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Abstract

Terrorism poses a serious threat to national security, particularly when former terrorist
inmates return to terrorist activities because deradicalization programs have failed. This
study modifies the SET PR model by adding a direct recidivism pathway from the imprisoned
compartment (P) to the active terrorist compartment (T'), represented by the parameter k.
The model consists of five subpopulations: susceptible individuals (.5), exposed individuals
(E), active terrorists (T'), imprisoned terrorists (P), and individuals who have ceased terrorist
activities (R). The basic reproduction number, Ry, is derived using the next-generation matrix
method and serves as a threshold parameter for the spread of terrorism. The local stability
analysis shows that the terrorism-free equilibrium is locally asymptotically stable when Ry < 1,
whereas the endemic equilibrium is locally asymptotically stable when Ry > 1. Numerical
simulations using MATLAB R2013a and Maple 11 show that, when Ry = 0.0039 < 1,
the system converges to the terrorism-free equilibrium, indicating that terrorism eventually
becomes extinct. Conversely, when Ry = 5.8535 > 1, the system converges to the endemic
equilibrium, indicating that terrorism persists at a positive level. These results highlight the
importance of controlling key parameters through integrated intervention strategies to reduce
Ro below unity.
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1. Introduction

Terrorist acts are considered among the greatest threats to humanity, both now and in the
future [1]. In Indonesia, terrorism has posed a serious challenge to the national ideology of
Pancasila [2]. Since the early 2000s, several major attacks have occurred, including the 2002 Bali
bombings, which killed more than 200 people. These events prompted the government to enact
Law No. 5 of 2018 as a comprehensive legal framework for counterterrorism [3]. However, severe
punishments, such as the death penalty or life imprisonment, are not always effective in reducing
terrorist crimes. Scholars have argued that eradication efforts should focus on addressing causal
factors such as economic inequality and political injustice [4]. In this context, the sustainable
rehabilitation of terrorist inmates is crucial to prevent them from re-engaging in terrorist activities
after release [5].

Between 2000 and 2018, 1,494 perpetrators of terrorist crimes were recorded, 906 of whom
had been released, including 52 recidivists [6]. Data collected from 2016 to 2020 show that six out
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of ten convicted terrorists were recidivists, while the remainder had previously been convicted of
other crimes [7]. A total of 658 suspected terrorists were arrested by Densus 88 between 2020
and March 2022 [8]. Cases of recidivism, such as those involving Sunakim and Yayat Cahdiat
in the 2016 Thamrin bombing and the 2017 Kampung Melayu attack, indicate weaknesses in
deradicalization programs because extremist beliefs are difficult to eliminate and not all inmates
participate in rehabilitation.

Mathematical models have been developed for various social phenomena [9-11]. In the
context of terrorism, several models have been proposed. Santoprete and Xu [12] divided
the population into susceptible individuals, extremists, recruiters, and individuals undergoing
treatment, with a focus on radicalization and deradicalization. Okoye, Collins, and Mbah [13]
modeled susceptible, terrorist, and former-terrorist populations to understand and reduce terrorist
activity, particularly in the context of Boko Haram in Nigeria. In addition, Gambo and Olarewaju
[14] considered six subpopulations—susceptible individuals, moderates, terrorists, leaders, foot
soldiers, and detained individuals—and highlighted the possibility that imprisoned terrorists may
leave detention and return to terrorist groups. In 2023, Isa, Hwere, et al. [15] developed a model
comprising susceptible, exposed, terrorist, imprisoned, and recovered subpopulations to address
the possibility that individuals who had been punished and had repented might later become
involved in terrorist activities again.

In the model of Isa, Hwere, et al. [15], individuals in the imprisoned compartment (P) can
move only to the recovered compartment (R), without the possibility of returning directly to
the active terrorist compartment (7"). This assumption does not account for the possibility
that some imprisoned terrorists may return to terrorist activities after release because of factors
such as inadequate deradicalization programs, gaps in detention supervision, pressure from
active terrorist networks, persistent extremist beliefs, and limited participation in rehabilitation
programs. Consequently, some former terrorist inmates may immediately re-engage in terrorist
activities after release, even after receiving rehabilitation in correctional institutions. To address
this gap, the present study modifies the SET PR model by adding a transition pathway from
the imprisoned compartment (P) to the active terrorist compartment (7'), represented by the
parameter k. This parameter denotes the rate at which imprisoned terrorists return to terrorist
activities.

Structurally, the proposed model retains all inter-compartment transition rates from the model
of Isa, Hwere, et al. [15]. It incorporates recruitment by terrorist groups, periods of detention,
and the possibility of relapse after individuals have served their sentences and have been declared
rehabilitated or have ceased terrorist activities. Individuals who have ceased terrorist activities
may lose their fear of the authorities and become re-exposed through contact with active terrorists.
This relapse process is represented by the term (1 — §)wT'R. The main difference from the model
of Isa, Hwere, et al. [15] is that, in the previous model, imprisoned terrorists (P) could transition
only to the compartment of individuals who had ceased terrorist activities (R). The present
model adds a direct recidivism pathway P — T, represented by the parameter k. We derive the
basic reproduction number Rg using the next-generation matrix method and analyze the local
asymptotic stability of both the terrorism-free and endemic equilibria using the Routh—Hurwitz
criterion. Numerical simulations are performed using the fourth-order Runge-Kutta method in
MATLAB R2013a and Maple 11.

2. Methods

This theoretical and analytical study develops and analyzes a mathematical model of terrorist
activity by modifying the model of Isa, Hwere, et al. [15]. The modification introduces the
parameter k, which represents the rate at which imprisoned terrorists return to the active terrorist
subpopulation. The analysis proceeds through several steps. First, a mathematical model of
terrorism is formulated with five subpopulations: susceptible individuals (S), exposed individuals
(E), active terrorists (7"), imprisoned terrorists (P), and individuals who have ceased terrorist
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activities (R).

The model is formulated under the following assumptions. Individuals in the active terrorist
subpopulation (7)) may die from natural causes at rate p or from terrorist activities at rate
d. Natural mortality applies to all subpopulations, whereas deaths associated with terrorist
activities, such as police raids, suicide bombings, or internal violence, are restricted to active
terrorists. Imprisoned terrorists (P) and individuals who have ceased terrorist activities (R) are
not subject to the latter type of mortality because they are no longer actively engaged in violent
acts.

The susceptible population increases at a constant recruitment rate A, representing the entry
of individuals aged 17-24 years, an age group identified by the Indonesian National Intelligence
Agency (BIN) as particularly vulnerable to radicalization [8]. Susceptible individuals become
exposed to terrorist ideology through direct contact with active terrorists. This transmission
process is modeled by the bilinear incidence term 5ST, where 3 is the contact rate.

Exposed individuals are not yet involved in terrorist acts and progress to the active terrorist
compartment at rate £. Active terrorists may be arrested and moved to the imprisoned compart-
ment at rate o, or they may voluntarily cease their activities because of repentance or awareness
of the wrongfulness of their actions and move to the compartment of individuals who have ceased
terrorist activities at rate . Imprisoned terrorists (P) may return to terrorist activities at rate
k because of factors such as inadequate deradicalization programs, gaps in detention supervision,
pressure from active terrorist networks, persistent extremist beliefs, and limited participation in
rehabilitation programs. Alternatively, imprisoned terrorists may move to the compartment of
individuals who have ceased terrorist activities (R) at rate 6.

Furthermore, individuals who have ceased terrorist activities may lose their fear of the
authorities and become re-exposed through interaction with active terrorists. This relapse
process is modeled by the term (1 — §)wT R, where w is the contact rate between individuals who
have ceased terrorist activities and active terrorists, and 0 < § < 1. Specifically, a proportion
¢ of individuals who have ceased terrorist activities maintain their ideological resilience and
remain resistant to re-exposure, whereas the remaining proportion (1 — §) returns to the exposed
compartment E. The transitions between the model compartments are illustrated in Fig. 1,
while the variables and parameters are defined in Table 1 and Table 2, respectively.

Table 1: Variables of the Mathematical Model of Terrorism

Variable Description Unit Condition
S(t) Susceptible individuals Individuals | S(t) >0
E(t) Individuals exposed to terrorist ideology | Individuals | E(t) >0
T(t) Active terrorists Individuals | T'(t) >0
P(t) Imprisoned terrorists Individuals | P(t) >0
R(®) Individuals who }}ayg ceased terrorist Individuals | R(t) > 0

activities

Based on the assumptions and the relationships among the variables and parameters illustrated
in Fig. 1, the nonlinear system governing the terrorism model is given by

45 = A—BST —puS

B = BST + (1 - 6)wTR — (u+¢&)E

A —¢E+kP—(u+vy+o+dT (1)
&L =T —(u+0+k)P

B = AT+ 0P — (u+ (1 - S)wT)R

where N =S+ FE+T+ P+ R.
Second, the positivity and boundedness of the solutions are established for all ¢ > 0 under
nonnegative initial conditions. Third, the terrorism-free and endemic equilibria are determined,
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Table 2: Parameters of the Mathematical Model of Terrorism

Parameter Description Unit Condition
A Recruitment rate of individuals Individuals A>0
aged 17-24 years into S Month

Natural death rate (deaths not 1 >0
H caused by terrorist activities) Month K
d Death rate of active terrorists (") 1 4> 0
due to terrorist activities Month
3 Rate at which imprisoned terrorists 1 k>0
return to terrorist activities Month
3 Contact rate between susceptible 1 B0
individuals and active terrorists Month-Individual
Contact rate between individuals
w who have ceased terrorist activities m w >0
and active terrorists
0 Rate at which imprisoned terrorists 1 050
cease terrorist activities Month
o Imprisonment rate of active 1 o> 0
terrorists Month
5 Proporjuion o-f individuals in R who B 0<s<1
remain resistant to re-exposure
¢ Progression rate from exposure to 1 €50
active terrorist involvement Month
Rate at which active terrorists 1 <0
v voluntarily cease terrorist activities Month v
(1 —-0)wT
p+d
A i ¢
—5() E(t) () R(t)
l o
o p k O
P(t)
7

Fig. 1: Compartment diagram of the SET PR model.

and the basic reproduction number Ry is calculated using the next-generation matrix method.
The system is then linearized to obtain the Jacobian matrix, and the Routh-Hurwitz criterion
is used to determine the local stability conditions around each equilibrium. Fourth, numerical
simulations are conducted using MATLAB R2013a and Maple 11 to illustrate the effects of
different values of Ry on the dynamics of terrorism. The parameter values are obtained from the
literature or specified as assumptions. Finally, conclusions are drawn regarding the conditions
under which terrorism becomes extinct (Rg < 1) or persists at a positive level (Ro > 1).

3. Results and Discussion

This section analyzes the model in Eq. (1) with respect to several key dynamical properties,
including positivity and boundedness, the existence of equilibrium points, the basic reproduction
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number, and the local stability of the equilibria. The results are obtained analytically and
illustrated numerically.

3.1. Positivity and Boundedness

The dynamical system governed by Eq. (1), subject to appropriate initial conditions, has
nonnegative solutions within the feasible region 2. This closed set is positively invariant under
the system dynamics and is defined by

A
Q_{(S,E,T,P,R)eRizogNgM}. (2)

Theorem 1. Suppose that N(t) = (S(t), E(t),T(t), P(t), R(t)) is a solution of the system
in Eq. (1) with initial condition N(0) € R5. Then, for all t > 0, the solution remains
nonnegative and bounded. In particular, there exists a feasible region 2 C Ri that s
positively invariant under the system dynamics.

Proof. To establish positivity, observe that each equation in Eq. (1) has a nonnegative
derivative whenever the corresponding state variable reaches zero. For the first equation,

when S = 0, we obtain
dS

— =A>0.
dt 0

5=0 -

so that S(t) > 0 for all ¢t > 0.
Similarly, when £ = 0, we obtain

dE

—r | =BST+(1-8wITR>0.

E=0

so that E(t) > 0 for all ¢ > 0.
For the third equation, when T" = 0, we obtain

ar
dt

—¢E+ kP > 0.
T=0

so that T'(t) > 0 for all t > 0.
For the fourth equation, when P = 0, we obtain

dpP
— =0Tl > 0.
dt | p=o
so that P(t) > 0 for all ¢ > 0.
Finally, when R = 0, we obtain
dR
— =~T+6P > 0.

so that R(t) > 0 for all ¢ > 0.

Therefore, all variables remain nonnegative for ¢ > 0. Consequently, the solution trajectory
remains in Ri for all t > 0.

To establish boundedness of the feasible region 2, we sum all equations in Eq. (1) to obtain
the dynamics of the total population:

AN
GN AN —dT
dt a ’
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where N(t) = S(t) + E(t) + T(t) + P(t) + R(t). Since d > 0 and T'(t) > 0 for all t > 0, we
have —dT < 0. Therefore,

AN
@Y < A—uN.
ac =K

Solving this differential inequality yields

lim N(t) <

t—o00

(3)

Hence, all solutions remain in the bounded region €2, and the model admits feasible solutions
that are nonnegative and bounded. [l

3.2. Equilibrium Points

An equilibrium point is a state in which the size of each subpopulation remains constant over
time; equivalently, all rates of change are zero. The model in Eq. (1) admits a terrorism-free
equilibrium, denoted by X, given by

A
XY= (8% EY 1° P° RY) = (,0,0,0,0) . (4)
7]

The endemic equilibrium, denoted by X* = (S*, E*, T*, P*, R*), represents a state in which
terrorism persists in the population, that is, 7% > 0. From the first equation in Eq. (1),

ds A
— =A—-08ST —puS St = —.
dt PST=pS = BT +
From the fourth equation in Eq. (1),
dpP oT*
— =0T — 0+ k)P P = —
it (4 0+k) = R
From the third equation in Eq. (1),
dT (p4+y+o+d)(u+0+k) —ko|T*
— =C(E+kP—(ut+v+o+dT = FE = :
a ¢ tr+otd E(p+0+k)

From the fifth equation in Eq. (1),

dR YT (40 + k) + 0T
T yep— 1-0wl)R = R'= :
7 ({1 = 0)T) (+0+k)(p+ (1 — )T

dt

To determine T™*, these expressions are substituted into the equation obtained by combining

dE/dt = 0 and dT'/dt = 0, namely,
¢ (BST +(1-9wTR

w8

Substituting S*, P*, and R* yields

A * x YT (u+60+k)+00T*

¢ [Pt + (= Ol G Geri e | 0T
€ w+0+k

>+kzP(u+’y+a+d)T:O.

—(p+y+o+d)T*=0.

Multiplying both sides by the common denominator and simplifying yields the following quadratic
equation for T%:
C1T*2 +eT* +c3 =0, (5)
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with

c1 = a4f (€ (yar + o) — ag (ar1a3 — ko)),
c2 = &ay (BAay + ypay + Oop) — paz(araz — ko )(B + as),
c3 = u2a2(a1a3 —ko)(Ro — 1),

where
ap=(pu+0+k), a=p+¢& a=p+y+o+d, as=(1-0)w.

The endemic equilibrium is determined by solving Eq. (5). For a biologically meaningful
endemic equilibrium to exist, 7 must be real, positive, and unique. Eq. (5) has a unique positive
root when its discriminant satisfies D = c% —4c1e3 > 0 and c3/c; < 0. The constant term c3 is
positive when Ry > 1 and ajas — ko > 0. Moreover, ¢; < 0 when {(yaj + 0o) < as(aias — ko),
a condition satisfied by the parameter values in Table 3. Because ¢; < 0 and ¢3 > 0, the product
of the roots satisfies c¢3/c; < 0, implying that the roots have opposite signs and that exactly one
root is positive. Furthermore, —4c¢icg > 0, so the discriminant satisfies

D =c3—4cie3 > ¢k > 0.

Thus, D > 0, and the two roots are real and distinct. The unique positive root is

—Cz—\/ﬁ

261

T =

Once T* is determined, the remaining equilibrium components are positive:

d 0+k)—ko|T* T*
St=_T—>0E = (utytotdutd+Fk) - kol s0,Pr=—2"" <y,
BT* + E(p+0+k) w+0+k
T* T*
[ (p+0+k)+6o _

(40 +k)(p+ (1 —6)wT™)

Thus, under the conditions Rg > 1, ajaz — ko > 0, and &(ya; + 0o) < az(aiaz — ko),
the endemic equilibrium X* = (S*, E*, T*, P*, R*) exists, is unique, and has strictly positive
components.

3.3. Basic Reproduction Number

The potential spread of terrorist influence is characterized by the basic reproduction number
Ro. Following the next-generation matrix method of Driessche and Watmough [16], only the
compartments directly involved in the transmission and progression of terrorist ideology are
considered, namely, F (exposed individuals), T' (active terrorists), and P (imprisoned terrorists).
Let F denote the vector of new ideological transmissions and V the vector of transitions among
and out of the affected compartments. From Eq. (1),

BST + (1 —0)wTR (u+&E
F= 0 : V= |-¢E—-kP+(p+y+o+d)T
0 0T+ (p+0+k)P

The matrices F' and V are obtained by differentiating F and V with respect to (F, T, P) and
evaluating the derivatives at the terrorism-free equilibrium X° = (A/pu,0,0,0,0):

BA

0 2 0 4+ € 0 0
F=10o 0 o, V=| ¢ pty+o+d —k
0 0 0 0 —0 pA40+k
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The basic reproduction number Ry is the spectral radius of the next-generation matrix

K=FV-1

det(K — M) =0
BAE(u+6+k) 1 BA(u+6+Fk) BAK
w(p+8) ((pty+o+d)(u+0+k)—ko) p((ptvy+o+d) ()ﬁb+9+k)*k0) p((pty+o+d)(p+b+k)—ko)
0 — 0
0 0 -

BAE(p+0+k)
pto)(pt+y+o+d) (pt0+k)—kol

which gives A\ = Aa =0 and A3 = o Therefore, the basic reproduction

number for the model in Eq. (1) is
BAE(n+ 0+ k)

ROZM(M+€)[(M+7+U+d)(u+9+k)—/w]' ©

The basic reproduction number R represents the average number of secondary terrorist recruits
generated by a single active terrorist in a fully susceptible population under the modified SET PR
dynamics. A value of Ry > 1 indicates that terrorism can invade and persist at a positive level in
the community, whereas Rg < 1 indicates that terrorist activity eventually becomes extinct. The
effects of key parameters, including the recidivism rate k, imprisonment rate o, rehabilitation
rate 8, voluntary cessation rate -y, and mortality rate d, on Ry are examined through sensitivity
analysis in a subsequent subsection.

3.4. Local Stability Analysis

Equilibrium stability analysis is an important component of dynamical modeling because it
determines whether terrorist activity becomes extinct or persists. This subsection investigates
the local stability of the equilibrium points by linearizing the system in Eq. (1) around each
equilibrium. The resulting Jacobian matrix is

—BT — 0 —BS 0 0
BT —(u+¢& BSH+(1-0)wR 0 (1—0)wT
J= 0 3 —(p+v+o+d) k 0 (7)
0 0 o —(p+0+k) 0
0 0 v—(1—-0)wR 0 —p— (1 =96)wT

Theorem 2. The terrorism-free equilibrium of the system in Eq. (1) is locally asymptotically
stable if Rg < 1 and unstable if Rg > 1.

Proof. Substituting the terrorism-free equilibrium into the Jacobian matrix in Eq. (7) yields

—u 0 =BA 0 0

. 0 —(u+¢) % 0 0
JX")= 1o 3 —(p+y+o+d) k 0 (8)

0 0 o —(p+6+Ek) 0

0 0 v 0 —
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The characteristic equation is obtained from det(.J(X?%) — AI) = 0, which yields

det (J(X) = M) =0

—u=A 0 =BA 0 0
0 —(u+&-—X %— 0 0
=1 o ¢ —(u+y+o+d) —A k 0 =0 (9)
0 0 o —(p+0+k)— A 0
0 0 ~y 0 —p— A

Applying cofactor expansion [17] to Eq. (9) gives
(=1 = AP (=€) = (=t 7+ 0 d) = (= + 64 B) = 2) = BAE(~(+ 0+ k) = X) = horm(~(u +€) = 1)) =0
Define
ag=(pu+0+k), a=p+¢& a=p+y+o+d, as=(1-9)w.
Then
(—p — N)? (;N + p(ar + az + a3) A% + (pu(agas + araz + araz — ko) — BAEN + (arazazp — a1 BAE — aﬂcau)) =0
(10)

From Eq. (10), two eigenvalues of the Jacobian matrix J(XY) are A\; = Ay = —u < 0. The
remaining eigenvalues A3, A4, and A5 satisfy

P + 01N 4 boX + b3 = 0, (11)
where
bo=pu>0, b = u(al + as + CL3) >0, b= M(agag + ajas + ajaz — kO') = ﬁAf,

and
bs = ajasasy — a1 BAE — askop.

We can express bs in terms of the basic reproduction number R as
by = pagaiaz(l — Ro) + paias + pai(ayas — ko) + paskoRy.
Since ajag > ko, it follows that bs > 0 whenever Ry < 1. Similarly, b3 can be rewritten as
by = paz(ajas — ko)(1 — Ry),

and the same inequality ajag > ko implies b3 > 0 when Ry < 1. To show that all roots of
the polynomial in Eq. (11) have negative real parts, we apply the Routh-Hurwitz criterion,
which requires

A1 =0b1 > 0, Ag = biby — bgbs > 0.

From the above, it is clear that Ay = by > 0. For Ay = b1by — bgbz > 0, we obtain

b1bs — bpbs > 0
< plar + a2 + a3)(pu(agas + aras + arag — ko) — BAE) — plarazsazp — a1 BAE — agkop) > 0
— 2a}asazp® + adasp® + pPai(aras — ko) + adazaip? (1 — Ro) + asaip? + araiasp?(1 — Ro)
+ a1a3,u2(a1a3 — ko) + ,uzagkaRo -+ ,u2a2a3kaRo > 0.
Given that ajas > ko, it follows that b1bs — bgbg > 0 if Rg < 1.

These conditions imply that all eigenvalues have negative real parts when Ry < 1. Therefore,
the terrorism-free equilibrium is locally asymptotically stable, which proves Theorem 2. [

Achla Fauziyah 1781



Dynamic Analysis of a Modified SE'T PR Terrorism Model

Theorem 3. The endemic equilibrium of the system in Eq. (1) is locally asymptotically
stable if Ro > 1 and unstable if Ry < 1.

Proof. Substituting the endemic equilibrium into the Jacobian matrix in Eq. (7) yields

_BT* — i 0 _BS* 0 0
BT* —(p+¢& BS*+(1-0)wR* 0 (1 —d)wT*
J(X*) = 0 13 —(u+v+o+d) k 0 (12)
0 0 o —(p+60+k) 0
0 0 v—(1-96)wR* 0 —p— (1 —0)wT™*

Similarly, the characteristic equation is obtained from det(J(X*) — AI) = 0, which yields

det (J(X*) = AI) =0

—BT* —p— A 0 —BS* 0 0
BT —as — A pBS* 4+ asR* 0 asT*
— 0 13 —az — A k 0 =0 (13)
0 0 o —a; — A 0
0 0 v —agR* 0 —pu—agT* — A\

Applying cofactor expansion [17] to Eq. (13) gives the following characteristic polynomial:
boA® + b1At + o A® + b3A? + byA + b5 = 0, (14)
where

bp=1>0,
by = as +as+ a1 + asT* + 2u+ BT > 0,

Eayq(yay + 0o)

bo = uR, T
2 w 0(,&4—&4 )+a2(a1a3—k0)

T*(BT* + p) + (agar — ok) + 2u(ar + ag + a2)+

asko
asal + ﬁT*(al +as + ag) + T*(a1a4 + aszaq + a2a4) + ( 2a > > 0,
1

€ay(yay + 0o)
ag(alag — ka)

k
(ar1a2 + ajas + agas — ok) (a4T* + BT* + 2,u> + 2uas <aa = a3) —
1
§a4T*(ﬁS* + v+ /BR*)

b3 = (a1 + az + a3) (uRo(u +asT*) + (BT + u))+

agkO'

by = (a1a3 — ko) (ua4T* + azasT* + BT*ag + BT*2ay + BT 1 + u2) + u? ( ) + pfasas
1

Eaq(yar + 0o)
ag(a1a3 — kO’)
(08 +7(u+ BT + a1)) — €8T aa(ar + p)(S™ + "),

€ay(yay + 0o)
az(aras — ko)

(Ro — 1) + M2R0a1a2 + ag(a1 + a3) (MR0a4T* e T (BT* + M)) — EayT™

bs = az(ajas — ko) (uRoa4T* + T (BT* + ,u)) + plaz(araz — ko)(Rg — 1)—

puéBajasT™ (S* + R*) —EasT* (p + BT™)(yay + 00).
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For all roots of the characteristic polynomial in Eq. (14) to have negative real parts, the
Routh—Hurwitz conditions are

Al = b1 >0,

AQ = blbg — bobg > 0,

Az = bybybz — bob3 — biby > 0,

Ay = (biby — bobs ) (b1babz — bobs — b3by) — bs(biba — bobs)? — bob1bZ > 0.
Evaluating these conditions shows that all eigenvalues have negative real parts when

Ro > 1. Therefore, the endemic equilibrium is locally asymptotically stable, which proves
Theorem 3. Il

3.5. Parameter Sensitivity Analysis

Sensitivity analysis is used to determine how each parameter influences the potential spread
of terrorism. The normalized sensitivity index of each parameter with respect to the basic
reproduction number is computed to quantify its effect on Rg. Parameters with large absolute
sensitivity indices have a stronger theoretical influence on the model threshold. The normalized
sensitivity index of a parameter y is defined as

ORo _ y

GRo — 7 15
) 8y XRO’ ( )

where y € {8, A, &, 11,0, k,v,0,d}.

Table 3: Parameter values for the conditions Rg < 1 and Ry > 1.

Parameters Ro<1 Ro>1
Value Source Value Source

A 12 [13] 12 [13]

I 0.013077 [15] 0.013077 [15]

d 0.07 [15] 0.07 [15]

k 0.0016 [14] 0.0016 [14]

Jé] 0.000001 [18] 0.0015  Assumption
w 0.02 Assumption 0.02 Assumption
0 0.56 [15] 0.56 [15]

o 0.07 [15] 0.07 [15]

0 0.5 [15] 0.5 [15]

£ 0.12502 [15] 0.12502 [15]

v 0.06 [15] 0.06 [15]

The contact rate [ is selected to illustrate the two principal regimes of the model: Rg < 1, in
which terrorism becomes extinct, and Ry > 1, in which terrorism persists. The value 8 = 0.000001
is adopted from the terrorism-modeling literature [18] and yields Ro = 0.0039 < 1. Conversely,
B = 0.0015 is selected to represent the endemic scenario, yielding Rg = 5.8535 > 1. The
sensitivity analysis shows that R is highly sensitive to 3, with a sensitivity index of +1, so a
proportional change in 8 produces the same proportional change in Rgy. Thus, the two selected
values of § capture the qualitative behavior of the model in the two threshold regimes.

The parameter w does not appear in the expression for Ry. Consequently, w does not affect
the threshold value and influences only the transient dynamics toward equilibrium. In the absence
of empirical data, w is set to 0.02 per month, reflecting the assumption that interactions between
former terrorists and active networks are relatively infrequent. Because this value is illustrative,
no conversion to a smaller time unit is performed. Varying w over a reasonable range, such as
0.01-0.1, does not change the value of Rg or the corresponding stability conclusions.
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Using the derived expression for Ry and the parameter values in Table 3 for the case Rg > 1,
the normalized sensitivity index of each parameter is computed. The resulting values are presented
in Table 4.

Table 4: Sensitivity indices of the model parameters with respect to Ry.

Parameters Value Sensitivity Index Impact on Ry
A 12 1.0000 Positive (Increasing Ro)
Ié] 0.0015 1.0000 Positive (Increasing Rg)
13 0.12502 0.0938 Positive (Increasing Ro)
k 0.0016 0.0009 Positive (Increasing Rg)
I 0.013077 -1.1445 Negative (Decreasing Ro)
d 0.07 -0.3277 Negative (Decreasing Ro)
o 0.07 -0.3268 Negative (Decreasing Ro)
5y 0.06 -0.2811 Negative (Decreasing Ry)
0 0.56 -0.0009 Negative (Decreasing Rg)

The sensitivity indices of 8, A, &, and k are positive. Thus, increasing any of these parameters
increases Rg and, consequently, the potential spread of terrorism. Conversely, the sensitivity
indices of u, 6, v, o, and d are negative, indicating that increases in these parameters reduce Ry.

The parameter values used to obtain the sensitivity indices in Table 4 yield Rg ~ 5.85. The
table reports the magnitude and direction of each parameter’s sensitivity index. The contact
rate 8 and recruitment rate A have the largest positive indices, both equal to 1, and therefore
exert the strongest proportional influence on Ry within the model. If the model is subsequently
calibrated using empirical data, parameters with large absolute sensitivity indices would have
the greatest theoretical influence on the threshold and on the dynamics of terrorist activity.

3.6. Numerical Simulations

Numerical simulations are conducted to compare the analytical calculations with the numerical
behavior of the system in Eq. (1). The simulations are performed using MATLAB R2013a and
Maple 11. The initial values for the subpopulations S, E, T, and P are based on Gambo and
Olarewaju [14], while the initial value for R is assumed. Specifically, S(0) = 1000, £(0) = 300,
T(0) = 700, P(0) = 100, and R(0) = 30. The simulation horizon is 1700 months for the
terrorism-free scenario and 450 months for the endemic scenario. These long horizons are used
to display convergence to the respective equilibria clearly and to ensure consistency between the
numerical solutions generated by MATLAB and Maple.

The parameter values used in the first simulation are listed in Table 3. For § = 0.000001, the
basic reproduction number is Ry = 0.0039023769 < 1, indicating that terrorist activity eventually
becomes extinct. This behavior is shown in Fig. 2. Under this condition, the equilibrium
is X0 = (S9 E°, 1% P° R%) = (A/u,0,0,0,0). Over time, the active terrorist subpopulation
T approaches zero. The imprisoned subpopulation P and the subpopulation that has ceased
terrorist activities R initially decline, subsequently increase, and then approach zero. The exposed
subpopulation E initially increases because some exposed individuals remain in the population,
but it eventually approaches zero once active terrorism disappears. Meanwhile, the susceptible
subpopulation S converges to A/u = 917.6417. The numerical values S ~ 917.6417, E ~ 0,
T ~0, P~0, and R ~ 0 agree with the analytical equilibrium, confirming convergence to the
terrorism-free equilibrium when Ry < 1.

For 8 = 0.0015, the basic reproduction number is Ry = 5.8535653326 > 1, yielding the
endemic equilibrium X* = (S*, E*,T*, P*, R*) = (72.3753,173.3722,101.8169, 12.4021, 12.6586).
The results for this scenario are shown in Fig. 3. When Rg > 1, the exposed subpopulation
FE initially increases sharply and then stabilizes near 173.3722, indicating persistent terrorist
influence. The active terrorist subpopulation T exhibits similar behavior and stabilizes near
101.8169. The susceptible subpopulation S decreases and eventually approaches 72.3753, while
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Numerical Simulation SETPR for R0=0.003902 <1
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Fig. 2: Numerical simulations of the model in Eq. (1) for Ry = 0.003902 < 1.
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Numerical Simulation SETPR for RO:5.853565 >1
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Fig. 3: Numerical simulations of the model in Eq. (1) for Ry = 5.853565 > 1.
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the imprisoned subpopulation P stabilizes near 12.4021. The subpopulation that has ceased
terrorist activities R increases and approaches 12.6586. The numerical values agree with the
analytical equilibrium, confirming that the system converges to the endemic equilibrium and
that terrorism persists at a positive level when Rg > 1.

4. Conclusion

This study develops a modified SET PR model of terrorism by adding a direct recidivism pathway
from the imprisoned compartment (P) to the active terrorist compartment (7), represented
by the parameter k. The model comprises susceptible individuals (S), exposed individuals
(E), active terrorists (7"), imprisoned terrorists (P), and individuals who have ceased terrorist
activities (R). Two equilibrium points are obtained: the terrorism-free equilibrium X° and the
endemic equilibrium X*. The basic reproduction number Ry is derived using the next-generation
matrix method. The local stability analysis shows that XV is locally asymptotically stable when
Ro < 1, whereas X ™ is locally asymptotically stable when Ry > 1. Numerical simulations using
the fourth-order Runge-Kutta method in MATLAB R2013a and Maple 11 support the analytical
results and show convergence to the corresponding equilibrium. The theoretical sensitivity
analysis indicates that 3, A, u, v, and o have substantial effects on Ry. The contact rate S and
recruitment rate A have the strongest positive influence, each with a sensitivity index of +1,
whereas the recidivism rate k has a small positive effect at the baseline parameter values. The
imprisonment rate ¢ and voluntary cessation rate v have negative effects on Ry.

However, because the model is not calibrated using empirical terrorism data, the findings are
illustrative and should not be translated directly into policy recommendations. The interpretation
remains conceptual because several parameter values are assumed and the model has not been
empirically validated. Future research could extend the framework by estimating parameters
from historical terrorism data, applying optimal-control methods to intervention strategies, and
validating the model using empirical observations.
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