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Abstract

This paper presents two new applications of a fixed point theorem for Reich—Perov a-
contractive mappings in vector-valued metric spaces. As a new application, we first demon-
strate the existence and uniqueness of a solution to the vector valued Volterra-Fredholm
integral equation system. By constructing suitable integral operators, we show that they
satisfy the a-contractive Reich-Perov condition. The second application concerns the deter-
mination of the fixed point for discrete recursive systems with coupled components, for which
the existence of a unique solution is established.
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1. Introduction

A broad class of problems in nonlinear analysis, including those involving differential equations,
integral equations, and dynamical systems, can be effectively studied using fixed point approaches.
Following the Banach contraction principle, various generalizations of the fixed point theorem
have been developed to expand the class of analyzable mappings. An important direction of
development is the expansion of the structure of metric spaces and the forms of contraction used
in them.

Perov [1] pioneered the use of vector valued metric spaces to analyze systems of simultaneous
differential and integral equations. This approach was further developed by Varga [2] through a
study of iterative matrix analysis, which provided a strong theoretical basis for using the spectral
radius as a contraction criterion. Several studies on Perov type contractive mappings have been
published in various spaces, including [3-10].

In addition to the expansion of spatial structures, the development of contractive conditions is
also a major focus in fixed point theory. The Reich type contraction, which takes into account the
distance of a point from its own image, is an important generalization of the Banach contraction
[11]. Various studies have shown that the Reich contraction is more flexible and capable of
handling nonlinear mappings that fail the classical (Banach) contraction. Several studies related
to the Reich contraction and its various developments include those of [12-16].

The development of fixed-point theory extends beyond generalizations of vector-valued metric
spaces to more flexible variations of contractive conditions. Almalki et al. and Alansari et al. [17,
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18] extended the Perov-type fixed-point theorem by incorporating ordered relation structures
and equivalence relations, allowing for the analysis of coupled systems within a more general
framework. Sarwar et al. [19] introduced Perov-type contractions formulated in terms of functions
F and applied them to semilinear operator systems. Subsequently, Mirkov et al. [20] refined and
clarified the form of these contractional mappings in vector-valued metric spaces. Furthermore,
[21] studied this class of contractions in the context of generalized asymmetric metric spaces.

Later developments introduced the concept of a—admissible as a tool to introduce additional
structure into metric spaces, such as partial ordering or certain relations between elements. This
concept was first introduced by Samet et al. [22] and has since been widely used to expand the
scope of the classical fixed point theorem. This approach is particularly useful for problems
involving monotonicity or specific initial conditions. Several studies related to a—admissible in
various spaces include [23-25].

Several studies, such as those by Altun et al. [26] and Mirkov et al. [27], have discussed
Perov type contractions, a—contractive Perov contractions, and their applications to integral
equations and differential systems. However, most of the results obtained are still limited to
linear contractions. Further developments, including special formulations and variations of the
contractivity condition, have been investigated by Sunarsini et al. in [28]. The results obtained
ensure the presence of exactly one Reich—Perov type solution in vector-valued metric spaces.
This serves as a theoretical basis for further research in this article.

On the other hand, vector valued Volterra-Fredholm integral-differential systems naturally
require an analytical framework capable of handling the interrelationships between components
and mixed memory contributions. This motivation drives this research, which applies the
a-contractive Reich-Perov fixed point theorem, which has not been discussed in the previous
literature. Specifically, this article provides a new application to Volterra-Fredholm integral
equation systems. Thus, the results obtained not only extend the application of the Reich-Perov
theorem in the context of coupled systems but also make new contributions to the development
of fixed point theory in vector valued metric spaces. Furthermore, we establish new applications
to coupled discrete recursive systems involving nonlinear functions, which demonstrate the
effectiveness of the proposed approach. Therefore, the results obtained in this paper provide a
meaningful extension of the existing theory and broaden its range of applications.

2. Preliminaries

The definitions, concepts, and auxiliary results required to establish the main results of this
article are introduced below. Vector valued metric spaces were originally proposed by Perov [1]
as a tool to analyze differential and integral equation systems simultaneously.

Definition 1. Assume that X is a set containing at least one element, and that R" is

equipped with the componentwise partial order, <, defined by k <1 whenever k; <

l; foralli € {1,2,...,n} Also, k <1 <= k; <l foralli € {1,2,...,n} The function

dy : X x X — R"™ is considered a vector valued metric if, the following assertions are fulfilled
for every ¢,y,z € X :

(i) 0 X dy(x,y), and the equality d,(x,y) = 0 occurs precisely when & = y, (0 denotes
the zero vector);

(ii) dy(x,y) remains unchanged when & and y are interchanged;
(iil) do(z,y) 2 do(z, 2) + du(z, ).

Throughout this section, the notation X will be used to represent the vector-valued metric
space (X, d,).
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Definition 2. The notions of Cauchy sequences and completeness corresponding to the
metric d, are taken as in [28].

The role of nonnegative matrices is crucial in Perov’s theory, particularly as a replacement for
the contraction constant in the Banach principle. The role of nonnegative matrices is crucial in
Perov’s theory, particularly as a replacement for the contraction constant in the Banach principle.
Throughout this work, we use nonnegative matrices and the notion of matrices converging to
zero, referring the reader to A. I. Perov for precise definitions [2].

A practical criterion for determining this property is given by the spectral radius.

Lemma 1. [2] For a nonnegative matriz A, convergence of A to the zero matriz occurs
precisely when its spectral radius satisfies p(A) < 1.

The lemma plays an important role in the analysis of matrix-based contractive operators in
vector metric spaces, as discussed in [2]. In later developments, Perov broadened Banach’s fixed
point framework by introducing a matrix oriented contraction approach.

Definition 3. [26] A matrix A satisfying the conditions of Lemma 1 is considered. The
self-mapping T : X — X is Perov—contractive whenever d,(T's,Tt) < A d,(s,t) holds for
arbitrary s,t € X.

Reich [11] introduced a more flexible form of contraction that involves the distance between
a point and its own image. This concept was later combined with Perov’s [28].

Definition 4. [28] A self-mapping 7" in X is called a Reich-Perov type contraction in
X whenever there exist matrices A1, Az, Az € M, x,(R{) fulfilling the condition p(A;) +
p(A2) + p(As) < 1, for which the inequality

dv(Tsth) j Al dv(svTS) + A2 dv(taTt) + A3 dv(sat) (1)

is satisfied for all s,t € X.

The notion of a—admissibility was proposed by Samet et al. [22] to incorporate additional
structures such as partial ordering or certain relations.

Definition 5. With a : X x X — R” given, the a—admissibility of T : X — X is
characterized by the implication For every s,t € X, condition «(s,t) > I ensures that
a(Ts, Tt) = I is held for arbitrary s,t € X, and I is an identity matrix of size n x n.

Remark 1. Analogously to Definition 1, a componentwise partial order, =, on R™ is defined
by k =1 whenever k; >1[; forallie {1,2,...,n} Moreover, k >l whenever k; >
l; for alli € {1,2,...,n}.

The main result that forms the basis of this article was developed by Sunarsini et al. [28].

Definition 6. Given a self mapping T on X. If there exist a function o : X x X —
Mnxn(Rf{) defined by a(s,t) > I and three matrices A, A, A3 € Mnxn(Ra') fulfilling the
condition

p(A1) + p(A2) + p(A3) <1,
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such that for every s,t € X that satisfies (1), then T is called a Reich-Perov a-contractive
mapping in X.

Theorem 1. We assume that (X,d,) is complete, together with a self-mapping T that
satisfies Definition 6. Suppose that the following requirements are fulfilled:

1. the mapping T fulfills the a—admissibility condition;
2. an initial point sg € X can be chosen such that a(sg,T'sg) = I holds;

3. T is continuous.

Under these assumptions, the operator T admits exactly one fixed point in X.

This theorem simultaneously extends the Banach, Reich, and Perov principles and serves as
the main framework for discussing applications to Volterra—Fredholm integral equation systems
and coupled discrete recursive systems in the following sections.

3. Application to Volterra—Fredholm Systems of Integral Equa-
tions

In this section, we discuss the application of the Reich—Perov a—contractive Fixed Point Theorem
to Volterra—Fredholm systems of integral equations. As a first step, we first define the function
space to be used and its vector-valued metric structure.

We denote by C(I,R™), where I := [0, 1], the space endowed with the supremum norm. For
x = (x1,...,zy) € C(I,R"), the vector-valued metric d, is defined by

21 = ¥1lloo
dy(z,y) = ) (2)
[zn = ynlloc
where || - || denotes the supremum norm in C(I).

Lemma 2. The vector-valued metric space (C(I,R™),d,) is complete.

Proof. Tt can be verified without difficulty that d, in Eq. (2) satisfies Definition 1. The
completeness of the space C([0, 1], R™) with respect to this metric is established as follows.
Consider an arbitrary sequence {x}} C C(I,R™) that is Cauchy in the sense of d,. The
Definition 2 guaranties that, given each € > 0 € R", one can find an integer N > 0 such
that

dy(Tk, Tm) < €

holds whenever k,m > N.
By Definition 2, given an arbitrary € = 0 € R", one can find an integer N > 0 such that for
which

dy(xg, Tm) <€ Vk,m > N.

Componently, this means

Iz — 2| <&, Wi=1,...,n.

As a result, for every index i, the sequence {xik)} is Cauchy in C(I,R) with respect to the
supremum norm. By completeness, one obtains x; € C(I,R) satisfying
(k)

[

i — Zilloo > 0 as k — oo.
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Now, define @ = (x1,...,x,). It follows that & € C(I,R™). Furthermore, for each i we have

(k)

25" = Zillo =0,

so that
dv(:c(k),as) — 0 when k — oo.

Hence, every Cauchy sequence in C(I, R™) admits a limit in C'([Z, R"™), and therefore C'(I,R")
is complete. O

Consider the Volterra—Fredholm system of integral equations

= fi(t —i—/Ktsaz ds+/ i(t,s,x(s)) ds,
t,sel, 1=1,...,n,

where
fi:I =R, K H :IxIxR"—=R

are continuous functions. Define a self-mapping 7" on C(I,R"), by

Tx(t) = (Tx(t), Thx(t),. .., Tyx(t)),

where for each i = 1,2,...,n,

= fi(t —|—/Ktsac ds—l—/ i(t,s,x(s))ds, tel. (4)

Theorem 2. Consider the Volterra—Fredholm system (3) in (C(I,R"),d,). Assume that
1. Matrices A = (a;;), B = (bi;), and C = (cij) € (Mpuxn(R{) can be chosen in such a
way that for every t,s € I and x,y € C(I,R"),

|K;(t,s,2(s)) — Ki(t,s,y(s))| < Zazﬂxj —y;(s)| + Zbiﬂxj(s) — Tjx(s)]
+ sz'j!yj(S) — Tiy(s)], (5)
j=1

|Hit, 5,2(5)) — Hi(t,s,9())] < Y cijles(s) — y5(s)]-
j=1

2. The kernels are monotone, that is
x(s) 2 y(s), s€l, wunder which K;(t,s,x(s)) < K;(t,s,y(s)), (6)
Hi(t,s,2(s)) < Hi(t, s,y(s))-
3. p(A) + p(B) + p(C) < L.
4. fz(t) Z 0, Ki(t,s,()) Z 0, Hi(t,S,O) Z 0.
Let o : C(I,R™) x C(I,R™) = My,xn(R) be given by
I, ifx(t) Jy(t), t€|0,1],
RN L 2 OR PONTI ()
O, in any other case,

where I and O denote the identity matriz and the zero matriz in My, (R), respectively.
Then the operator T satisfies the Reich—Perov a—contractive condition and satisfies Theo-
rem 1, and hence, the system (3) admits a unique solution.
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Proof. We proceed in several stages.

(i) Since f;, K;, and H; are continuous, it follows that T;x(t) is continuous for each
i=1,2,...,n. Hence T' maps C'(I,R") into itself.
Let ¢, — « in C(I,R"). Then «,(s) — x(s) uniformly on I. By continuity of K;
and H;, we have

Ki(t,s,xn(s)) = K;(t,s,x(s)), H;(t,s,xn(s)) = Hi(t,s,x(s)).

Moreover, since x,, — x uniformly and K;, H; are continuous on a compact domain,
one may choose a constant M > 0 for which

|Ki(t, 5, @n(s))| < M, |Hi(t, s, 2n(s))| < M,

for all t,s € I and all n.
Thus, by the Dominated Convergence Theorem,

/Ot K;i(t,s, xn(s)) ds — /Ot Ki(t, s, z(s))ds,

and . )
/Hi(t,s,mn(s))ds%/ )
0 0

Therefore,
Tix,(t) — Tix(t),

uniformly on I. Hence, T is continuous.
(ii) Let’s take any x,y € C(I,R™). For every i = 1,...,n and t € I, the following holds:

Tia(t) = T )] < [ 1Kt 5,0(5) = Kilt, 5, (s)lds

1
+/ |H;(t,s,x(s)) — Hi(t,s,y(s))|ds.
0

Based on Eq. (5), the following holds:
Ta(t) - Tyl < [ (Zamm i (8)] + 3 bisles (5) — Ty(s)|
j=1
+ 3 bilu(s) - Tyy(s)|)ds
j=1

1 n
+ [ 2 culeyls) - sy(a)ds.

Since |z;(s) — yj(s)| < ||zj — y;llo for all s € I, the integral can be bounded:
t t
[ asles(o) = us)lds < aley syl [ bisles(o) = Tym()lds < bislle; = Tyalo

1
| cileits) = u(olds < cisla; - vyl

Taking supremum norm and using ¢t < 1, we obtain,

n
[Tix — Tiy|lo < Z (aij + cii)llzj — yjlloo + wau% Tjz||oo + Zbinyj — Ty co-
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Based on 2, the above inequality can be written as
do(Tz, Ty) = Bdy(z,Tx) + Bdy(y,Ty) + (A + C) dy(z, y).

By taking
Ai1=B, Ay,=B, A3=2A+C,

then the contraction form becomes
dy(Tx, Ty) < Ardy(x, Tx) + Asdy(y, Ty) + Asdy(x,y).
We compute
p(A1) + p(As2) + p(A3) = 2p(B) + p(A + C) < 2p(B) + p(A) + p(C) <
(by subadditivity of the spectral radius) . Thus,
p(A1) + p(A2) + p(A3) < 1,

and T is a Reich-Perov a-contractive mapping in C(I,R").

> =

(iii) By the monotonicity assumption Eq. (6) and integrating both sides, we obtain
¢ 1
Tax(t) = filt) + [ Kilt,s,o()ds+ [ Hilt,s,2(5))ds
0 0

< fi(t)+/0t Ki(t,s,y(s))ds—I—/OlHi(t,s,y(s))ds

= Tiy(t).
Thus,
Ta(t) < Ty(t), Vel
which implies
Tx(t) < Ty(t), Vtel.

Therefore, by definition of «,
a(Tx, Ty) =1.

Hence, T is a—admissible. by Eq. (6),
Tix(t) < Tiy(t).
Thus o(Tz, Ty) = I.
(iii) Let &g € C(I,R™) be defined by
xzo(t) =(0,...,0), Vtel.
Then, for each ¢ =1,...,nand t € I,

t 1
Turo(t) = fi(t) + / Ki(t,s,0) ds + / Hi(t, s,0) ds.
0 0
By assumption,
fz(t) Z Oa Ki(tasao) Z 07 Hl‘(t,S,O) Z Oa
for all ¢t,s € I, we have

Tixo(t) > 0 =m0 ,(t), Vtel.

Hence,
xo(t) = Tao(t), Ve,
which implies
a(xg, Txo) = 1.
The existence of an initial point is verified. Consequently, Theorem 1 ensures that T’
admits exactly one fixed point, which corresponds to the sole solution of Eq. (3). O
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4. Applications to Coupled Discrete Recursive Systems

The concept of coupled fixed points in ordered metric spaces has become a fundamental approach
in the analysis of coupled nonlinear systems. The further development of this concept is evident
in the results obtained, as seen in [29, 30]. This approach provides sufficient conditions to
guaranty that the problem admits exactly one solution.

In this section, we concretely apply the Reich—Perov a—contractive fixed point theorem
(Theorem 1) to both linearly and nonlinearly coupled discrete recursive systems with nonzero
real constant coefficients. This approach yields fixed-point solutions in an exact form, making

the results constructive and readily interpretable. This application explicitly demonstrates how

the Reich—Perov o contractive theorem guaranties that the problem admits exactly one solution
to such discrete systems.

Lemma 3. Consider R? and define d, : R?> x R2 — R? by

|z — ul
ly — vl

dv((x7y)7 (u7 U)) = ( ) ) V(:I:,y), (u7v) S ]R27

then the pair (R?,d,) is a complete vector-valued metric space.

Proof. It is straightforward to verify that d, meets Definition 1. Now, we show that (R2,d,)
is complete.
Take a Cauchy sequence {(z,,y,)} in (R?,d,). In other words, for any € = (e1,¢2) = (0,0),
JN € N such that

dy((Zn, yn), (@m,ym)) <€, VYn,m > N.

This is equivalent to
|Zp, —zm| <e1 and |yn —ym| <e2, Yn,m > N.

Thus, {z,} and {y,} are Cauchy in R and therefore converge to some z*,y* € R.
Therefore,

dv(($nayn)7 ($*,y*)) = <‘.%'n - .%'*‘> — (8) when n — oo.

|yn - y*’
Hence, (R?,d,) is complete. O

Theorem 3. Given R? as in Lemma 3 and a coupled discrete recursive system is considered

Tpr1 =02z, +0.2y, + 1,
{ ! Y n e N. (7)

Yn+1 = 0.1z, + 0.1y, + 2,

We define a self-mapping T : R? — R? associated with Eq. (7) by

(022402 +1
T(z,y) = <0.1m +0.1y + 2) ’ (8)

and o : R?2 x R? — Mayyo(R) by

I

O, otherwise,

) ifx§u7ygva

a(m,y) = {
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where I and O denote the identity matriz and the zero matriz in Maxo(R), respectively.
Then T is a Reich—Perov a-contractive mapping. Consequently, the system (7) has exactly
one fized point (z*,y*) € R?, and the iteration sequence {T"(xo,10)} converges to (z*,y*)
for every starting point (xo,y0) € R2.

Proof. The proof is performed in several steps.
(i) For arbitrarily (z,v), (u,v) € R?, direct computation Eq. (8) and applying the triangle
inequality yield
Ty(z,y) = Ta(u,v)| < 0.1(|z = Ta(z,y)| + |y — Ta(x, y)|)
+0.1(Ju — T1 (u, v)| + |v — Ta(u,v)|)
+0.4(|z — u| + |y — v]).
I To (2, y) — To(u,v)| < 02(]z = Ta (2, 9)| + |y — Ta(z, y)])
+0.1(Ju — T1(u, v)| + |v — Ta(u,v)|)
+0.4(|lz — u| + |y — v]).
Therefore,

dv(T(IL’, y)? T(’LL, U)) = A dv((ZE, y)a T(l’, y))+A2 dv((ua U)7 T(’LL, U))+A3 dv((xa y)a (uv U))v

01 0 01 0 04 0
A“‘(o 09’ A”‘(o QJ’ A”‘(o QQ'

The spectral radius of these three matrices is equal to the maximum value of their
diagonal elements. Hence, p(A;) = max{0.1,0.2} = 0.2, p(A2) = max{0.1,0.1} =
0.1, p(As) = max{0.4,0.4} = 0.4, and

where

Consequently, the mapping 7" satisfies the Reich—Perov a contractive condition.

(ii) Since a((z,y), (u,v)) = I implies (z,y) = (u,v) and T' is order-preserving, we have
T(z,y) = T(u,v), hence (T (z,y), T(u,v)) = I.
Hence, T is a-admissible. Since T satisfies a Lipschitz condition, it follows that T is
continuous on R?. For any initial point (o, o) € R?, it follows that

Oé((.fl?o’ yO)’ T(:E[)a yO)) =Ir I7
so all assumptions of Theorem 1 are satisfied. As a consequence, T' admits a unique
fixed point (z*,y*) € R2.
Solving the fixed point equation T'(z*, y*) = (z*, y*) leads to

x* =02z 4+ 0.2y* + 1,
y*=0.1z* +0.1y* + 2.

(5 @) ()-()
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Since the determinant of the coefficient matrix is equal to 0.7 # 0, the system admits
a unique solution given by

. 09+04
0.7

_1.6+40.1

~ 1857,y = o~ 2429,

Hence, the discrete system (7) possesses a unique equilibrium point (x*, y*).
Next, for each initial condition (x¢,%0) € R?, a recursive sequence is defined

(xn-l-l: Z/n+1) = T(.’I}n, yn)a nec N.

This sequence represents the discrete evolution of system (7). Since the operator T
satisfies the Reich—Perov a-contraction condition, then for every n € N it holds

dy(T™(20,%0), (z*,y*)) — 0  when n — co.

Thus,for every initial point (zg,70) € R?, the sequence generated by iteration of T
converges to its fixed point. l

Theorem 4. Given R? as in Lemma 3. Consider the nonlinear coupled discrete system

Znp1 = 0.1 tanh(zn) + 0.1 — 2% 1 0.2z, + 1,
- 1+ ’yn‘ (10)
=0.1 n 0.1 tanh 0.2 2.
Yn+1 1 T ‘xn‘ + an (yn) + Yn +

We define T : R2 — R? by

0.1 tanh(z) + 0.1 # 102241

|yl
x
0.1 —— 4+ 0.1 tanh 0.2 2
1+|$|+ anh(y) + 0.2y +

T(l‘,y) =

and o : R? x R? — Mayo(R) by

I, ifx<u, y<w,

O, otherwise,

a(cc,y) = { (11)

where I and O denote the identity matriz and the zero matriz in Mayx2(R), respectively.
Consequently, system (10) admits exactly one fived point (x*,y*) € R%. Moreover, for every
initial pair (xo,y0) € R?, the iterates generated by the T approach (z*,y*).

Proof. The proof is performed in several steps.

(i) Take an arbitrary (z,y), (u,v) € R% We begin with the first component of the mapping
T, that

y
Ty(z,y) = 0.1 tanh(z) + 0.1 —2— + 0.2z + 1.
(2,9) (x) T o]

Applying the triangle inequality and using the Lipschitz property, we obtain
|T1(x,y) — Ti(u,v)| <0.1|z —u|+0.1|y — v| + 0.2]|x — u|
=0.3|z — u| +0.1|y — v|.
|To(z,y) — To(u,v)| < 0.1|z —u| + 0.1|y — v| + 0.2]y — v|
= 0.1z — u| + 0.3|y — v|,
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(iii)

Next, observe that
v —u=(z—Ti(z,y)) + (Ti(z,y) — Ti(u,v)) + (T1 (v, v) — u),

y—v=(y—Ta(z,y)) + (T2(x,y) — Ta(u,v)) + (To(u,v) — v).

By applying the triangle inequality to these decompositions, we derive the following
estimates.

Ty(z,y) — Ti(u,v)| < 0.1(|z — Ti(z,y)| + |y — Ta(x, y)|)
+0.1(Ju — T1 (u, v)| + |v — Ta(u,v)]|)
+0.3|z — u| + 0.1y — v],

Ta(,y) — Ta(u,v)| < 0.1(|lz — Ti(2,y)| + |y — Ta(z, y)|)
+0.1(Ju — T1 (u, v)| + |v — Ta(u,v)|)
+0.1|z — u| + 0.3y — v|.

Hence,

dv(T(l‘, y)? T(ua U)) = A dv((xa y)v T(l’, y))+A2 dv((uv U)? T(ua U))+A3 dv((fL‘, y)v (u7 ’U)),

where the matrices A; and Ay are chosen as

0.1 0.1
0.1 0.1)°
whereas the matrix is defined by

Ay s dena vy (0 04).

0.1 0.1 0.3 0.1
A=Az = <0.1 0.1) , As= <0.1 0.3) ‘
A direct calculation yields

3
> p(Ai) =038,
=

which is strictly less than 1. Therefore, T satisfies the o Reich—Perov contractive
condition.

Since tanh x, z and the function
x

1+ |z|
are continuous on R, so that both 77 and 75 are continuous. Hence, a self mapping T’
is continuous.

Recall that Eq. (11), assume «a((z,y), (u,v)) = I. We show that T'(z,y) < T(u,v).
Since the functions
x
tanh z, , T
1+ |z
are increasing on R, we have
Yy
Ti(z,y) = 0.1 tanh(x) + 0.1 + 0.2z +1
(@9) @) +01 2
v
< 0.1 tanh(u) + 0.1 4+ 02u+1=Ti(u,v),
= ( ) 1+ "U’ 1( )
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and similarly
T2($7 y) < TQ(U, ’U).

Hence,
T(z,y) 2 T(u,v),

which implies
O‘((may)? (u,v)) =1 = o(T(z,y),T(u,v)) =1I.

Thus, T is an a-admissible.
(iv) We establish that one can find sq € R? for which

S0 j T(So).

For instance, choosing sg = (0, 0) yields 7°(0,0) = (1, 2), so the condition holds. Hence,
by definition of «, we obtain
Oé(So, TSO) =1.

Since I = I holds componentwise, it follows that «(sg,T'sg) = I.

Consequently, according to Theorem 1, the mapping 7" admits exactly one fixed point
(z*,y*) € R%. The fixed point satisfies the nonlinear system

*

* = 0.1 tanh(z*) + 0.1 —-— +0.22* + 1,
. 1+ [y*]
€T
* — 0.1 ———— + 0.1 tanh(y*) + 0.2y* + 2.
Yy 1+|$*|+ anh(y*) + 0.2y* +

Finally, for any initial point (xq,v) € R?, define

(Tnt1, Yns1) = T(Tn, yn).

Then
dv(Tn(ﬂfo,yo), (JU*,y*)) —0 asn— oo.

Hence, the limit of the sequence is a unique fixed point. O

5. Conclusion

This article presents an application of a Reich—Perov fixed point principle with a-contractive
condition in vector-valued metric spaces to the Volterra—Fredholm system of integral equations.

By equipping the space C([0,1],R"™) using a vector valued metric and assuming matrix
contraction that converges to zero, we show that the corresponding integral operator has a
unique fixed point. This result guarantees that a solution to the Volterra—Fredholm system exists
and is uniquely determined. An important addition to these results is that, when applied to
coupled discrete recursive systems, the method not only ensures that a fixed point exists and is
uniquely determined, but also enables the analytical determination of explicit solutions, thereby
providing a clear interpretation of the system’s stability and equilibrium states. Furthermore, the
vector-valued metric-based formulation and Perov matrix contraction demonstrate advantages
over classical scalar approaches, particularly in handling interactions between components in a
straightforward and structured manner.
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