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Abstract

This study investigates the numerical simulation of solitary wave propagation governed by
the KdV-BBM equation using a robust Method of Lines (MOL) framework. The governing
nonlinear equation is transformed into a system of ordinary differential equations through
spatial discretization. We evaluate the performance of three temporal integration schemes:
the first-order Euler method, the fourth-order Runge-Kutta (RK-4), and the fifth-order
iRK-5 method. Quantitative analysis via Mean Absolute Error (MAE) for various time steps
(At = 0.2,0.1,0.05, and 0.01) reveals that the iRK-5 scheme provides enhanced temporal
precision, achieving error magnitudes as low as 10~¢ and consistently aligning with the
exact traveling-wave solution. Notably, the iRK-5 method demonstrates greater algorithmic
efficiency; it achieves an accuracy level of 4.55 x 1079 at a coarser time step of At = 0.1,
whereas the RK-4 scheme requires a finer time step of At = 0.05 to reach the same precision.
Both high-order methods eventually reach a spatial error floor where further temporal
refinement yields no significant reduction in MAE. These findings emphasize that high-order
temporal integration, particularly the iRK-5 scheme, is essential for preserving the physical
integrity of complex nonlinear wave phenomena while maintaining optimal computational
effort.
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1. Introduction

The Korteweg-de Vries-Benjamin-Bona-Mahony (KdV-BBM) equation is a critical nonlinear
mathematical model in fluid mechanics, particularly for describing the propagation of long waves
in dispersive media. Analogous to how Korteweg-type fluid models are extensively utilized
to describe complex two-phase fluid flows with capillary effects [1], the KdV-BBM equation
combines the dispersive characteristics of the KdV equation with the regularization features
of the BBM equation, making it numerically more stable for modeling shallow water waves.
However, the inherent nonlinearity and the presence of high-order dispersive terms pose significant
challenges. While specific exact solutions, such as solitary and elliptic waves, can be identified
under certain conditions [2, 3], a general closed-form analytical solution is often unattainable
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[4]. This limitation has driven the development of various numerical methods to obtain accurate
approximate solutions [5, 6], a necessity frequently encountered when modeling practical fluid
dynamics, such as the use of finite difference approaches to simulate real-world river flows [7].

One of the most flexible and well-established approaches for solving partial differential
equations (PDEs) is the Method of Lines (MOL). The primary advantage of MOL lies in its
ability to transform a PDE into a system of ordinary differential equations (ODEs) through
spatial discretization [8]. [9] affirmed the validity and stability of MOL, demonstrating that the
resulting ODE system is a legitimate representation of the original PDE, where accuracy increases
consistently with the number of discretization lines. Mikhail also clarified that instabilities often
attributed to MOL usually originate from the nature of the original equation rather than the
method itself. The effectiveness of MOL continues to be proven in recent research; for instance,
[10] successfully implemented an MOL scheme with third-order finite differences to solve the
Burgers-Huxley equation. In the context of spatial discretization, the use of central finite
difference remains a primary choice due to its non-dissipative nature, and it has been proven
effective in yielding minimal numerical errors for various boundary value differential problems [11].
Even in the latest technological trends, [12] utilized centered finite differences as a fundamental
foundation for modern machine learning-based computational methods on coarse grids.

The success of an MOL scheme in providing precise solutions heavily depends on the choice
of temporal integration. The Euler method is often used as an initial benchmark due to its
simplicity and computational efficiency [13—15], yet it suffers from strict stability limits in long-
term simulations. As an improvement, the fourth-order Runge-Kutta (RK-4) method has become
a popular standard due to its balance between computational cost and accuracy [16, 17]. It has
explicitly demonstrated higher accuracy and smaller errors when solving ODEs derived from
semi-discrete fluid equations, such as the Saint-Venant model and Schrédinger-KdV [18, 19].

To achieve higher precision without sacrificing computational efficiency, the use of higher-order
methods is crucial. [20] recently introduced an improved fifth-order Runge-Kutta (iRK-5) method
designed to enhance numerical fidelity for initial value problems. The mathematical advantage of
the iRK-5 formulation lies in its optimized Taylor series expansion, where the free parameters in
the five-stage Butcher tableau are strategically selected to minimize the principal truncation error
coefficients. By satisfying a more comprehensive set of order conditions compared to traditional
fifth-order schemes, this method achieves a significant reduction in local truncation errors per
step. Such refinement is particularly suited for dispersive wave equations like the KdAV-BBM, as
it suppresses the artificial numerical oscillations and error accumulation that often degrade the
solitary wave profile during long-term integration.

Building upon these developments, this study aims to conduct a comparative study between
the Euler, RK-4, and iRK-5 methods (based on the formulation by [20]) within the Method of
Lines framework to solve the KdV-BBM equation. By applying central finite difference for spatial
discretization, this research will evaluate how each temporal integration method affects the
stability, convergence rate, and efficiency in preserving the solitary wave profile of the KdV-BBM
model.

The remainder of this paper is organized as follows. Section 2 details the numerical method-
ology, including the spatial discretization using finite differences and the implementation of the
Fuler, RK-4, and improved iRK-5 temporal integration schemes. In Section 3, we present the
results and discussion, focusing on the parametric role analysis of the KdV-BBM equation and a
comparative performance evaluation of the numerical schemes through solitary wave simulations.
Finally, Section 4 concludes the paper by summarizing the key findings and the implications of
the higher-order numerical approach for solitary wave integrity.

2. Methods

This study employs a computational and numerical research design aimed at solving the
nonlinear Korteweg-de Vries-Benjamin-Bona-Mahony (KdV-BBM) equation. The core contribu-
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tion of this work is a comparative analysis of different temporal integration schemes within the
framework of the Method of Lines (MOL). The methodology is structured to provide a clear
pathway from the continuous mathematical model to a fully discretized system, ensuring that
the results are reproducible and the numerical procedures are transparent.

The mathematical setting of this research involves a nonlinear partial differential equation
that incorporates effects from convection, dispersion, and regularization. The study assumes a
one-dimensional spatial domain [z1,xx] with non-periodic boundary conditions to accurately
represent a solitary wave profile. Specifically, we impose time-dependent Dirichlet boundary
conditions derived from the analytical solution, u(xi,t) = g1(¢t) and u(zy,t) = go(t). This
ensures that the boundary values remain consistent with the exact traveling-wave profile as it
evolves.

To provide a mathematically consistent closure for the higher-order spatial derivatives,
we additionally employ zero-gradient Neumann conditions, du/dx = 0, at both boundaries.
This numerical closure is essential for determining the values of ghost points (ug and uny1)
required by the central difference approximation of the dispersive terms without introducing
additional unknowns into the system. The primary analytical challenge addressed is the coupling
between the time-dependent term and the mixed space-time derivative, which characterizes the
Benjamin-Bona-Mahony component of the equation.

2.1. Spatial Finite Difference Scheme

For the numerical procedure, we adopt the Method of Lines to separate the spatial and
temporal discretizations. In the spatial dimension, a second-order central finite difference scheme
is employed to approximate the derivatives. According to Schiesser [8], the first and third spatial
derivatives at a grid point z; are discretized as:

Wil — Ui o Wit2 = 2Uig1 + 2Ui—1 — Uj—2

Furthermore, the second-order derivative involved in the regularization term is given by:

Uip1 — 2u; + Ui

where [ is the identity matrix and Dy represents the second-order differentiation matrix. A
significant part of the numerical algorithm involves solving the linear system at each time
step to isolate the temporal evolution of the wave amplitude. This step is necessitated by
the regularization term in the KdV-BBM model [9]. Since the operator (I — yD3) possesses a
tridiagonal structure, the system is solved efficiently using specialized tridiagonal solvers rather
than direct matrix inversion. This approach minimizes the computational overhead per time
step while maintaining the stability required to resolve the dispersive effects of the equation.

2.2. Parametric Role Analysis

During the numerical simulation, special attention is given to the roles of the physical
parameters «, 3, and . These constants govern the balance of the wave dynamics as follows:

o Nonlinearity («): Controls the steepening of the wave front due to convective effects.
 Dispersion (3): Influences the spreading of the wave and the formation of oscillatory tails.

o Regularization (v): Acts as a smoothing mechanism that counters high-frequency oscil-
lations, a characteristic feature of the BBM-type equations compared to standard KdV
models.

The simulations will demonstrate how variations in these parameters alter the solitary wave’s
velocity, amplitude, and stability across the different integration schemes.
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2.3. Time Integration via Higher-Order Schemes

The time integration of the resulting system, % = é(ﬂ'), is conducted using three distinct

methods. We evaluate three integration methods to advance the solution from ¢, to t,41 with a
time step At. In this study, the time-step At is selected based on empirical numerical observations
to ensure stability and suppress non-physical oscillations.

2.3.1. Buler Method
The first-order explicit Euler method [13] is defined as:

@t = @™ + hG(ty, 7). (3)

2.8.2. Fourth-Order Runge-Kutta (RK-4) Method
The standard RK-4 method [16] is given by:

. . h k
— — h/ n E2
3th(tn+§,u +?)7
4 = hG(t, + h, @" + ks3),
1 - . L
="+ 6(k1 + 2ky + 2k3 + ky). (4)

2.3.3. Improved Fifth-Order Runge-Kutta (iRK-5) Method

The novel approach in this study is the Improved RK5 method proposed by Habibah et al. [20].
The scheme is defined as:

1- 1= 1- 1 - o
ntl—gn o+ Zk —k —k —k —k 5
U u+61+32+33+104+155, (5)

where the intermediate stages are:

1
I
Il
=
Q)
—~
~
3
S

- - h k

o . [
3—hG<tn+2,u +2>,
_’4:hé<tn—|—h,’lfn+_’3),
k5:hG<tn+h,ﬁ”+21+24>.

2.4. Implementation and Validation

All numerical implementations were developed using a Matlab-based computational environ-
ment, leveraging optimized libraries for matrix algebra and linear system solvers. To evaluate the
precision and convergence of the proposed iRK-5 scheme against the Euler and RK-4 methods,
the global numerical error is quantified using the Mean Absolute Error (MAE). The MAE is
calculated across the discrete spatial grid at a specific time 1" as follows:

N
1
MAE = 2: num __, exact

N+1i:1|uz e
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where N + 1 represents the total number of spatial grid points, u["*™ is the numerical solution

obtained from the integration schemes, and u{*®“ is the analytical solution of the KdV-BBM
equation at the corresponding point.To ensure reproducibility, the computational tools and
environment variables are documented, and the source code is hosted in a dedicated public
repository’.

3. Results and Discussion

This section evaluates the numerical performance of the proposed Method of Lines (MOL)
schemes by simulating the propagation of a solitary wave governed by Eq. (6). We analyze the
qualitative behavior and quantitative accuracy of the Euler, RK-4, and iRK-5 methods. Consider
the KdV-BBM equation given by Eq. (6)

Ut + Uy — YUgat + BUggs + quty, =0, (6)

with boundary conditions

u(z1,t) = g1(t), u(zn,t) = go(t),

where ¢1(t) and g2(t) are the values of the analytical profile at the boundaries. Additionally, to
close the higher-order spatial discretization, we employ zero-gradient Neumann conditions as
numerical boundary closures.

ou ou
a—x(wl,t):(), %(l'N,t):O

The initial condition associated with KdV-BBM Eq. (6) is given by:
u(z,0) = Asech?(Bzx). (7)
The exact traveling-wave solution to the KdV-BBM equation is given by Eq. (8).
u(z,t) = Asech? (B(z — vt)), (8)

where A and B are given as follows:

a3 4 gl /ol
« 2\ yv+p

To ensure the solution is well-defined and real-valued, we restrict the parameter space to
a, B,v > 0 and a propagation velocity v > 1. Under these conditions, the wave amplitude A and
the pulse width parameter B remain positive real constants, ensuring a physically meaningful

solitary wave profile.

3.1. Spatial Discretization and System of ODEs Formulation

The initial phase of the MOL involves the approximation of spatial derivatives in Eq. (6)
through second-order central finite differences. Specifically, the nonlinear, dispersive, and
dissipative terms are discretized as defined in Eqgs. (1)—(2), respectively. Substituting Eqgs. (1)—(2)
into Eq. (6), and approximating u by u;, we obtain

duj _ wip1 — Ui n d (Ui+1 — 2u; + Uil) B BUiJrZ — Qi + 2ui_ 1 — U9
dt 2Ax th Ax? 2Az3
Uiyl — Uj—1
~au (L) 9
atti ( 2Ax ) (9)

1Source code and configuration files are available at the official project repository.
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Eq. (9) can be rearranged into

v dui—y 2y ) du; v duiyr 1
—~ 3 1+ —+—5 - = - i+1 — Ui
Azx? dt + ( + Azx?2) dt  Az? dt 2Azx (i1 = uia)

- m(ui—ﬂ — 2Uj1 + 2ui—1 — Uj—2)
a

— mui(ui+1 — Uj—1). (10)

Equation (10) is multiplied by Az? to obtain a simpler form as follows.

dui_l 2 dui dui+1 . Az
g T (AJ«" +2’7> p7 i T 7(u2+1 — Ui—1)
— m(ui—m — 2uit1 + 2ui—1 — uj—2)
alAzx
- Tui(uiH — ui_l). (11)

Eq. (11) is to be resolved for i = 2,3,...,N — 1. For i = 1 and ¢ = N, the values are known
from the boundary conditions.

For i = 2,
duy 9 dug dug Az I6]
AT (Ar? o) B2 - —wp) — (g — 2ug + 2up —
T g + (Az= +27) T 5 (ug —u1) 2Ax(u4 ug + 2u1 — up)
alAzx
— B UQ(U,g—ul). (12)

At the left boundary (% = 0), this yields “257% = 0, which implies the ghost-point relation
ug = ug. When the time-dependent Dirichlet condition w(z1,t) = g1(t) is used, its temporal

derivative % = ¢1(t) is determined analytically. Eq. (12) becomes

du du Ax 15} alzx
2 av2 0% _ _ P _ _ _ /
(Az” +27) prait i 5 (ug —u1) 2Ax(“4 2u3 + 2uy — ug) uz(u3z —u1) + 79 (1)
For i = 3,
dus 9 dus duy Az B
AT (A 2B ST O ) — < (ug — 2ug + 2up —
gapn + (Az® +27) @ Ta 5 (ug — u2) 2A$(u5 ug + 2ug — uy)
alAzx
— TUB(M — ug).
Fori—= N —2,
dun_3 9 dun_o dun_1 Az
- Az? +2 - = N1 — un—s) — o (un — 2un-—
TR AL et 5 (N1 —un—3) = g (un = 2un
alzx
+2un_3 —uN—4) — ?UN72(UN71 — UN_3).
Fori=N -1
dun_o 9 dun_1 dun Az I}
— A 2 — =— — —UN_9) — ——— -2
i + (Az® +27) 0t gy 2 (un —un—_2) 2A$(UN+1 (0%
alAzx

+2un_o —un—3) — un—1(un —un—2). (13)

2
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Similarly, at the right boundary (%‘—é\’ = 0), the condition “¥*LN=1 — () leads to un,1 = UN_1.

When the time-dependent Dirichlet condition u(zy,t) = ga2(t) is used, its temporal derivative

dg—tN = g5(t) is determined analytically. Eq. (13) becomes
duN,Q 2 duN,1 Ax /8
— A 2 =— — —UN_2) — —— 1—2 2upn_
a + (Az® +2y) gt 2(UN uN_2) 2A$(UN1 uy + 2un_2
alAzx
—uN-3) — B) un—1(un —un—2) +795(t).
This system of equations can be written in matrix form as follows.
(Az? + 27) — 0 0 -0 0 0 0 [ dz ]
—y (Az2 +27) —v 0 0 0 0 0 dug
: : : S 2: : s
0 0 0 0 -+ 0 —y (Az*+2y) — =2
0 0 0O 0 --- 0 0 —y (Az? + 27) duz;l
L _
A dit
dt
i _ Az o B - N oAz - / T
50 (U3 — U1) — ghg (Ua — 2u3 + 2u1 — uz) — *§Fua(uz — u1) +vg1(t)
—%(l&; — 'LLQ) — %(1% — 2U4 + 2U2 — ul) — ‘)‘%xu;),(m; — UQ)
e _ I Yo — _ ofs _
S (UN—1 — UN—3) — 5az (UN — 2un—1 + 2un—3 — un—4) — “STuN_2(un—1 — UN—3)
|~ A% (uy —un—2) — gas(un—1 — 2un + 2un—2 — un—3) — 25Tun_1(un — un—_2) +VG4(t)
f
(14)
Eq. (14) can be simplified to:
du;(t
A “dt( ) _ fi(@®,t), i=2,3,...,N—1, (15)
where @V = (ugt), ugt), e ,ug\t,)). The system in Eq. (15) is solved at each time step using an
efficient tridiagonal solver based on the Thomas algorithm (a specialized LU factorization for

tridiagonal systems) to obtain the temporal derivatives défj. This approach avoids the high

computational cost of explicit matrix inversion, ensuring the method remains efficient even for a
large number of spatial nodes. Given that the computational domain is sufficiently large, the
solitary wave remains far from the boundaries, making ¢} (¢) and g5(t) negligibly small throughout

the simulation.

3.2. Temporal Integration and Comparison of Schemes

Spatial discretization via the MOL transforms the governing KdV-BBM equation into the
system of ODEs presented in Eq. (15). To advance this system in the temporal domain, we
perform a comparative analysis using three distinct integration schemes. To ensure numerical
stability and accurately resolve the wave dynamics, the selection of the time step At and spatial
grid size Az is based on empirical numerical observations. These parameters are carefully
chosen to prevent non-physical oscillations and maintain the integrity of the dispersive solution
throughout the simulation. Specifically, we evaluate the baseline performance of the first-order
explicit Euler method, the precision of the fourth-order Runge-Kutta (RK-4) scheme, and the
enhanced consistency of the fifth-order improved Runge-Kutta (iRK-5) method proposed by [20].
This approach provides a robust assessment of how each solver handles the interaction between
nonlinear and dispersive effects over extended periods.

By applying these schemes to the system defined by Eq. (15), we investigate how each temporal
solver handles the coupled nonlinear and dispersive terms over extended simulation periods. The
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following discussion examines their respective error accumulations, stability constraints, and
overall efficiency in preserving the solitary wave profile u(x,t) as it propagates. Special attention
is given to the iRK-5 method’s ability to maintain the solitary wave peak with high fidelity over
time compared to lower-order schemes, ensuring the physical integrity of the soliton is maintained
throughout the computational process.

150

o MOL (iRK-5) o MOL (iRK-5)
— Exact —Exact
100
= =
X X
=1 S
50
0
-40 40 60 80 40 60 80
I = 0.15 x 1
o MOL (iRK-5) o MOL (iRK-5)
—Exact —Exact
0.1f
F =
x X
E 1
0.05f
) 0 )
-40 -20 0 20 40 60 80 -40 -20 0 20 40 60 80
X X
(c)a=1 (d) a=10

Fig. 1: Exact solution and numerical solution of the KdV-BBM equation with parameters § =1, vy =1,
v = 1.5, and various values of «

Based on the visualizations in Fig. 1, the parameter « plays a crucial role in determining the
morphology of the solitary wave in the KdV-BBM equation. The nonlinear term awuu, contributes
to the wave-steepening phenomenon, which, in a stable solitary wave, is precisely balanced by the
dispersive effects of the 5 and v terms. It is observed that the value of « significantly influences
the peak amplitude of the resulting wave; for instance, when a = 0.01, the system exhibits a
high-amplitude profile reaching 150 units, whereas at o = 10, the amplitude is reduced to 0.15.
This behavior is consistent with the analytical properties of the traveling-wave solution, where the
amplitude is inversely related to the nonlinearity coefficient under constant dispersion (3,v = 1).
Despite the amplitude varying across several orders of magnitude, the iRK-5 method consistently
maintains the integrity of the solitary wave profile with high precision. This demonstrates
the robustness of the numerical scheme in capturing the exact solution across diverse scales of
nonlinearity without exhibiting significant numerical oscillations or loss of stability.
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15 I 1 15 I z
o MOL (iRK-5) o MOL (iRK-5)
—Exact —Exact
1F 1
= =
X =
S ]
0.5} 0.5
0 L 0 d L L L
-40 -20 0 20 40 60 80 -40 -20 0 20 40 60 80
X X
(a) =0.01,y=1 (b) p=10,v=1
1.5 T T I I 1.5 T 7 1 z
o MOL (iRK-5) o MOL (iRK-5)
—Exact —Exact
1f 1f
= =
X X
S S
0.5} 0.5F
0 0 g L L L
-40 -20 20 40 60 80 -40 -20 0 20 40 60 80
X X
(¢) y=0.01,8=1 (d)vy=10,=1

Fig. 2: Exact solution and numerical solution of the KdV-BBM equation with parameters a = 1, v = 1.5,
and various values of 5 and ~

Fig. 2 reveals the roles of the dispersion parameters 5 and ~ in determining the wave profile’s
width and morphology. In contrast to a, which modulates the wave height, changes in 5 and ~
predominantly affect the spatial extent of the solitary wave. As the value of 8 or « is increased
from 0.01 to 10, the wave undergoes significant widening while maintaining a constant peak
amplitude (approximately 1.5 for the & = 1 case). This behavior indicates that increasing the
dispersive effect leads to a broader wave profile, effectively expanding its spatial domain of
influence along the z-axis. The close agreement between the iRK-5 numerical points and the
exact traveling-wave solution in Fig. 2 demonstrates the method’s capability to accurately capture
these dispersive effects across a wide range of wave widths, from narrow to broad structures.

Table 1 presents a comparative analysis between the exact traveling-wave solution and the
numerical results obtained using the MOL coupled with three distinct time integration schemes:
the first-order Euler method, the fourth-order Runge-Kutta (RK-4), and the fifth-order improved
Runge-Kutta (iRK-5). The absolute error distribution shows that the Euler scheme yields the
highest discrepancy, consistent with its lower order of accuracy. In contrast, both higher-order
methods (RK-4 and iRK-5) significantly reduce the error magnitude to a comparable level,
demonstrating improved precision in capturing the solitary wave profile. The near-identical error
values observed for RK-4 and iRK-5 suggest that the spatial discretization error (O(Az?)) may
have become the dominant source of error at this specific time-step (At), thereby masking the
theoretical gain in accuracy of the fifth-order integrator. These results highlight the influence of
the time integration order on the overall accuracy of the semi-discrete system. The complete
numerical data for this analysis are available in the following repository?.

2Data Table 1.
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Table 1: Performance Comparison of Euler, RK-4, and iRK-5 Time Integration Schemes within the
Method of Lines (MOL) Framework, Including Absolute Error Analysis

T Exact MOL(Euler) MOL(RK-4) MOL(IRK-5) Errorgyier Errorgx—4  Errorigx_s
—30.000 0.000005  0.000001 0.000 002 0.000 002 3.63x107%  2.67x107%  2.67x10°6
—29.750 0.000005  0.000001 0.000 003 0.000 003 3.62x107%  2.54x1076  2.54x10°6
—29.500 0.000006  0.000008 0.000 007 0.000 007 1.91x107%  9.07x10~7  9.07x10~7
—29.250 0.000006  0.000004 0.000 004 0.000 004 2.46x107%  2.39x107¢  2.39x10°6
—29.000 0.000007  0.000007 0.000 007 0.000 007 458x10~7  1.18x1077  1.18x1077
—1.000 1.114050  1.118918 1.114640 1.114640 487x107%  5.90x10~*  5.90x10~*
—0.750 1.176271 1.183 092 1.176 838 1.176 838 6.82x1073  5.67x107%  5.67x107%
—0.500 1.235896 1.244 681 1.236431 1.236 431 8.78x107%  5.35x107*  5.35x10~*
—0.250 1.291876  1.302563 1.292371 1.292371 1.07x1072  4.95%x107%  4.95x107%

0.000 1.343144  1.355597 1.343 591 1.343 591 1.25%1072  4.46x107%  4.46x10~*
0.250 1.388656  1.402664 1.389047 1.389047 1.40x1072  3.91x107% 3.91x10~*
0.500 1.427431 1.442713 1.427758 1.427759 1.53x1072  3.27x107%  3.28x10~*
0.750 1.458591 1.474 808 1.458 848 1.458 849 1.62x1072  257x107%  2.57x107%

1.000 1.481405  1.498173 1.481 586 1.481 586 1.68x1072  1.80x10~*  1.81x10~*
69.000 0.000000 —0.000005  —0.000005 —0.000 005 5.38x107%  4.98x107¢  4.98x10°6
69.250 0.000000 —0.000005  —0.000004 —0.000 004 5.34x107%  4.20x107¢  4.20x107°
69.500 0.000000 —0.000002  —0.000001 —0.000001 1.64x107%  1.03x107%  1.03x10°¢
69.750 0.000000  0.000005 0.000 003 0.000 003 4.98x107%  3.24x1076  3.24x10°6
70.000  0.000000  0.000007 0.000 005 0.000 005 6.85x107%  4.55x107%  4.55x10°6

Table 2: Temporal Error Evolution at Fixed Position £ = —10 Comparing Euler, RK-4, and iRK-5 Time
Integration Schemes within The Method of Lines (MOL) Framework

t Exact MOL(Euler) MOL(RK-4) MOL(GRK-5) Errorgye- Errorggx_4 Error;px_s

0.10 0.062743  0.062604 0.062 742 0.062 742 1.39x107*  9.53x10~7  9.50x10°7
0.20 0.058753  0.058490 0.058 751 0.058 751 2.62x107%*  1.89x1076  1.88x10~¢
0.30 0.055011 0.054 639 0.055 008 0.055 008 3.72x107*  2.79%x107%  2.79x10°6
0.40 0.051504  0.051036 0.051 500 0.051 500 4.68x107%  3.67x107%  3.66x10°¢
0.50 0.048216 0.047 665 0.048212 0.048 212 5.51x107*  4.50x1076  4.49x10~6
0.60 0.045135  0.044512 0.045130 0.045130 6.23x107%  5.29x107%  5.27x10¢
0.70 0.042249 0.041 564 0.042243 0.042 243 6.84x10~*  6.02x107%  6.01x10°6
0.80 0.039544  0.038 809 0.039 537 0.039 537 7.35x107%*  6.70x107%  6.69x10°6
0.90 0.037010  0.036233 0.037003 0.037003 777x107%  7.33x1076  7.31x10°6
1.00 0.034637  0.033827 0.034 629 0.034629 8.10x10™*  7.90x1076  7.88x10°¢

Table 2 presented in the table illustrates the numerical stability and accuracy of the MOL at
the fixed spatial coordinate x = —10 as time t increases from 0.10 to 1.00. A clear trend of error
accumulation is evident for all time integration schemes, reflecting the global truncation error
inherent in time-stepping procedures. Specifically, the Euler method exhibits a much faster rate
of error growth, reaching a magnitude of 8.10 x 10~% at ¢ = 1.00. In comparison, the higher-order
RK-4 and iRK-5 schemes demonstrate enhanced precision, maintaining error levels consistently
two to three orders of magnitude lower than the Euler approximation (approximately 7.90 x 1076
and 7.88 x 1079, respectively). This confirms that at this spatial point, the higher-order temporal
integrators provide a significantly more robust approach for maintaining simulation accuracy
over extended durations.

As presented in Table 3, a comparative analysis of the Mean Absolute Error (MAE) and
computational efficiency (CPU time) reveals the distinct performance characteristics of the Euler,
RK-4, and iRK-5 integration schemes. A critical observation can be made at the largest time step,
At = 0.20, where the iRK-5 method achieves a lower MAE (4.5562 x 10~%) compared to the RK-4
scheme (4.5611 x 107%). This indicates that iRK-5 provides enhanced temporal precision and
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Fig. 3: Comparison of solitary wave profiles between the exact solution and numerical solutions using
the Method of Lines (MOL) with Euler, RK-4, and iRK-5 time integration schemes at various time steps

Table 3: Comparison of Mean Absolute Error (MAE) for Different Time Steps (At) at T = 1.00

At MOL(Euler)  MOL(RK-4)  MOL(iRK-5)
0.20 1.0710 x 10™>  4.5611 x 1076  4.5562 x 10~¢
0.10 6.8495 x 1076  4.5545 x 1079  4.5538 x 10~
0.05 5.4640 x 1076  4.5538 x 1078  4.5537 x 10~6
0.01 4.7024 x 1078 4.5537 x 1076 4.5537 x 1076
CPU time (s) 0.1958 s 0.4923 s 0.5834 s

more effectively suppresses truncation errors when using coarser time steps. Furthermore, iRK-5
reaches an accuracy level of 4.5538 x 1076 at At = 0.10, whereas RK-4 requires a finer time step
of At = 0.05 to achieve the same result. This suggests that iRK-5 is more algorithmically efficient,
as it can maintain high-fidelity solutions with fewer temporal iterations than the standard RK-4.

The data also shows that as At is further reduced to 0.01, the MAE for both RK-4 and
iRK-5 converges to an identical value of approximately 4.5537 x 1075, This plateau signifies that
the total numerical error has reached the spatial error floor, which is dictated by the O(Ax?)
discretization and the regularization parameter . At this stage, the temporal error becomes
several orders of magnitude smaller than the spatial error, rendering further temporal refinement
redundant. Regarding computational cost, although iRK-5 exhibits a slightly higher CPU time
(0.5834 s) due to its five-stage formulation, its improved stability and higher-order consistency at
larger time steps justify the minor overhead. This trade-off makes iRK-5 a robust candidate for
long-term simulations of the KdV-BBM equation, where maintaining wave integrity at larger
time steps is more critical than per-step execution speed.

Fig. 3 visually validates the numerical performance of the three integration schemes across
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various time steps. At a larger time step (At = 0.5) in Fig. 3a, the Euler scheme exhibits a
noticeable deviation from the solitary wave peak. In contrast, the RK-4 and iRK-5 schemes
show a much closer alignment with the exact traveling-wave profile even at this coarser interval.
As the time step is refined to At = 0.01, the numerical solutions for all schemes, including
Euler, converge toward the exact profile. Notably, the zoomed-in insets reveal that the profiles
for RK-4 and iRK-5 are virtually indistinguishable from each other across all tested At values.
This observation reinforces the earlier suggestion that at finer temporal resolutions, the overall
precision is likely limited by spatial discretization errors rather than the temporal integration
order. These results demonstrate that while higher-order schemes provide better stability and
accuracy at larger time steps, the choice of At remains a critical empirical factor in ensuring
wave integrity for all methods.

4. Conclusion

This study demonstrates the successful application of the Method of Lines (MOL) to the KdV-
BBM equation, confirming that while the physical parameters «, 8, and - dictate the morphology,
specifically the amplitude and width of the solitary wave, the choice of time integration scheme
is the primary determinant of numerical accuracy. Quantitative results reveal that the first-order
Fuler method suffers from significant error accumulation, whereas the higher-order RK-4 and
iRK-5 schemes achieve significantly lower Mean Absolute Error (MAE), reaching a spatial error
floor of approximately 4.55 x 1075, Notably, the iRK-5 method demonstrates greater algorithmic
efficiency, as it achieves the maximum possible precision at a coarser time step (At = 0.1)
compared to the RK-4 scheme, which requires a finer step (At = 0.05). While the Euler method
remains stable under refined step sizes, it lacks the high-fidelity accuracy of the Runge-Kutta
variants.

The implementation of this MOL framework involves a minor computational trade-off; the
necessity of solving the linear system at each time step results in a slightly higher CPU time
for the iRK-5 method (0.5834 s) compared to RK-4 (0.4923 s). However, this overhead is
justified by the scheme’s ability to maintain the integrity of the traveling-wave profile over
extended simulation periods. Future research should focus on optimizing the spatial solver to
further reduce computational costs. Potential avenues include the use of specialized tridiagonal
matrix algorithms or parallel computing techniques to mitigate the computational burden when
transitioning to significantly finer spatial grids or higher-dimensional domains.
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