y, f (x0) = £ ()]

"
x ESXn*

2 sup [{x%x0 —x)| = [{x", X0 — %) = (@, f(x0) = F(X))

"
x ESXn*
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Recall that X and Y are strictly convex, so f(xy) — f(x) = X114 f(x;)) and  xp —x =
Yicqldilx;. Since x* € Sy +, i. e. |x*|| =1, then x* is norm attaining functional. Hence,
sup [{x", Xt Ailx) | = [l izl dlx) | = 1Xi=112:1x;]l. Therefore,

X*ESXn*
n n n n
(D RATZESY N Y B (O N P HE A R SV Te
i=1 i=1 i=1 i=1
n n n n
= D0 W] =D | > x|
i=1 i=1 i=1 i=1
n n n
o D e I R e
;1=1 =1 =1
= z |/1i|xl- —4¢
i=1
or

+ 4e >

> e > kx| .

Next, we will discuss an application of Theorem 1.6 in L, 4-spaces. Let L(Q) is an algebra
of equivalence classes of real valued measured function over (Q, ¥, u). The distribution &¢(s) for
f € L(Q) is defined as

8¢ (s) = u(lf1 > 5)

Ly, q-spaces are collections of all measured function over () such that

q

”f”p,q = %f f*(t)qt(%) - 1dt < oo
0

where f*(¢) :=inf{s > 0: §¢(s) < t},t > 0.1f p = g, then L, ,(Q) is just Lebesgue space
L, (Q). The following theorem shows that there exists an isomorphism operator [8] in L,, ,-spaces.

Theorem 2.2. Suppose that 1 < p,q < o,p # q,p * 1,p # 2. Then there exists no weakly sequence
{fk}k=1 in Ly 4(0,1) such that for some C > 0 and for any subsequence {f;;}y=1 of {fi}i=1, the
estimate

N

> s

k=1

CTINYP < < CN/P

p.q

holds.
Now, using Theorem 2.2, the author will show that the following theorem is true.

Theorem 2.3. Let X =L, , and Y be Banach space. If f: X — Y is an almost surjective e-isometry with
f(0) = 0, then there exists an operator S : Y — X with ||S|| = 1 such that

IISf(x) — x|| < 4¢, for every x € X.

Proof. From Theorem 2.2, then B+ is aw™-closed convex hull of w*-exposed pointin L, ,.
Lett € (0,1) and x* € Sx+. Theorem 1.6 implies that there exists ¢; € Sy+ such that

e, f(x)) — (xf,x)| < 4e, for every x € X.
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LetS:Y — X is defined by S(y) = (¢;, f(x))e; = x,. Clearly ||S|| = 1 and

1
q

1
1SFC) = xllpq = %f(xo(t)q - x(t)q)t(%)‘ldt
0

< sup [{¢y, f(x)) — (xg,x)| < 4e. m
te(0,1)

2. Almost Surjective e-Isometry in The Reflexive Banach Spaces

A normed space is reflexive if the natural mapping 7 (x) from X into X** which is defined
by m(x) : f = f(X) where f € X*, is onto X**, or X = X™**. Therefore, every reflexive normed space
is Banach space. In addition, every closed subspace of reflexive Banach space is reflexive [4].

Proposition 3.1 (Megginson [9], Proposition 1.11.11). Let X be reflexive normed space. Every
functional x* € X* is norm-attaining functional.

The following definitions are classic (for more detail see [4]). Let X be Banach space and
M c X. The polar set of M is M°:={x"€X": (x",x) <1,forall x e M}. Conversely,
‘M*:={x€X: (x*,x) <1, forall x* € M’}. The annihilator of M is M+ := {x* € X* : (x*,x) =
0, for all x € M}, and preannihilator M+ is *M* :={x € X: (x*,x) = 0 forall x* € M*}.
For an almost surjective e-isometry mapping f: X - Y with f(0) =0 and ¢ > 0, C(f) is a
closed convex hull of f(X), E is an annihilator of subspace FC Y* where F is a set of all bounded
functionals over C(f), and

M, := {¢p € Y*: ¢ is bounded by Be over C(f), for § > 0}.

Obviously, C(f) is symmetric, then M, is linear subspace of Y* with M, = US-; nC(f)".
Therefore, E = N{ker¢ : ¢ € M}. The following lemma is easy to be proved (see [2]).

Lemma 3.2. Let Y be Banach space, the following statements are equicalence.
(1) C(f) € E + F forabounded B C Y;

(2) M, isw*-closed,
(3) M, is closed.

For every almost surjective e-isometry f, is defined a linear mapping £ : X* — 2" by
Cx*i={p eV (), f(x)) — (x*,x)| < Be, for B > 0andall x € X}.
Since ¢ is a linear mapping, the definition of M, implies

0 ={p €eY": [(d, f(x)) — (0,x)| < Be}
={p €eY": (¢, f(O)| < Be}
={¢ € Y*: ¢ is bounded by Be over C(f)} = M,
and

ox* = £(x* +0) = £x* + £0D ¢ + €0 = ¢ + M,.

Lemma 3.3. If x* # y*, then £x* N £y* = Q.
Proof. Suppose that £x* N £y* is nonempty, then there exists ¢ € £x* N £y*. Assume

o ={p €Y (o, f(x)) — (x",x)| < Be,forall x € X)
and
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@y ={p €Y": (o, f(x)) = (y", x)| < e, for all x € X).

For x* # y~, there exists ¢ € £x* N £y” such that ¢, = ¢, This is impossible because ¢
is a linear functional and the proof is complete. [ ]

Let U € B(X,Y). Then U* € B(Y",X™) is called an adjoint operator such that (Ux, f) =
(x,U*f) for all x € X. Two results below are classic.

Proposition 3.4 (Fabian et. al. [4], Proposition 2.6). Let M is a closed subspace of Banach space X.
Then (X /Y)* is isometric with M+ and M* is isometric with X* /M*.

Theorem 3.5 (Megginson [9], Proposition 3.1.11). Let X and Y be normed spaces. If U € B(X,Y),
then U™ is w*-to-w™ continuous. Conversely, if Q is w*-to-w* linear continuous operator from Y™ to
X*, then there exists U € B(X,Y) such that U* = Q.

Now, using Proposition 3.4 and Theorem 3.5, we will show that the following theorem is
true.

Theorem 3.6. Let X and Y be Banach spaces, f: X — Y is an almost surjective e-isometry with f(0) =
0,and M = £0. Then

(1) Q: X* = Y*/M, which is defined by Qx* = €x* + M, is linear isometry.
(2) If M is w*-closed, then Q is an adjoint operator of U: E — X with ||U|| = 1.

Proof. (1) From Lemma 3.3 and definition of ¢, it is clear that Q is linear. Lemma 3.2 implies M =
£0 = M,. For every x* € X*,

1Qx™|| = inf{[l¢ —m||: € £x*,m € M}

= inf{||¢p —m||: ¢ € £x*,m € M,}.
From definition of #x* and M., we have

lQx"|| = inf{l|}][: ¢ € £x7}.

Theorem 1.6 gives
inf{]|p]]: ¢ € £x7} < [lx"]]. (3.1)

To show the conversely, from definition of £, there exists § > 0 such that

(¢, fF(x)) — (x*,x)| < B¢, forall x € X.

For any 6 > 0, we can choose x; € Sy such that

(x*,x0) > |[x*[] = 6.
Foralln € N, we get

0 L) - o )| <
Asn — oo,
19112 timsup (6,22 = 2 ) > ') - .
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Since § is arbitrary, then
ol = [lx"I. (3.2)

From (3.1) and (3.2), then ||¢|| = ||x*|| which shows that Q is an isometry.

(2) Since M is w*-closed, then M = { *M}* = {*M_}* = EL. Therefore, Y*/M = Y*/E*.
From definitions of E and M., Proposition 3.4 implies Y*/E+ = E*,

We will prove that ¢ is w*-to-w* continuous over the unit ball By+. Let ] is an index set and
a € I. Suppose there exists net (x*) € By~ which is w*-converging to x* € X*. Using Theorem 1.6,
there exists net (¢,) € Y* with ||¢, || = |lx%|| = 7, < 1 such that

e, f (X)) — (x5, x)| < 4ery, forall x € X.
Since (¢, ) is w*-compact, then there exists w*-limit point € Y* such that
K, f(x)) —(x*,x)| < 4er,forallx €X
Therefore, Qxg = x5 + M = ¢, + M is w*-convergence to ¢ + M = Qx*. This result
shows that Q: By« — E* is w*-to-w™ continuous. From Theorem 3.5, there exists U: E — X such
that U* = Q. Definition of E shows that U is a surjective mapping. Since U* = Q is a linear

isometry, then ||U|| = 1. [ ]

Before discussing the stability of an almost surjective e-isometry in reflexive Banach
space, we need some resuls below.

Proposition 3.7 (Fabian et. al. [4], Proposition 3.114). Let Y be reflexive Banach space. If M is a
closed subspace of Y, then M is Banach space.

Corollary 3.8. If Y be reflexive Banach space, then the mapping Q in Theorem 3.6 is an adjoint
operator.

Proof. Since Y is reflexive, from Proposition 3.7, M is w*-closed. The proof can be completed by
Theorem 3.6.

Definition 3.9. Let X be Banach space and 0 < a < o. A closed subspace M c X is called a-
complemented in X if there is a closed subspace N ¢ X with M N N = {0} and projection P: X —
M along N suchthatX = M + N and ||P|| < «.

Theorem 3.10. Let X and Y be Banach spaces where Y is reflexive, and f: X = Y is an almost surjective
e-isometry, then there exists a bounded linear operator T: Y = X and ||T|| < a such that

ITf(x) —x|| < 4¢, forall x € X.
Proof. Since Y is reflexive, from Corollary 3.8 and Theorem 3.6, there exists a surjective operator
U:E — X with ||U|| = 1 such that Q = U". Since E is a-complemented in Y, there is a closed
subspace F c Y and E N F = {0} such that E + F =Y and projection P:Y — E along F satisfies
[IP|| < a.LetT = UP, then
ITIl = NUPI < IUNNIPI =PIl < a.
Furthermore,

(Qx*, Py) = (Qx™,y)

forall x* € X* and y € Y. Therefore,
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Qx™, Pf(X)) — (x*, x)| = KQx7, f(X)) — {x7, x)| < 4el|x”]], (3.3)

for all x € X and x* € X*. Definition of adjoint operator gives

(Qx", Pf(X)) = (x, Q"Pf (X))
= (x", UPf(X)) = (x", Tf(X))- (3.4)

Substitute (3.4) into (3.3), then

(X" TFX)) = (x7, 0)| = [(x", TF(X) — x)| < 4el|x7||

forall x € X and x* € X*. In addition,

[(x*, TFX) =2 < Ml [IITF(X) — x|l

< 4del[x*|
or
ITf(X) —x|| < 4e
for all x € X. ]
CONCLUSION

In this paper, the author has shown simple applications of Theorem 1.6. In addition, almost

surjective e-isometries are remain stable in the reflexive Banach spaces.

Open Problem 1. This paper has shown that almost surjective e-isometries are stable in Lorentz
spaces when the conditions in Theorem 2.2 are satisfied. Is it possible to generalize these restrictions?

Open Problem 2. According to the results of this paper, is it possible to determine the stability of
almost surjective e-isometries in the higher dual of Banach spaces?
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