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Abstract

In this paper, we present the existence and uniqueness property on Ledin-Brousseau sum
involving a polynomial and a homogeneous linear recurrence sequence. This sum is of the
form >°}_ | P(k)Shk+r where n is a positive integer, P(z) is a polynomial in C[z], h and r
are some integers, and (si)rez is a homogeneous linear recurrence sequence of degree m > 2
with some constraints.
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1. Introduction and Preliminaries

One of the frequently discussed topics involving finite sum and linear recurrence sequence is the
Ledin-Brousseau sum (or simply the Brousseau sum) and its generalizations. In the beginning,
Ledin [1] and Brousseau [2] respectively studied the finite sums > ;_; k"™ F) and > 5_; k™ Fyyy
where (F}),>0 is the classic Fibonacci sequence. Ledin [1] presented the identity

S(m,n) <> K™ Fy = Fop1 Py(m,n) + FoPi(m,n) + C(m) (1)
k=1

where Pj(m,n) and P»(m,n) are polynomials in n of degree m and C(m) is a constant depending
on m. In the same year with Ledin, Brousseau [2] formulated the sum

n—1 m
Sr(ma TL) & Z kka-I—r = Z(_l)tAt(nm)Fn—i-r-i-Qt-i-l +C (2)
k=0 t=0

where C' is a constant independent of n and A is the forward difference operator with the
properties A(f(n) = f(n+1) — f(n), A*L(f(n)) = A (F(n))), and AY(f(n)) = f(n).
Many various methods have been developed to evaluate the formula of S(m,n) and S,(m,n).
Ledin [1] used an integration method to find the recursion of Pj(m,n) and Py(m,n). Brousseau
[2] used finite difference method to obtain the expression Eq. (2). Shannon and Ollerton, in
their works [3] and [4], used the matrix method and formulated the linear recurrence relation
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of S(m,n). Besides that, partial differentiation method was applied by Adegoke [5] to obtain
the recursive relation for Py(m,n), Py(m,n),C(m) and then the polynomial form of S(m,n).
Lastly, Dresden [6] evaluated S(m,n) by applying a convolution representation of F,, — n™ which
involves binomial coefficients.

Ledin’s and Brousseau’s works ([1, 2]) have also motivated many researchers afterward to
investigate the more general sums. Mostly, the Ledin-Brousseau sum is generalized by replacing
the Fibonacci sequence in the sums Eqgs. (1) and (2) with other linear recurrence sequences.

Zeitlin [7] extended the summations by using the sequence (Hy)n>o which satisfies the
recurrence relation H, o = H,4+1 + H,. He obtained that the following formula holds for all
n € N and all »,m € Ny:

gkakw Hyir Z (( ) i —1)" 1 Fy {mt— 8}) n®

t=0

+ Hpprt i ((T) i )t For 1 {mt_ S}) n®+Cy (3)

s=0 t=0

where .
m
Co=—H, Y (=1)'t1Fy { —Hy Z D!t oy { ; }
t=0

and {} } are Stirling numbers of second kind (see page 66 in [8] for explanation about Stirling
numbers).

Nair [9] generalized Ledin-Brousseau sum by replacing with Horadam sequence (Wy,)n>0
which satisfies the recurrence relation Wy, o = pW,, 11 — ¢W,, where p, ¢ are non-zero integers
and A = p —q — 1 # 0. He obtained that for all n € N and m € Ny,

O + ¢&™) ()W,

(m) (m) (m)
¢ (n) e R 7 o "
A

Z kak — (p’i\ Wn+1 (p, Q)A Wn 4 (p,9)

where %(;Z)) (x) € Clz] is a polynomial determined by m, p, q.

Nair and Karunakaran [10] explored the Brousseau sum which is generated by k-Fibonacci
sequence (F n)n>0,k € N, which satisfies the recurrence relation Fy, ,yo0 = kFj 41 + Fn and
initial values Fy o = 0, Fy, 1 = 1. They obtained that for all n € N and m,p € Ny,

Zzkaerz k( )ka+n+1+(k)Fk,m+n_ k () k, +1k k () k, (5)

where C,(Cp ) (x) is some polynomial in C[z] which depends on p and k.

Hadinata [11] considered the sum Y p_; P(k)Sk_1 where P(z) is a polynomial of real coeffi-
cients and the sequence (Sy,)n>0 is defined by recurrence relation Sy42 = aSy+1 + bS,, and initial
values Sy = cg, S1 = c¢1 where a,b € N and (co, c1) € Z?\{(0,0)}. He obtained that there exists a
triple (F1(z), G1(x), Hi(x)) of real coefficients polynomials such that for all n € N,

n

Z P(k;)Sk_l = Fl(n)SnH + Gl(n)Sn + Hl(n) (6)

Moreover, he showed that if both of 2¢1 — (a++va? + 4b)cg and 2¢1 — (a—v'a? + 4b)cy are non-zero,
then the triple (Fi(z),G1(z), Hi(z)) € R[z] which satisfies Eq. (6) is unique. Otherwise, if one
of 2¢1 — (a+ va? 4+ 4b)cy or 2¢1 — (a — Va? + 4b)cg is zero, then there are infinitely many triples
(Fi(x),Gi(z), Hi(z)) € R[z] which satisfy Eq. (6).

The Brousseau sum of Tribonacci numbers was presented by Nair and Karunakaran [12].
They established the formula for the sum »)_ k™7T}, where m € Ny and the Tribonacci sequence
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(T )k>—1 is defined by recurrence relation T, 3 = Ty,42 + Ty 11 + T, and initial terms T = Ty =
0,71 = 1. The following formula holds for all m,n € Ny:

(m) (m) (m) (m)
Z’fmT = an+ L5 2( W, + %2(”)Tn1 - 1“2(0) (7)

where wl(élm)(:v), wgn) (x), and w(cm) (x) are some polynomials in C[z] which depends on m.

Besides that, Nair [13] extended the Brousseau sum for generalized Tetranacci numbers. Let
the generalized Tetranacci numbers (T});>—_2 be defined by recursion T, =T}, + T} _o+ T} _5+
T} _, for k> 1 and Ty, Ty, T-1, T2 are arbitrary initial terms. He found that for all m € Ny and
all n € N,

n (m) (m) (m) (m) (m)
Z 3 3 3 3 3

where cp((]m) (z), gog )( ), gpé )( ), goém)( ), gogm) (x) are some polynomials in C[z] which depends

on m and goflm) (x) is a constant polynomial with
o (@) = = (26 O)T] + ™ ()T + 5™ ()T, + 5™ (0)T7)

The most recently, Nair [14] presented the Brousseau sums for Padovan sequence (P,)n>0,
Perrin sequence (Qr)n>0, and Van der Laan sequence (V},)n>0. These sequences satisfy the
recursion P, = P, o+ Pp_3, Qn = Qn_o+ Qn_3, Vi, = V_o + V,,_3 and initial terms Py = 1,
PP=P=0,00=3,Q1=0,Q2=2,Vy =1, V; =0, Vo = 1. He showed that if given m,r € Ny,
then there exists a polynomial C(™(z) € C[z] of degree m such that the following three identities
hold for all n € N:

S K Prgr = C™(0) Prgr + C (0 — 2) Py + CU (0 — 1) Py
k=1
—C™(0)P, — "™ (=2) Py — CU™(=1)Prya, (9)

ST EmQr =™ (n)Qp + C™ (n — 2)Qps1 + C™ (0 — 1)Qny2 — 3¢™(0) — 20 (~1), (10)
k=1
STEMW =™ )V, + ™ (= 2) Vg1 +C™ (= 1)Vipe — €M (0) — €M (<1). (11)
k=1

By observing the formulas Eqgs. (1), (3), (4), (5), (6), (7), (8), (9), (10), and (11), it may be
reasonable to conjecture that if P(z) € C[x] is a polynomial and (sg)rez is a m** order homoge-
neous linear recurrence sequence, then there exist m + 1 polynomials p;(x), pa(z),. .., Pm+1(T)

in C[z] such that for all n € N,

n

> P(k)sy, = (i Pk(n)5n+k> + Pmt1(n).
k=1

More generally, if h,r € Z, we may conjecture that

> P(k)shiyr = (Z Pi(n)s(nvr) h+r> + Ppta(n), VneN (12)
k=1
for some polynomials Pj(x), Pa(x),..., Ppt1(z) in Clz]. In this paper, we investigate these

hypothesizes specifically when (sj)rez is a sequence introduced in Definition 1.
For convenience, in all next parts of this paper, let the notation (sj)xez be referred to the
sequence defined in Definition 1.
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Definition 1. Let m > 2 be a positive integer. Let (sg)rez be a homogeneous linear
recurrence sequence of minimal degree” m which satisfies the following properties:

o (sk)kez satisfies the recurrence relation

Sk+m = AmSk+m—1 t @m—1Sk+m—2 + -+ - + agSp4+1 + aisg (Vk S Z) (13)
where ay,as,...,a, are complex constants with a; # 0.
e S1,S82,...,8y are not simultaneously zero.

o The characteristic polynomial of recurrence relation Eq. (13), that is,
CP(x) =z™ — amx™ ' — ap_12™ 2 — ... —asx — a1 (14)

has m distinct roots. Moreover, all roots of CP(x) are non-zero because of a; # 0.

“The clause "m is the minimal degree of (sx)kez" means that m is the smallest degree of homogeneous
linear recurrence relations of complex constant coefficients satisfied by (sk)rez.

The motivation in this paper is not just about generalizing the Ledin-Brousseau sum to
more general homogeneous linear recurrence sequence. Most of previous results just formulated
the Ledin-Brousseau sum as similar as the identity Eq. (12) and showed the existence of
polynomials P (z), Py(z), ..., Ppnt1(z) without showing their uniqueness. But, the first author
in [11] initiated to explore the uniqueness of these polynomials in the Ledin-Brousseau of second
degree homogeneous linear recurrence sequence. This uniqueness is our research gap and in this
paper, we explore it in m!" degree homogeneous linear recurrence sequence (sy)rez as introduced
in Definition 1. We find the result that if m is the minimal degree of (sy)rez and h,r are
arbitrary integers for which the h** power! of the roots of the monic characteristic polynomial of
(sk)kez with minimal degree (that is CP(z) in Eq. (14)) are distinct and not equal to 1, then the
existence of polynomials P (z), Pa(x),..., Pnyi(z) in the right hand side of Eq. (12) is unique.

The given conditions "m is the minimal degree of (s;)rez" and "the h'" power of the roots
of CP(x) are distinct and not equal to 1" play significant roles in the uniqueness property of
Py(z), Py(z), ..., Pnhy1(z). It is because if one of them is not satisfied, this uniqueness may not
hold probably. As an example, let us assume that m is not minimal degree of (si)gez. Let m =3
and (sg)gez be defined by third degree recursion siy3 = si and initial terms s; = s9 = s3 = 1.
It is clear that (si)kez is a constant sequence and hence the minimal degree of (sg)kez is 1. If
we set P(z) = 2z and (h,r) = (1,0), the identity

n

Z P(k)sy =n* +n = Pi(n)spi1 + Po(n)snio + P3(n)s, 3 + Pi(n)
k=1

holds for all n € N and all (Py(x), P2(z), Ps(z), Py(x)) € Clx]* for which P;(x) + Py(z) + P3(z) +
Py(z) = 2? + . It shows the non-uniqueness of P (), Po(z), ..., Pyi1(z) with respect to the
expected formula Eq. (12).

The next sections of our paper are structured as follows. Section 2 presents two main theorems
of this paper: Theorem 1 and Theorem 2. Section 3 presents the explicit formula of (s)rez.
Section 4 presents some basic lemmas which are needed to show Theorem 1 and 2. Section 5
presents the complete proof of Theorem 1. Section 6 presents the complete proof of Theorem 2.
Section 7 presents numerical computation of some examples of Ledin-Brousseau sums. Finally,
Section 8 gives the conclusion which is followed by further discussion and some open problems in
Section 9.

If « is a non-zero complex numbers and A is an integer, then the phrase "the 8" power of o" means the
number o”. For example, the (—4)”” of 2 equals 274 = 11—6 Hence, in this paper, we allow this phrase when § is a
non-positive integer.

Tvan Hadinata 1638



Ezistence and Uniqueness Property On a Generalized Ledin-Brousseau Sum

2. Main Results

Let P(z) € C[z] be a polynomial and h,r € Z be such that h'" power of the roots of the
characteristic polynomial Eq. (14) are distinct and not equal to 1. The generalized Ledin-
Brousseau sum Y ;_; P(k)spk+r are established and investigated. There are two main results in
this paper: Theorem 1 and Theorem 2.

Theorem 1. Let P(z) € C[z] be a polynomial and h,r be integers such that h*" power of
the roots of the characteristic polynomial Eq. (14) are distinct and not equal to 1. Then,
there exist m + 1 polynomials Pi(x), Pa(x),..., Ppt1(z) in Clz] such that the following
identity holds:

n

Z P(k)shk-‘r?" = <Z Pk S(n+k h+7"> + Perl(n)a Vn € N. (15)

To show the existence of (m + 1)-tuple of polynomials (P;(x), P2(z),. .., Pmi1(x)) € Cla]™*!
which satisfies Eq. (15), it is enough to find only one possible tuple satisfying Eq. (15). But,
the more intricate problem to solve is "is the tuple (P (z), Pa(x), ..., Ppy1(z)) € Clz]™ ! which
satisfy Eq. (15) unique or not ?". The following theorem answers this question.

Theorem 2. Let P(z) € C[z] be a polynomial and h,r be integers such that h*" power of
the roots of the characteristic polynomial Eq. (14) are distinct and not equal to 1. Then, the
number of possible tuples (Py(x), Py(x), ..., Ppy1(x)) € Clz]™ which satisfy the identity
Eq. (15) s one.

To give the imagination of Theorem 1 and 2, we provide some examples below.

Example 1. Let m = 2, spyo = Sgy1 + Sk, and sg = 0, s; = 1. Hence s = Fy where
(F})kez is Fibonacci sequence with integer indices. One can obtain that

n
> kFr1=-F,+(n—1)F1+1, VneN
k=1

which confirms Theorem 1 when P(x) =z and (h,r) = (1,—1). By Theorem 2, the only
triple (P (z), Pa(x), P3(z)) € C[z]® which satisfies the identity

zn: kFy_q —P1 )Fn+P2(n)Fn+1+P3(n), Vn € N
is (P1(z), Py(x), P3s(z)) = (=1, — 1,1).

Example 2. Let m = 2, sg10 = Sg1+1 + sg, and sg = 2,517 = 1. Hence sy = Ly where
(Lk)kez is Lucas sequence with integer indices. The following identity is true:

> KLy =(-2n+3)Lny1+ (n° —2n+5)Lyi2 — 18, Vn € N.

This is a special case of Theorem 1 when P(z) = 22 and (h,7) = (1,0). By Theorem 2, the
only triple (Pi(x), P2(z), Ps(x)) € Clx]® which satisfies the identity

> kKL = Pi(n)Lnt1 + Pa(n) Ly + Ps(n), Vn € N
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is (Py(z), Py(x), Ps(z)) = (—2z + 3,22 — 2z + 5, —18).

3. Overview of (sj)kez

Let m roots of CP(z) = 2™ — ama™ ' — apm_12™ 2 — ... —asx — a1 be r1, 1o, ..., Ty € C
where all of r1,79,...,r, are distinct and |ri| < |ro| < -+ < |ry,|. Since a3 # 0, then all of
r1,T2,...,n are non-zero. By all properties in Definition 1, the explicit formula of each s is
represented as
s =k + Qork + 4 Qurk . VkeZ (16)
where Q1, Q9, ..., ,, are some non-zero constants in C. The values of 1, Q9, ..., Q,, are
obtained from system of m equations s = Qi7§ + Qork + -+ + Qrk (K =1,2,...,m). Hence,
(Q1,99,...,Q,,) is the solution of matrix equation
e T2 T3 m| | 1 51
r?  r3 7“% 2 | Qo S92
7“51)’ 7’% T‘g Tfn Qs | — | s3
rit oryt o oryt o] | Sm
By using Cramer rule, for every k € {1,2,3,...,m},
0 det(Ag) det(Ag)
k pu— =
rL T2 T3 Tm I =1 min X Tli<iy <ipem (Tia — Tiy)
rfory r3 "
3,3 .3 3
det |1 T2 T3 "m

r

r Tre T3 Tm S1
r% r% r% r?n S9
3 3 3 3 . s
1 2 3 -+ Tm| with the column vector | S3
ritoryt Tyt T Sm

Remark 1. The formula Eq. (16) is obviously implied since CP(x) has m distinct roots.
The constants 21,9, ..., 2, must be non-zero because if one of them is equal to zero,
then (sg)rez will satisfy a homogeneous linear recurrence relations of complex constant
coefficients with degree less than m, contradicting to the condition that m is the minimal
degree of (sk)kez-

4. Some Basic Lemmas

In this section, we present some basic lemmas that will be used for showing Theorem 1 and 2.

Lemma 1. Let A be an infinite subset of N. If P(x) € C[z] is a polynomial and lim P(n) =
ncA
0, then P(x) is a zero polynomial.
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Proof. If P(x) is not a constant polynomial, then P(z) = Aya® + A\y_12% L+ + Mz + Xo
for some u € N and Ag, A1, ..., Au—1, Ay € C with A\, # 0. We have

0= lim |P(n)| = lim_[Ayn"+ X104+ Min + Ao,

neA neA

but

. _ : Au—1 | Au—2 Ao

lm Aun® 4+ Age1n® L4 -+ Mn+ Xl = lim [Agn®|- |1+ 22— + + ...

i e = e S Wl

. . A >\u—2 )\0
= lim |[Ayn|- lim |1+ + + -
7;23@' ! 7;1220’ Aull Agn? Aunt

=o00-1=o00,

so it is a contradiction and P(z) can not be non-constant.

If P(x) is a constant, let P(z) = ¢, then the condition lim P(n) = 0 implies that ¢ = 0
ek

and P(z) = 0.

Hence P(z) is a zero polynomial. O

If P(z) is a polynomial in C[z] and y is a complex number with |y| > 1, then the growth rate
of |y|™ is faster than |P(n)| for all big enough positive integers n. It will cause that P(n)/y™ — 0
as positive integer n goes to oo. This intuition motivates the following lemma:

Lemma 2. Let A be an infinite subset of N, P(x) be a polynomial in Clz|, and y1,y2 € C
be non-zero with |yi| > 1 > |y2|. Then,
1. lim 20—,
n—oo Yp
neA
2. lim P(n)yz = 0.
neA

Proof. It suffices to show the first limit. Because if the first limit is true, by setting y; := 1/y2
where yo € C is non-zero with |ys| < 1, it yields the second limit.

Here is proof of the first limit: Let P(z) = Az + A\y_12% 1 4+ -+ 4+ A2 + )¢ for some
u € Ng and Ao, A\1,..., Ay € C. For all n € A, we have

P(n)’ _ Pant +Aant T 4 dant Ao Pl 4 a4+ [+ o

yy |y1|™ B |y1|™
M -n¥

|y1|™

0§]

where M = [Ag| + |A1] 4+ 4+ | Al
Besides that, for all n € A with n > %, we have

nutl nutl nutl (u+2)! n¥ 1
0< 1 = Soo Gllad® = GhED™ =~ plafy)e? <~ o O S S w
a=0 al (u+2)!
Since hm 0= hm % = 0, by squeeze theorem, we get 11m ‘y |n = 0. Then hm 0=
nEA nGA nEA nEA
lim 7% — 0. By squeeze theorem again, we obtain lim ‘iff) = i:f) =
n— 00 Iy | n—oo | Yp Y1
neA neA neA
0. O
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The linear recurrence relation Eq. (13) shows us that every term in (sj)xez is representable
as a fixed linear combination of m previous terms. Then, the new question arises: "For a non-zero

integer £, can S,,s44 be represented as a linear combination of s, _1)r4¢> S(m—2)e4qs - - -+ St4+q> Sq
for every integers ¢?7 If yes, are the coefficients of those linear combination fixed over all g € Z?".
The answer is positive, by the constraint that r{, 7"5, . ,rfn are distinct.
Definition 2. For every non-zero integers ¢, let e1(£), ea({), ..., en(f) be complex numbers
defined by
emi1—k(0) = > (=) (riyriy - 13,5 Vhk € {1,2,3,...,m}.

1<i1 <ig--<ip <m

l
m

Lemma 3. Let ¢ be a non-zero integer so that rf, rg, ..., are distinct, then for all q € Z:

Smt+q = €m()S(m—1)e+q T €m—1(0)S(m—2)4q T - - + €2(£)Se4q + €1(£) 54 (17)

Proof. Let us consider an arbitrary k' € {0,1,2,...,0 — 1}. Let Ty(k") = spry 40 for all t € Z.
Then, for all ¢t € Z,

Ti(K") = sprype = Llrl{“‘/”LM + L2r§/+w + oo 4 LyprmFtH
= Lor} (r)) + Lar§ (r§)" + - + Linrp ()"

. . . / ! !/
Since r{, TS, - ,Tfn are distinct and Llr]f ,LgT’f o ,Lmr,’; are non-zero constant, then the
sequence (T3(k'))iez satisfies a homogeneous linear recurrence relation of degree m with
constant coefficients. That is, there are m complex constants f1, fa, -+, f, so that f; #0
and

Tt-l-m(k/) = fmTt+m—1(k/) + fm—th—l—m—Q(k/) +eee fth(k/)

for all t € Z. This recurrence relation has the characteristic polynomial 2™ — f,, 2™ 1 —
fmn_12™ 2 — ... — fox — f1 and the m roots of this polynomial are r{,r5,--- vt . By Vieta’s
theorem, for all k € {1,2,--- ,m},

fm1-k = > (1) (roy sy - 73, ) = ema1—k(£).

1<i1 <iz<-<ix<m
Therefore, for all k' € {0,1,2,...,£—1} and all ¢t € Z,
Sk (t+m)e = €m(€) Skt (t+m—1)¢ T €m—1(0) Sk (t4m—2)e + -+ + €2(O)Spr 4 t41)e + €1(€) S a0
and it is equivalent to
Sme+q = em(€)S(m—1)e+q T em-1(€)S(m—-2)e4q + - + €2(£)se1q + e1(£)sq (Vg € Z)

as the lemma said. O

The next two lemmas present the properties involving the limit to infinity of a linear
combination of exponential functions exp(...).

Lemma 4. Let q be a positive integer, c1,c2,...,cq be non-zero complex numbers, and
bi,ba, ..., by € (0,27) be distinct real numbers. Then, the limit

Jim (c1 exp(inby) + ¢z exp(inbs) + - - - + ¢q exp(inbg))
neN
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does not exist.

Proof. Assume the contrary that the limit lim (c1 exp(inb1)+cz exp(inba)+- - -+cq exp(inbg))
neN
exists, then there is a complex number 7' such that lim (c1 exp(inbi) + cz exp(inbs) +--- +
neN
cqexp(inby)) = T. It implies that for all a € Z, we have

Jim (c1 exp(i(n + a)bi) + caexp(i(n + a)bz) + - -+ + cqexp(i(n + a)bg)) = T. (18)
neN

By setting a = 0,1,2,...,¢ — 1 to Eq. (18), we get the limit equation of matrix

cpetnh T

o einbg T
d | = | (9)
neN . 0

Cq ezan T

where M is ¢ X ¢ square matrix defined by

1 1 . 1
et eibz e eiba
M = (eibl)Q (eib2)2 o (eibq)2
(eibl.)qfl (eib;)qfl o (eibq')qfl

We observe that M is invertible since det(M) = H1§i1<i2§q(eibi2 — ¢ii1) £ 0. Therefore,
by equation Eq. (19), we obtain

cetmb T D
coetnb2 T D
lim . =M1 | =1,
n—oo . . .
neN .. . .
cqeia T Y,
where 21, Zs, ..., 9, are some complex numbers. Then, for all k£ € {1,2,..., ¢}, nh_}rglo enbe —
neN
D/ ck. It is an impossibility, because the condition by, bs, ..., b, € (0,27) should imply that
all the limits lim €™, lim e™2 ... lim e do not converge. O
n—o0 n—o0 n—0o0
neN neN neN

Lemma 5. Let q be a positive integer, c1,ca, ...,Cq+1 be complex numbers, and by, bs, ..., by €
(0,27) be distinct real numbers. Then,

dim (cpexp(inby) + ez exp(inbz) + - -+ + g exp(indg)) = cq41

neN
if and only ifc1 =co = =cqy1 =0.
Proof. For the "if" part, it is trivial: If ¢; = cg = --- = cg41 = 0, then the limit equation
Jim (c1 exp(inb1) + cz2 exp(inbz) + - - - + ¢ exp(indg)) = cq41 holds.

neN
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For the "only if" part: Let be given the limit equation lim (c1 exp(inbi1) + cz exp(inbz) +
neN
-+ Fcqexp(inby)) = cg+1, then we must show ¢; =cg = -+ =c¢441 = 0. Ifone of ¢y, ¢a, ..., ¢4

is non-zero, then {k € {1,2,...,q} : ¢t # 0} = {n,m,...,7;} for some j,71,7,...,7; €
{1,2,...,q} with 7y <7 <--- < 7j. It implies

Jim (cr, exp(inbr,) + cr, exp(inbr,) + - - - + cr; exp(inbr; ) = cg41. (20)
neN

According to Lemma 4, the limit lim (c7, exp(inbr,) + ¢, exp(inbr,) + - - - + ¢7; exp(inby, )

neN
does not exist and this condition contradicts with Eq. (20). Consequently, all of ¢1, ¢2, ..., ¢4
must be zero and it implies c441 = 0. O

5. Proof of Theorem 1

First, let us define some notations used in this chapter as the following (definition 3 and 4).

Definition 3. For every (d,£) € Ny x (Z\ {0}) so that r{,7%,...,r¢ are distinct and not

equal to 1, let M(d, £) = (x4,.4,(0))ETL_ bea (d+ 1) x (d + 1) matrix where x;, ;,(¢) is the

i1,02=1

it"-row and i4"-column entry of M (d,¢) defined by

<Z2 B 1) S e (m+1—iz)? ", if i <y

i1—1 iz=1

gl = 4L
Tiryia () —14+ ) ey (0), if iy =iy

i3=1
0, if 41 > is.

It can be checked that M(d, ¢) is invertible with det(M(d, () = (=1 + 37—, e;(€))*! =
(= T17_, (1 — £ )@+ #£ 0. Then, the equation

iz3=1 i3

s (e (e ()

has a unique solution in v € C9!'.  Let this unique solution be denoted by
(60(£) 01(€) --- 64(¢))T and hence

5o(2) (&ymd
51(0) (Hmd=1
02(0) | = (M(d, 0))" | GIm?2]. (21)
da(f) (§m®

Definition 4. For every (d,¢,r) € Ng x (Z\ {0}) x Z so that 7%, 75,... 7t are distinct
and not equal to 1, let the polynomials Py g4, (), Poder(%), ..., Pmt1,d.0r(x) be defined as
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follows.

m

Pm’d%r(m —m + k) = Z 6i3(€)Pm7d75’r(1‘ +k+1-— ig), f1<k<m-1
i3=k+1

Piaer(®) = 0g(0) x4 641 (024 + -+ 61(D)x + 6(£), if k=m

m
Serr — O Piyaer(D)Sigityerr, if k=m+1.

i3=1

We shall show Lemma 6 as a special case of Theorem 1 when P(z) = z2¢ with d € Ny. Hence,
Theorem 1 will be automatically true for general polynomial P(z). Before we direct to Lemma
6, let us notice the following remark. This remark explains why we "suddenly" construct the
polynomials in Definition 4 and how they are influenced by do(¢), 1(¢), ..., 04(¢) as defined in
Definition 3.

Remark 2. We note that the polynomials introduced in Definition 4 play importantly to
show Theorem 1. How can these polynomials be obtained? It is motivated by claiming that
the formula Eq. (12) holds true for all n € N. Then, we have two equations as follows:

n

> P(k)shetr = Pr(n)spmity4r + - - + Pr(n)shnam)+r + Pmri(n), (22)
k=1

n+1
> P(k)shkar = Pi(n+ Dspinaaysr + - + Pu(n+ D)spymatysr + Prri(n+1). (23)
k=1

Subtracting the Eq. (22) from (23) yields

(Pn(n+1) = Pn(n)) + Pu(n + 1)spmimy1)r = (P1(n) + P(n+ 1)) Shnt1)4r

+ > (Pi(n) = Pec1(n +1))shminy4r- (24)
k=2

If we compare the Eq. (24) with the linear recurrence relation Eq. (17) when (¢,¢q) :=
(h,hn + h + 1), we expect that P, 1(x) is a constant polynomial and the following system
of equations must hold:

{Pl (z) + P(z + 1) = ex(h) Pp(x + 1) (25)

Py(x) — Pe—1(x+ 1) =ep(h)Pn(z+1), if 2<k<m.
By Eq. (25), it should imply
Py (z)+ P(x+m) =e1(h)Pn(x+m)+ea(h)Pp(z+m—1)+---+en(h)Pn(x+1). (26)

By the given condition that the A" power of every roots of CP(z) are not equal to 1
(i, rf # 1for 1 < k < m), we have —1 + 7"_; e;(h) = —[[};=;(1 — rl) # 0 and
e1(h)+e2(h)+---+em(h) # 1. By Eq. (26), the degrees of P, (z) and P(x) are equal. For
the case when P(z) = 2 with d € Ny, by comparing the equality of coefficients between the
left and right hand sides of Eq. (26), it turns out that dx(h) is the coefficient of 2* in Py, (z).
Therefore, {Py(z) := Py g, ()} is a solution of Eq. (22) for the case that P(z) = <.
However, this step is not allowed as a formal proofing, because at first we assume directly
that the formula Eq. (12) is true for all n € N. Instead, the mathematical induction is the

suitable way to apply as we will see later in the proof of Lemma 6.
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Lemma 6. Given (d,h,r) € Ng x (Z\ {0}) x Z such that v} %, ... " are distinct and
not equal to 1, then

n m
>k sy = [Z Pk,d,h,r(n)s(n-i—k)h—i—r} + Prt1,dnr(n), ¥n €N
k=1 k=1

Proof. We shall show the above identity by using induction. For all n € N, let S(n) be the
statement that ZZ:1 kdshk+r = [Z?:l Pk,d,h,r(n)s(n—i-k)h—i-r] + Pm—i—l,d,h,r(n)- The definition
of Ppt1.d4h,(x) implies that S(1) is true. By considering an arbitrary n; € N which makes
S(n1) true, we then have

ni m
>k sppgr = [Z Pk,d,h,r(nl)s(nﬁk)hw} + Prg1,d,hr(n1) (27)
=1 =1

By definition 4 and noting that 77", .4 ei(h)Prgns(z +m + 1 —id3) = 0, each k €
{2,3,...,m} satisfies

m
Pianr(®) = Ppanr(c—m+Ek)— Z €is(R)Pr.ahr(z+k+1—i3)
oAl
and
m
Potapr(@+1) = Prapr(@ —m+k) = Y ei,(h)Prgnr(+k+1—is),
Po—
then
Pianr(®) — Pe—1,ahr(z+1) = ex(h)Ppgnr(z+1) (28)

Replacing z in Eq. (28) with  + m — k implies
Pk,d’h,r(a: +m — k) - Pk—l,d,h,r(x +m—-k+ 1) = ek(h)Pm,d,h,r(«T +m—k+ 1).

Therefore, we obtain

m m

Y Peapr(@+m—k) = Poranr(@+m—k+1)) = ex(h)Pnanr(z+m—k+1)
k=2 k=2
= Puanr(®) — Prapr(@+m—1)=> ep(h)Ppans(@+m—k+1). (29)
k=2

Next, we observe that the given matrix equation

do(h) ég)ﬂil
M(d, h) 51(‘h) _ ()m
da(h) (%)m°

is equivalent to the system of d + 1 equations

m d .
Z > e, (h)di,(R) (3:) (m+1—ip)27F = (Z) méF 4+ 6,(h), k=0,1,2,...,d. (30)

i1=1140=k
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Besides that, for all k € {0,1,2,...,d}, the coefficients of z* in the polynomials (z + m)? +
Pranr(x) and 377" €5, (h) Py apr(z +m + 1 —id1) are respectively

m d )
(Z) mi—F 4 Ok(h) and Z Z es, ()6, (B) (z;) (il il)@—k,
i1=11ia=k

Since the degrees of (z +m)? + Py, 4p(z) and > ia=1 €iz(h) Pmdhr(z +m+1 —i3) are at
most d, comparing to Eq. (30) yields

m
(z +m)% + Pranr(z) = Z €is(h) P dpr(x+m+1—1i3). (31)
i3=1

We then subtract the Eq. (29) from (31) to obtain
(@ +m)? + Pranr(z +m —1) = e1(h) Prapr(z + m). (32)

Replacing z in Eq. (32) with £ —m + 1 yields the equation

(z 4+ 1)+ PLap,(x) = e1(h) Prapr(z + 1). (33)
Combining Eqgs. (28) and (33) implies that the ratio of polynomials P, gp,(x + 1) :
(Prdhr(T) = Pn—1,dhr (T +1)) 1 (P14 (%) = Prn—2dhr(®+1)) 0 ooee (Podpr(T) —
Pians(z+1): (x+ 1)+ Prap,(z)) is equal to 1: ey (h) : em_1(h) : -+ : ea(h) : er(h).

By combining with the recurrence relation Eq. (2) when ¢ := h and ¢ := (n1 + 1)h + 7, we
will get the equation

P (@ 4 18y tmityhrr = (@ + 1)+ P pr (2))S(ny +1)htr

m
+ Z(Pk,d,h,r(l’) = B gl les = F 1))s(n1+k)h+,,

k=2
which is equivalent to
(@ + D)%y 1 1)htr = —Prapr ()84 1)hsr + P (€ + 1) Sy 4mr1
m
+ > (Peo1dhr (@ +1) = Poanr(@)smysippar (34)
k=2

Setting x := n; to Eq. (34) yields the equation

(1 + )% (ny 1 1)htr = —PrLanr(R1)Sey+1)htr + Prdhr (01 + 1)Sn; 4t

+ ) (Pect,anr(mn + 1) = Prapr(m))Smtintr (35)
;)

By summing up the equations Eqgs. (27) and (35), we obtain

ni1+1

m
> ks = [Z Py anr(n1+ 1)3(n1+k+1)h+r} + Ppt1,dpr(n1 +1).
k=1 k=1

Then, S(ny + 1) is true. By induction, S(n) is true for all n € N, then the proof (of Lemma
6) completes. O
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By considering a polynomial P(z) € C[z], we have P(z) = 3 ;cn, Coef(d, P(z))z? where
Coef(d,P(z)) is the coefficient of 2¢ in P(x). Then, a suitable example of polynomials
Py(z), Py(z), ..., Ppt1(z) in C[z] which satisfy the identity Eq. (15) is

Pi(x) := Pp(x) & Z Coef(d, P(x))Pyan,(x), Vke{1,2,...,m+1}.
deNg

Hence, the proof (of Theorem 1) completes.

6. Proof of Theorem 2

Let us consider a polynomial P(z) in C[z]. Next, we suppose that .7 is the set of (m + 1)-tuple
of polynomials (y1(z),v2(), ..., Ym+1(x)) € C[z]™! which satisfy

ga! (n)s(n+1)h+r +72 (n)s(n+2)h+r totTm (n)s(n+m)h+r + Ym41(n) =0 (Vn € N) (36)

and .7 (P(z)) is the set of all possible (P (), Py(x), ..., Ppi1(x)) in Clz]™*! which satisfy the
identity Eq. (15).
Then, we have an important lemma as follows.

Lemma 7. |Z(P(x))| = |-].
Proof. As we have said in the last paragraph of Section 5, (Z1(z), Z2(x), ..., Pm+1(z)) €
Z(P(x)). Let us observe that for every (Pl(l’) ( )y .y Ppyi1(x)) in #(P(x)), then

(Pi(z) — P1(z), Pa(z) — Pa(x), ..., Ppti(x) — +1(x)) E . So, we can construct a
mapping T : .7 (P(z)) — . defined by

T(Pi(z), Pa(2), ..., Pni1(z)) = (Pi(z) — P1(2), Pa(z) — Pa(2), .., P (2) — Py (2))

for all (Pi(z), P2(x), ..., Pny1(2)) € S(P(z)).
T is injective because if

(PM (@), P(x), -, PV (2)) € #(P(z)) and (PP (z), PP (@), -, PY),(z)) € #(P(x))
satisfy the condition
T(PM(2), PV (@), -, P (2)) = T(PP (), P (), - , PL), (),
then for all k € {1,2,...,m + 1},
PO (@) - P(a) = PP (@) — Pelz) = PO(@) =PP (),

hence (P{" (), B (@), -+, Pl (@) = (A7 (@), B (@), -+, P2l (a)).
Besides that, T is surjective because for every (P1(3) (x), P2( )( ), ,Pr(,?}rl(x)) € .7, there
exists (Pl(g) () + P1(x), P2(3) () + Pa(x),--- ,Pr(r?ll(x) + Pmt1(z)) € L (P(zx)) such that

T(P® (2)+P1(z), P (@) + Po(x), -, PEL1 @)+ P () = (PO (@), PP (@), - -, PE)1 ().

Thus, T is a bijection and the result follows. O

By replacing each of s, {1)h4rs S(nt2)htrs - -+ » S(ntm)hgr 0 Eq. (36) with the formula Eq.
(16), the identity Eq. (36) is equivalent to

Ymi1(n) + Z Z iy (M) Qi HIMT — 0 (vn e N). (37)

11=112=1
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By defining the polynomials Q1 (z), Q2(z),. .., Qm(x) with
Qi () = Quprlt” Z i () Vg = 1,2, ,m, (38)
i1=1

the identity Eq. (37) is equivalent to
Q1(n)r™ + Qa(n)ry™ + -+ + Qum(n)rh" + Ymy1(n) = 0, Vn € N. (39)

We shall show that all of @Q1(z), Q2(z),. .., Qm(x) are zero polynomials. Assume the contrary
that there exists a polynomial among Q1(x), Q2(z), ..., Qm(x) which is not a zero polynomial.
Let {ti,ta,--- ,tp}, with p € {1,2,...,m} and t; <ty < --- < tp, be the set of all indices i in
{1,2,...,m} for which Q;,(x) is not zero polynomial. Then, the identity Eq. (39) becomes

Ym+1(n) + Z Qu(n Ttk =0, Vn e N. (40)

Suppose that {|r&| ke {1,2,..,p}} = {p1,p2, s pw} for some w € N with w < p and
0 < p1 < pg <+ < py. Therefore, we can construct a function « : {0,1,2,...,w} — {0,1,2,...,p}
in such a way that 0 = k(0) < k(1) < --- < kK(w) = p and for every i1 € {1,2,...,w},

Pip = |7“t,€(z‘171)+i2 » Vig €{1,2,..., k(i) — in — 1)}
Without loss of generality, for every iy € {1,2,...,w} and iy € {1,2,...,k(i1) — k(i1 — 1)}, let
rﬁurnm = pi, exp(ib; z,) where 0 < 0;,1 < 052 < -+ < Oy x(iy)—r(iy—1) < 27 ,and let the

polynomials Qi i, (€) = Qt,;, 1,4, (¢). Then, the identlty Eq. (40) is equivalent to

Ymt1(n) + Z Pl Vn(i1) =0, Yn €N, (41)

11=1

where V,(i1) = 22(211) wi=1) Q,1 is(n) exp(inb;, ;,) for every (i1,n) € {1,2,...,w} x N. Let us
consider the identity Eq. (41) into 3 cases: py, < 1, py > 1, and p,, = 1.

CASE p,, < 1:

We note that p1, p2, ..., pw < 1. By Lemma 2, for each i; € {1,2,...,w} and i € {1,2,...,k(i1) —

k(i1 — 1)}, we have

nh_{glo ‘PZ Qiy i (n) exp(inbi i, )| = nh_)H.go ’PZ Qiix(n)| =0 = nh—>Holo P?l Qiy i (n) exp(inb;, ;,) = 0.
neN neN neN

Limiting n — oo to Eq. (41) yields nh_}néo Ym+1(n) = 0. By Lemma 1, 4,41 () is a zero polynomial.
neN
Then, the identity Eq. (41) is equivalent to

S Puy) =0, YneN. (42)
=1 Pw

If w =1, then the identity Eq. (42) yields V,(w) = 0 for alln € N, so we can write lim Vy(w) = 0.
neN

If w > 1, then for all i; € {1,2,...,w — 1}, Zﬁﬂl < 1. By triangle inequality and Lemma 2, each ¢

in {1,2,...,w — 1} satisfies

n k(i1)—r(i1—1)

.z . . o
dim SRV ()| < limo Y p’;Qm(n)] =0,
neN Fw neEN io=1 w
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hence lim
n—oo
neN

Now, we focus on the limit lim_ Vo(w) = 0. Tt is clear that there is a w' € {1,2,...,

neN

Z%Vn(il) = 0. Limiting n — oo to Eq. (42) implies lim Vy(w) = 0.

neN

r(w) —

k(w — 1)} in such a way that Q.. () has the highest degree among the polynomials Q. 1(z),

Qu 2(7),,Qu se(w)—r(w—1) (7). Then, nhﬁngo W equals zero or a complex constant. It implies
nEN w,w
the following limit.
Kk(w)—k(w—1)
, Quir (1) Va(w)
lim v exp(infly,,) = lim =0 (43)
"meN izzzjl Quyw (1) e "Ry Quw (1)
For all iy € {1,2,...,k(w) — k(w — 1)}, let us define J;, & nhngo gw ’2,(( )) Then, each iz in
neN
{1,2,...,k(w) — k(w — 1)} satisfies the limit
. Qw i2 (n) .
lim | J;, — =% | exp(infy.,) =0,
e ( " Quur(ny ) P
which derives from
. Qu,is (n) . . Qu,is (n)
| , — wia\ Ouiy)| = lim |Ji, — 202V 7 7| = 0.
nnl_e)I%O (%2 Qw7w’ (n) eXP(Zn ’LU,’LQ) nnl_ér%o \722 waw’(n) “712 ‘752’
Consequently,
k(w)—k(w—1)
. Qu i2 <n> ;
lim Tin — —— | exp(inby.,) = 0. 44
"nex i;l ( ? Quar(n) (016 4
Summing up the limit equation Eqgs. (43) and (44) yields
n11—>11<;lo (jl eXP(inew,l) +ooet jn(w)—n(w—l) exp(inew,n(w)—n(w—l))> =0 (45)
neN
If kK(w) — k(w — 1) = 1, we have v’ = 1 and
Jim | 71| = lim [J1exp(infy,1)| =0 = J1=0.
neN neN
While by definition, J; = 15& B L1 — 1, a contradiction.
If K(w) — k(w—1) > 1, by Eq. (45) and using Lemma 5, we must have J; = Jo = =
T(w)—r(w—1) = 0. It also contradicts to the fact J,» = nllIIOlo g” « E ; =1
neN
CASE p,, > 1:
The identity Eq. (41) is equivalent to
w T
Li(”) +) p—j;vn(z'l) =0, VneN (46)
By Lemma 2, lim M,i(m =0.
n—0o0 Pw

neN

If w =1, by limiting n — oo to Eq. (46), we get lim Vy(w) = 0.

neN
If w > 1, then %2 <1 foralliy e {1,2,..,w

in {1,2,...,w — 1} satisfies
n k(i1)—k(i1—1)
. i1 . .
A | Valin)] < Jim >
neN w neN io=1

e
P Qu >] —

— 1}. By triangle inequality and Lemma 2, each iy

0,
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then lim %Vn(il) = 0. By limiting n — oo to Eq. (46), we obtain lim Vy(w) = 0.

neN neN
The implication of the limit Aim Vi, (w) = 0 is as similar as our step in the case when p,, < 1.
neN
There will be a contradiction.
CASE p,, = 1:

If w = 1, the identity Eq. (41) is equivalent to V,,(w) + ym+1(n) = 0, Vn € N, hence we get the
limit lim (Vo(w) + ym41(n)) = 0.

neN
If w > 1, we have p;, <1 for all iy € {1,2,...,w — 1}. By triangle inequality and Lemma 2, for

all iy € {1,2,..,w — 1},

k(i1)—k(i1—1)

hm |pZ W(i1)| < hm Z |pZQil7iQ(n)| =0,
nEN nEN io=1

hence lim pf Vy,(i1) = 0. Therefore, by limiting n — oo to Eq. (41), we get lim (V,(w) +
neN neN

Ym+1(n)) = 0.

Suppose Q(z) is the polynomial among Qu(7), Qu2(), -, Qu w(w)—r(w—1)(T), Ym+1(x) which

has the highest degree, so hm ( ) equals zero or a complex constant. We obtain

nEN
lim Wl(”b)f(w)g‘iw_l)wex (infus,) | = tim 2 Fma()
nn—églo Q(n) = Q(n) p w,io nn—é%o Q(n) .

Next, suppose _Zp & lim 7’”(71(") and ¢, ¥ nh_)rgo Qw’ijl(n) for every is € {1,2, ..., x(w) —

n—él%o Q(n) R Q(n)
k(w —1)}. Let us observe that, for all iy € {1,2, ..., k(w) — k(w — 1)},
. Qw (2 . . Q'LU K3
lim (/,2 — 2 (1 )> exp(inbu,i,)| = lim | 7, — Qu.in () =| 2 — Fi| =0
nnel%o (n) nnel%o Q( )

and therefore,

dn (7~ 220 i) — 0
neN
So, we get the following limit of summation:
r(w)—r(w—1
lim ( )ZE ) i A exp(inby i,) = 0 (48)
e ' i2 (n) p w,io) — Y-
neN i9=1

Summing up the limit Eqs. (47) and (48) implies the new limit equation

neN =1

k(w)—k(w—1)
Jim (fo + Z i exp(in9w1i2)> =0. (49)

Since r#,rh,...,r! are not equal to 1 and p, = 1, then we must have 0 < 6,1 < Op2 <

+ < Oy (w)—r(w—1) < 27. By applying Lemma 5 to Eq. (49), we obtain ¢y = 71 = .-+ =
A (w)—r(w—1) = 0. It is clearly a contradiction because one of Zo, 71, ..., Zy(w)—r(w—1) should
be equal to 1.
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Finally, all of Q1(z), Q2(x), ..., Qm(x) are zero polynomials. By Eq. (39) and Lemma 1,
Ym+1() is a zero polynomial. By Eq. (38), we obtain the following matrix equation:

- — 1A
1 r{l %h rgm 1)h fyl(x) 0
1 7‘5‘ %h .. rémf ) Yo (x) 0
1 TQL r%h . rgm_l)h () | = |0] . (50)
11 rfn 7"727? 7(7T_1)h Y (@) 0
The matrix i i
1 Ti‘ r%h rgmfl)h
7‘3 r%h rém_l)h
1 7{)} r%h rém_l)h
1 ko2 (m=1)h

is invertible, because its determinant is H1§i1<i2§m(7’£‘2 - TZ) # 0. Therefore, Eq. (50) implies
that all of 71 (z), v2(z), ..., ym(x) are zero polynomials. In conclusion, .# has only one element.
By Lemma 7, .(P(z)) has one element too. It means that there is uniquely (m + 1)-tuple
(Py(z), Py(2), ..., Ppy1(z)) € Clz]™*! which satisfies the identity

n
> P(k)sppsr = (Z Py(n)8(nt) h+r> + Ppy1(n), Vn €N,
k=1

and the proof completes.

7. Some Examples

We provide examples of numerical computation of Ledin-Brousseau sum in two perspectives:
computing directly and applying Lemma 6. Here we consider Example 1 and 2 as the samples.

Example 3. Let m = 2, spyo = Spy1 + Sk, and sg = 0, s; = 1. Hence s = F} where
(F)rez is Fibonacci sequence with integer indices. Let n € N be arbitrary. A well-known
identity” involving Fibonacci numbers states that Fy + Fo + -+ + F,, = F,10 — 1. If we
compute the sum Y p_; kFj_1 directly, we can obtain as follows.

n—1 k n—1
Zka 1—n—i—1 ZFk_ZZF TL—|—1 Fn—i—l_l)_Z(FkJrQ_l)
k=0 j=0 k=0

= (n+1)(Fpyr — 1) = (Fpys — Fr — 1 —n)
=(n+ 11— (R+1)— (2F 0+ F,—n—2)
=—F,+(n—-1)F,4 +1.

If we apply Lemma 6, we have

f:ka—lz‘Bl( )En + B2 (n) Frt1 + Ps(n), (51)
k=1

where B (z), Ba(z), Ps3(z) are polynomials defined by
Pi(z) = Pa(z —1) = Pa(z),
PBa(z) = hiz + ho, (52)
Ps(z) = Fo — (Pr(1)F1 + Pa(1) F2),
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and hg and h; are determined by

bo) (1 3\ (2) (-1

b))~ \o 1 1) =\ 1)
Setting (ho, h1) = (—1,1) to Eq. (52) implies Pa(z) =x—1, Pi(z) = (z—2) — (x—1) = —1,
and Ps(x) = Fy — (—F1 +0) = 1. Hence, by Eq. (51), we get the explicit formula

n
N kFpo1=—-Fy+ (n—1)Fuq+1.

“see [15], table 1.1, page 19, identity (15).

Example 4. Let m = 2, sp49 = Sg+1 + Sk, and sg = 2,51 = 1. Hence sy = Ly where
(Lg)kez is Lucas sequence with integer indices. Let n € N be arbitrary. It has been known®
that Ly + Lo + .... + Ly, = L2 — 3, hence it implies

n n k n
ZkLk_n+1Z Y Y Li=(m+1)(Lnt2—3) - ZLk+2—3

k=1 k=1j=1
= (n + 1)(Ln+2 = 3) = (Ln+4 —3—L1— Ly — 3n)
= (TL -+ 1)Ln+2 - Ln+4 + 4
= (n+1)Lyt2 — (Ln+1 + 2Lny2) +4
=—Lpt1+(n—1)Lpt2 +4
and then
Z L=(n+1)> kL= (n+1—k)kL
k=1 k=1 k=1
n n k
= )3k YL,
k=1 k=1j=1
=Mm+1)> kL — > (—Liy1 + (k= 1)Ljyo +4)
k=1 k=1
n n+1 n+2 n+2

=(n+1)> Lk+ZLk—ZkLk+BZLk—4n

-
=(n+1)(—Lpy1 + (n — 1)Ln+2 +4) + (Ln+3 -3-1I1y)
— (—Ln+3 +(n+1)Lpyg+4—Ly —2L9) +3(Lpya—3—L1 — L) —4n
= —(n+1)Lpy1 + (% —1)Lyjo+ 2013 — (0 — 2)Lypy — 18
—(n+1)Lpt1 + (n2 — D) Lnto + 2(Lnt1 + Lnta) — (0 — 2)(Lnt1 + 2Ln12) — 18
= (—2n+3)Lypy1 + (n® — 2n +5)Lyi0 — 18.

Next, let us apply Lemma 6 to compute > .7_; k?Lj,. We have the identity of the form

> k2L = Q1(n) Ly 1 + Qa(n) Lnsa + Q3(n), (53)
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where 91 (x), Qa(z), Qs(x) are polynomials defined by

Qi(z) = Qo(z — 1) — Qa(),
Qo(x) = goz® + g1 + go, (54)
Qs(z) = L1 — (Q1(1)La + Qo(1)L3)

and go, g1, g2 are determined by

=l

90 1 3 5 4 5
g|=10 1 6 41 =1-2
g2 0 0 1 1 1

Setting (go, g1,92) = (5, —2,1) to Eq. (54) implies Qa(z) = 22 — 2245, Qi(z) = ((x — 1)% —
2(x — 1) +5) — (22 — 22 +5) = —2x + 3, and Q3(x) = L1 — (L + 4L3) = —18. Plugging
these polynomials to Eq. (53) yields

n
> k’Li = (=2n+3)Lpt1 + (n® — 2n + 5)Lny — 18.
k=1

“see [15], table 1.1, page 19, identity (16).

8. Conclusion

This paper extends several previous results on Ledin-Brousseau sum. We generalized this sum
for a more general linear recurrence sequence and found the similarity of the formula with
previous results. Besides that, we have established a new property on the representation of
Ledin-Brousseau sum, that is the uniqueness of polynomials which generate its formula. It is
hoped that this paper inspires the future research especially in the realm of number theory. We
have several ideas for the future development of Ledin-Brousseau sum and will discuss these in
the next section.

9. Discussion and Open Problems

We propose some open problems by modifying some given constraints, either the roots r1,79, ..., 7m
of characteristic polynomial CP(z) or the choice of h.

Since all roots of CP(x) must be distinct in our results, it is natural to ask what will happen
if one of rq,79,...,7, may be same. Does the existence and uniqueness property still hold as
similar as Theorem 1 and 27

Problem 1. Let P(z) € C[z] be a polynomial and r € Z. Let (sg)rez be a sequence
defined in Definition 1, where the only modified constraint is that two of the roots of CP(x)
can be equal.

(i) Does there exist an ordered pair of polynomials (P (z), Pe(), ..., Pmi1(z)) in C[z]™*!
such that >°)_; P(k)sg+r = P1(n)spt14r+P2(n)Spio4r+- -+ P (n)sSptmtr+Pmi1(n)
for all n € N? If yes, is this pair unique?

(ii) What will happen if we extend to the sum  ;_; P(k)spkt, for general h € Z ?

Next, suppose (sk)kez is a sequence defined in Definition 1 without any modification and
we only focus on the choice of h. It is written in Theorem 1 and 2 that all of 77,75, ..., 7",
are not equal to 1. It turns out that the value of h satisfying this condition can affect the

construction of matrix M(d,f) when ¢ := h. It means that, in our results, the coefficients
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of polynomials of Pj(z), P2(z),..., Pny1(z) are generated by M(d,h) to make the identity
k=1 P(K)spitr = Pr(n)spmiry+r + P2(0)Shny2)4r + - + Po(0)Shntmy+r + Pny1(n) holds
for all n € N. Unfortunately, the weakness of this construction is when the matrix M(d, h) is
singular, hence the constructions in Definition 4 and Eq. (21) are no longer reliable. We note

h

that M (d, h) is singular if and only if one of 7,75, ...,7" is equal to 1. Therefore, it is natural

to ask whether Theorem 1 and 2 still hold or not when one of r, 79, ..., 7, is a h** root of unity.

Problem 2. Let P(x) € C[x] be a polynomial and (si)rez be a sequence as defined in
Definition 1 without any modification. Let h,r be integers such that one of the roots of
characteristic polynomial CP(z) is a h'" root of unity. Does there exist an ordered pair of
polynomials (P (), Py(x), ..., Ppy1(x)) in Clz]™ ! such that the sum >-7_; P(k)sprir can
be represented by P1(n)sp(n11)4r + P2(1)Shnt2)4r + ++ + Pn(1)Shngm)4r + Pmy1(n) for
all n € N 7 If yes, is this pair unique?

Another modification for the value of A is that two of 7,75, ..., rﬁl may be equal. Suppose

(sk)kez is still a sequence in Definition 1 without any modification. Suppose that all roots of
CP(x) are not the A" roots of unity. For r € Z, in our results, we use the mutually distinct

condition of v, 7k ... r" to imply that (spri,)rez satisfies a homogeneous linear recurrence
relation with complex constant coefficients, see Lemma 3 when (¢, q) := (h,r). If we modify
that two of 7“?, 7"5‘, . rfn can be equal, does (spiir)rez still satisfy a linear recurrence relation

as similar as Lemma 3 7 Are there the other methods to show the existence and uniqueness
property in this case? Hence, we propose the following problem.

Problem 3. Let P(x) € C[z] be a polynomial and (si)rez be a sequence as defined in
Definition 1 without any modification. Let h,r be integers such that none of r1,7s, ..., 7y, is

a ht" root of unity and two of 7,75, ...,7 can be equal. Does there exist an ordered pair

o T
of polynomials (P (), Py(), ..., Ppy1(x)) in Clz]™*! such that the sum Y-7_; P(k)Spirr
can be represented by P1(n)spm41)+r T P2(1)Shnt2)4r T + Pn(n)Sh(ntm)4r + Prmt1(n)

for all n € N 7 If yes, is this pair unique?
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