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Abstract

In this paper, we present the existence and uniqueness property on Ledin-Brousseau sum
involving a polynomial and a homogeneous linear recurrence sequence. This sum is of the
form

∑n
k=1 P (k)shk+r where n is a positive integer, P (x) is a polynomial in C[x], h and r

are some integers, and (sk)k∈Z is a homogeneous linear recurrence sequence of degree m ≥ 2
with some constraints.
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1. Introduction and Preliminaries
One of the frequently discussed topics involving finite sum and linear recurrence sequence is the
Ledin-Brousseau sum (or simply the Brousseau sum) and its generalizations. In the beginning,
Ledin [1] and Brousseau [2] respectively studied the finite sums ∑n

k=1 k
mFk and ∑n

k=1 k
mFk+r

where (Fk)k≥0 is the classic Fibonacci sequence. Ledin [1] presented the identity

S(m,n) def=
n∑

k=1
kmFk = Fn+1P2(m,n) + FnP1(m,n) + C(m) (1)

where P1(m,n) and P2(m,n) are polynomials in n of degree m and C(m) is a constant depending
on m. In the same year with Ledin, Brousseau [2] formulated the sum

Sr(m,n) def=
n−1∑
k=0

kmFk+r =
m∑

t=0
(−1)t∆t(nm)Fn+r+2t+1 + C (2)

where C is a constant independent of n and ∆ is the forward difference operator with the
properties ∆(f(n)) = f(n+ 1) − f(n), ∆t+1(f(n)) = ∆(∆t(f(n))), and ∆0(f(n)) = f(n).

Many various methods have been developed to evaluate the formula of S(m,n) and Sr(m,n).
Ledin [1] used an integration method to find the recursion of P1(m,n) and P2(m,n). Brousseau
[2] used finite difference method to obtain the expression Eq. (2). Shannon and Ollerton, in
their works [3] and [4], used the matrix method and formulated the linear recurrence relation
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of S(m,n). Besides that, partial differentiation method was applied by Adegoke [5] to obtain
the recursive relation for P1(m,n), P2(m,n), C(m) and then the polynomial form of S(m,n).
Lastly, Dresden [6] evaluated S(m,n) by applying a convolution representation of Fn −nm which
involves binomial coefficients.

Ledin’s and Brousseau’s works ([1, 2]) have also motivated many researchers afterward to
investigate the more general sums. Mostly, the Ledin-Brousseau sum is generalized by replacing
the Fibonacci sequence in the sums Eqs. (1) and (2) with other linear recurrence sequences.

Zeitlin [7] extended the summations by using the sequence (Hn)n≥0 which satisfies the
recurrence relation Hn+2 = Hn+1 + Hn. He obtained that the following formula holds for all
n ∈ N and all r,m ∈ N0:

n−1∑
k=0

kmHk+r = Hn+r

m∑
s=0

((
m

s

)
m∑

t=0
(−1)tt!F2t

{
m− s

t

})
ns

+Hn+r+1

m∑
s=0

((
m

s

)
m∑

t=0
(−1)tt!F2t+1

{
m− s

t

})
ns + C2 (3)

where
C2 = −Hr

m∑
t=0

(−1)tt!F2t

{
m

t

}
−Hr+1

m∑
t=0

(−1)tt!F2t+1

{
m

t

}
and

{n
k

}
are Stirling numbers of second kind (see page 66 in [8] for explanation about Stirling

numbers).
Nair [9] generalized Ledin-Brousseau sum by replacing with Horadam sequence (Wn)n≥0

which satisfies the recurrence relation Wn+2 = pWn+1 − qWn where p, q are non-zero integers
and λ = p− q − 1 ̸= 0. He obtained that for all n ∈ N and m ∈ N0,

n∑
k=1

kmWk =
C

(m)
(p,q)(n)
λ

Wn+1 −
qC

(m)
(p,q)(n+ 1)

λ
Wn +

−C
(m)
(p,q)(0)W1 + qC

(m)
(p,q)(1)W0

λ
(4)

where C
(m)
(p,q)(x) ∈ C[x] is a polynomial determined by m, p, q.

Nair and Karunakaran [10] explored the Brousseau sum which is generated by k-Fibonacci
sequence (Fk,n)n≥0, k ∈ N, which satisfies the recurrence relation Fk,n+2 = kFk,n+1 + Fk,n and
initial values Fk,0 = 0, Fk,1 = 1. They obtained that for all n ∈ N and m, p ∈ N0,

n∑
i=1

ipFk,m+i = C
(p)
k (n)
k

Fk,m+n+1 + C
(p)
k (n+ 1)

k
Fk,m+n −

C
(p)
k (0)Fk,m+1 + C

(p)
k (1)Fk,m

k
(5)

where C(p)
k (x) is some polynomial in C[x] which depends on p and k.

Hadinata [11] considered the sum ∑n
k=1 P (k)Sk−1 where P (x) is a polynomial of real coeffi-

cients and the sequence (Sn)n≥0 is defined by recurrence relation Sn+2 = aSn+1 + bSn and initial
values S0 = c0, S1 = c1 where a, b ∈ N and (c0, c1) ∈ Z2\{(0, 0)}. He obtained that there exists a
triple (F1(x), G1(x), H1(x)) of real coefficients polynomials such that for all n ∈ N,

n∑
k=1

P (k)Sk−1 = F1(n)Sn+1 +G1(n)Sn +H1(n). (6)

Moreover, he showed that if both of 2c1−(a+
√
a2 + 4b)c0 and 2c1−(a−

√
a2 + 4b)c0 are non-zero,

then the triple (F1(x), G1(x), H1(x)) ∈ R[x] which satisfies Eq. (6) is unique. Otherwise, if one
of 2c1 − (a+

√
a2 + 4b)c0 or 2c1 − (a−

√
a2 + 4b)c0 is zero, then there are infinitely many triples

(F1(x), G1(x), H1(x)) ∈ R[x] which satisfy Eq. (6).
The Brousseau sum of Tribonacci numbers was presented by Nair and Karunakaran [12].

They established the formula for the sum ∑n
k=0 k

mTk where m ∈ N0 and the Tribonacci sequence
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(Tk)k≥−1 is defined by recurrence relation Tn+3 = Tn+2 +Tn+1 +Tn and initial terms T−1 = T0 =
0, T1 = 1. The following formula holds for all m,n ∈ N0:

n∑
k=0

kmTk = ψ
(m)
A (n)

2 Tn+1 + ψ
(m)
B (n)

2 Tn + ψ
(m)
C (n)

2 Tn−1 − ψ
(m)
A (0)

2 (7)

where ψ(m)
A (x), ψ(m)

B (x), and ψ
(m)
C (x) are some polynomials in C[x] which depends on m.

Besides that, Nair [13] extended the Brousseau sum for generalized Tetranacci numbers. Let
the generalized Tetranacci numbers (T ′

k)k≥−2 be defined by recursion T ′
k = T ′

k−1 + T ′
k−2 + T ′

k−3 +
T ′

k−4 for k > 1 and T1, T0, T−1, T−2 are arbitrary initial terms. He found that for all m ∈ N0 and
all n ∈ N,

n∑
k=1

kmT ′
k = φ

(m)
0 (n)

3 T ′
n+1 + φ

(m)
1 (n)

3 T ′
n + φ

(m)
2 (n)

3 T ′
n−1 + φ

(m)
3 (n)

3 T ′
n−2 + φ

(m)
4 (n)

3 (8)

where φ(m)
0 (x), φ(m)

1 (x), φ(m)
2 (x), φ(m)

3 (x), φ(m)
4 (x) are some polynomials in C[x] which depends

on m and φ
(m)
4 (x) is a constant polynomial with

φ
(m)
4 (x) = −

(
φ

(m)
0 (0)T ′

1 + φ
(m)
1 (0)T ′

0 + φ
(m)
2 (0)T ′

−1 + φ
(m)
3 (0)T ′

−2

)
.

The most recently, Nair [14] presented the Brousseau sums for Padovan sequence (Pn)n≥0,
Perrin sequence (Qn)n≥0, and Van der Laan sequence (Vn)n≥0. These sequences satisfy the
recursion Pn = Pn−2 + Pn−3, Qn = Qn−2 +Qn−3, Vn = Vn−2 + Vn−3 and initial terms P0 = 1,
P1 = P2 = 0, Q0 = 3, Q1 = 0, Q2 = 2, V0 = 1, V1 = 0, V2 = 1. He showed that if given m, r ∈ N0,
then there exists a polynomial C(m)(x) ∈ C[x] of degree m such that the following three identities
hold for all n ∈ N:

n∑
k=1

kmPk+r = C(m)(n)Pn+r + C(m)(n− 2)Pn+r+1 + C(m)(n− 1)Pn+r+2

− C(m)(0)Pr − C(m)(−2)Pr+1 − C(m)(−1)Pr+2, (9)
n∑

k=1
kmQk = C(m)(n)Qn + C(m)(n− 2)Qn+1 + C(m)(n− 1)Qn+2 − 3C(m)(0) − 2C(m)(−1), (10)

n∑
k=1

kmVk = C(m)(n)Vn + C(m)(n− 2)Vn+1 + C(m)(n− 1)Vn+2 − C(m)(0) − C(m)(−1). (11)

By observing the formulas Eqs. (1), (3), (4), (5), (6), (7), (8), (9), (10), and (11), it may be
reasonable to conjecture that if P (x) ∈ C[x] is a polynomial and (sk)k∈Z is a mth order homoge-
neous linear recurrence sequence, then there exist m+ 1 polynomials p1(x), p2(x), . . . , pm+1(x)
in C[x] such that for all n ∈ N,

n∑
k=1

P (k)sk =
(

m∑
k=1

pk(n)sn+k

)
+ pm+1(n).

More generally, if h, r ∈ Z, we may conjecture that
n∑

k=1
P (k)shk+r =

(
m∑

k=1
Pk(n)s(n+k)h+r

)
+ Pm+1(n), ∀n ∈ N (12)

for some polynomials P1(x), P2(x), . . . , Pm+1(x) in C[x]. In this paper, we investigate these
hypothesizes specifically when (sk)k∈Z is a sequence introduced in Definition 1.

For convenience, in all next parts of this paper, let the notation (sk)k∈Z be referred to the
sequence defined in Definition 1.
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Definition 1. Let m ≥ 2 be a positive integer. Let (sk)k∈Z be a homogeneous linear
recurrence sequence of minimal degreea m which satisfies the following properties:

• (sk)k∈Z satisfies the recurrence relation

sk+m = amsk+m−1 + am−1sk+m−2 + · · · · · · + a2sk+1 + a1sk (∀k ∈ Z) (13)

where a1, a2, . . . , am are complex constants with a1 ̸= 0.
• s1, s2, . . . , sm are not simultaneously zero.
• The characteristic polynomial of recurrence relation Eq. (13), that is,

CP(x) = xm − amx
m−1 − am−1x

m−2 − . . .− a2x− a1 (14)

has m distinct roots. Moreover, all roots of CP(x) are non-zero because of a1 ̸= 0.

aThe clause "m is the minimal degree of (sk)k∈Z" means that m is the smallest degree of homogeneous
linear recurrence relations of complex constant coefficients satisfied by (sk)k∈Z.

The motivation in this paper is not just about generalizing the Ledin-Brousseau sum to
more general homogeneous linear recurrence sequence. Most of previous results just formulated
the Ledin-Brousseau sum as similar as the identity Eq. (12) and showed the existence of
polynomials P1(x), P2(x), . . . , Pm+1(x) without showing their uniqueness. But, the first author
in [11] initiated to explore the uniqueness of these polynomials in the Ledin-Brousseau of second
degree homogeneous linear recurrence sequence. This uniqueness is our research gap and in this
paper, we explore it in mth degree homogeneous linear recurrence sequence (sk)k∈Z as introduced
in Definition 1. We find the result that if m is the minimal degree of (sk)k∈Z and h, r are
arbitrary integers for which the hth power1 of the roots of the monic characteristic polynomial of
(sk)k∈Z with minimal degree (that is CP(x) in Eq. (14)) are distinct and not equal to 1, then the
existence of polynomials P1(x), P2(x), . . . , Pm+1(x) in the right hand side of Eq. (12) is unique.

The given conditions "m is the minimal degree of (sk)k∈Z" and "the hth power of the roots
of CP(x) are distinct and not equal to 1" play significant roles in the uniqueness property of
P1(x), P2(x), . . . , Pm+1(x). It is because if one of them is not satisfied, this uniqueness may not
hold probably. As an example, let us assume that m is not minimal degree of (sk)k∈Z. Let m = 3
and (sk)k∈Z be defined by third degree recursion sk+3 = sk and initial terms s1 = s2 = s3 = 1.
It is clear that (sk)k∈Z is a constant sequence and hence the minimal degree of (sk)k∈Z is 1. If
we set P (x) = 2x and (h, r) = (1, 0), the identity

n∑
k=1

P (k)sk = n2 + n = P1(n)sn+1 + P2(n)sn+2 + P3(n)sn+3 + P4(n)

holds for all n ∈ N and all (P1(x), P2(x), P3(x), P4(x)) ∈ C[x]4 for which P1(x) +P2(x) +P3(x) +
P4(x) = x2 + x. It shows the non-uniqueness of P1(x), P2(x), . . . , Pm+1(x) with respect to the
expected formula Eq. (12).

The next sections of our paper are structured as follows. Section 2 presents two main theorems
of this paper: Theorem 1 and Theorem 2. Section 3 presents the explicit formula of (sk)k∈Z.
Section 4 presents some basic lemmas which are needed to show Theorem 1 and 2. Section 5
presents the complete proof of Theorem 1. Section 6 presents the complete proof of Theorem 2.
Section 7 presents numerical computation of some examples of Ledin-Brousseau sums. Finally,
Section 8 gives the conclusion which is followed by further discussion and some open problems in
Section 9.

1If α is a non-zero complex numbers and β is an integer, then the phrase "the βth power of α" means the
number αβ . For example, the (−4)th of 2 equals 2−4 = 1

16 . Hence, in this paper, we allow this phrase when β is a
non-positive integer.
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2. Main Results
Let P (x) ∈ C[x] be a polynomial and h, r ∈ Z be such that hth power of the roots of the
characteristic polynomial Eq. (14) are distinct and not equal to 1. The generalized Ledin-
Brousseau sum ∑n

k=1 P (k)shk+r are established and investigated. There are two main results in
this paper: Theorem 1 and Theorem 2.

Theorem 1. Let P (x) ∈ C[x] be a polynomial and h, r be integers such that hth power of
the roots of the characteristic polynomial Eq. (14) are distinct and not equal to 1. Then,
there exist m + 1 polynomials P1(x), P2(x), . . . , Pm+1(x) in C[x] such that the following
identity holds:

n∑
k=1

P (k)shk+r =
(

m∑
k=1

Pk(n)s(n+k)h+r

)
+ Pm+1(n), ∀n ∈ N. (15)

To show the existence of (m+ 1)-tuple of polynomials (P1(x), P2(x), . . . , Pm+1(x)) ∈ C[x]m+1

which satisfies Eq. (15), it is enough to find only one possible tuple satisfying Eq. (15). But,
the more intricate problem to solve is "is the tuple (P1(x), P2(x), . . . , Pm+1(x)) ∈ C[x]m+1 which
satisfy Eq. (15) unique or not ?". The following theorem answers this question.

Theorem 2. Let P (x) ∈ C[x] be a polynomial and h, r be integers such that hth power of
the roots of the characteristic polynomial Eq. (14) are distinct and not equal to 1. Then, the
number of possible tuples (P1(x), P2(x), . . . , Pm+1(x)) ∈ C[x]m+1 which satisfy the identity
Eq. (15) is one.

To give the imagination of Theorem 1 and 2, we provide some examples below.

Example 1. Let m = 2, sk+2 = sk+1 + sk, and s0 = 0, s1 = 1. Hence sk = Fk where
(Fk)k∈Z is Fibonacci sequence with integer indices. One can obtain that

n∑
k=1

kFk−1 = −Fn + (n− 1)Fn+1 + 1, ∀n ∈ N

which confirms Theorem 1 when P (x) = x and (h, r) = (1,−1). By Theorem 2, the only
triple (P1(x), P2(x), P3(x)) ∈ C[x]3 which satisfies the identity

n∑
k=1

kFk−1 = P1(n)Fn + P2(n)Fn+1 + P3(n), ∀n ∈ N

is (P1(x), P2(x), P3(x)) = (−1, x− 1, 1).

Example 2. Let m = 2, sk+2 = sk+1 + sk, and s0 = 2, s1 = 1. Hence sk = Lk where
(Lk)k∈Z is Lucas sequence with integer indices. The following identity is true:

n∑
k=1

k2Lk = (−2n+ 3)Ln+1 + (n2 − 2n+ 5)Ln+2 − 18, ∀n ∈ N.

This is a special case of Theorem 1 when P (x) = x2 and (h, r) = (1, 0). By Theorem 2, the
only triple (P1(x), P2(x), P3(x)) ∈ C[x]3 which satisfies the identity

n∑
k=1

k2Lk = P1(n)Ln+1 + P2(n)Ln+2 + P3(n), ∀n ∈ N
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is (P1(x), P2(x), P3(x)) = (−2x+ 3, x2 − 2x+ 5,−18).

3. Overview of (sk)k∈Z

Let m roots of CP(x) = xm − amx
m−1 − am−1x

m−2 − . . . − a2x − a1 be r1, r2, . . ., rm ∈ C
where all of r1, r2, . . . , rm are distinct and |r1| ≤ |r2| ≤ · · · ≤ |rm|. Since a1 ̸= 0, then all of
r1, r2, . . . , rm are non-zero. By all properties in Definition 1, the explicit formula of each sk is
represented as

sk = Ω1r
k
1 + Ω2r

k
2 + · · · + Ωmr

k
m, ∀k ∈ Z (16)

where Ω1, Ω2, . . ., Ωm are some non-zero constants in C. The values of Ω1, Ω2, . . ., Ωm are
obtained from system of m equations sk = Ω1r

k
1 + Ω2r

k
2 + · · · + Ωmr

k
m (k = 1, 2, . . . ,m). Hence,

(Ω1,Ω2, . . . ,Ωm) is the solution of matrix equation
r1 r2 r3 . . . rm

r2
1 r2

2 r2
3 . . . r2

m

r3
1 r3

2 r3
3 . . . r3

m
...

...
... . . . ...

rm
1 rm

2 rm
3 . . . rm

m




Ω1
Ω2
Ω3
...

Ωm

 =


s1
s2
s3
...
sm

 .

By using Cramer rule, for every k ∈ {1, 2, 3, . . . ,m},

Ωk = det(Ak)

det


r1 r2 r3 . . . rm

r2
1 r2

2 r2
3 . . . r2

m

r3
1 r3

2 r3
3 . . . r3

m
...

...
... . . . ...

rm
1 rm

2 rm
3 . . . rm

m



= det(Ak)∏m
i1=1 ri1 ×

∏
1≤i1<i2≤m(ri2 − ri1) ,

where Ak is the m×m matrix obtained by replacing the kth column of square matrix
r1 r2 r3 . . . rm

r2
1 r2

2 r2
3 . . . r2

m

r3
1 r3

2 r3
3 . . . r3

m
...

...
... . . . ...

rm
1 rm

2 rm
3 . . . rm

m

 with the column vector


s1
s2
s3
...
sm

.

Remark 1. The formula Eq. (16) is obviously implied since CP(x) has m distinct roots.
The constants Ω1,Ω2, ...,Ωm must be non-zero because if one of them is equal to zero,
then (sk)k∈Z will satisfy a homogeneous linear recurrence relations of complex constant
coefficients with degree less than m, contradicting to the condition that m is the minimal
degree of (sk)k∈Z.

4. Some Basic Lemmas
In this section, we present some basic lemmas that will be used for showing Theorem 1 and 2.

Lemma 1. Let A be an infinite subset of N. If P (x) ∈ C[x] is a polynomial and lim
n→∞
n∈A

P (n) =

0, then P (x) is a zero polynomial.
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Proof. If P (x) is not a constant polynomial, then P (x) = λux
u + λu−1x

u−1 + · · · + λ1x+ λ0
for some u ∈ N and λ0, λ1, . . . , λu−1, λu ∈ C with λu ̸= 0. We have

0 = lim
n→∞
n∈A

|P (n)| = lim
n→∞
n∈A

|λun
u + λu−1n

u−1 + · · · + λ1n+ λ0|,

but

lim
n→∞
n∈A

|λun
u + λu−1n

u−1 + · · · + λ1n+ λ0| = lim
n→∞
n∈A

|λun
u| ·

∣∣∣1 + λu−1
λun

+ λu−2
λun2 + · · · + λ0

λunu

∣∣∣
= lim

n→∞
n∈A

|λun
u| · lim

n→∞
n∈A

∣∣∣1 + λu−1
λun

+ λu−2
λun2 + · · · + λ0

λunu

∣∣∣
= ∞ · 1 = ∞,

so it is a contradiction and P (x) can not be non-constant.
If P (x) is a constant, let P (x) ≡ c, then the condition lim

n→∞
n∈A

P (n) = 0 implies that c = 0

and P (x) ≡ 0.
Hence P (x) is a zero polynomial. □

If P (x) is a polynomial in C[x] and y is a complex number with |y| > 1, then the growth rate
of |y|n is faster than |P (n)| for all big enough positive integers n. It will cause that P (n)/yn → 0
as positive integer n goes to ∞. This intuition motivates the following lemma:

Lemma 2. Let A be an infinite subset of N, P (x) be a polynomial in C[x], and y1, y2 ∈ C
be non-zero with |y1| > 1 > |y2|. Then,

1. lim
n→∞
n∈A

P (n)
yn

1
= 0.

2. lim
n→∞
n∈A

P (n)yn
2 = 0.

Proof. It suffices to show the first limit. Because if the first limit is true, by setting y1 := 1/y2
where y2 ∈ C is non-zero with |y2| < 1, it yields the second limit.
Here is proof of the first limit: Let P (x) = λux

u + λu−1x
u−1 + · · · + λ1x + λ0 for some

u ∈ N0 and λ0, λ1, . . . , λu ∈ C. For all n ∈ A, we have

0 ≤
∣∣∣P (n)
yn

1

∣∣∣ = |λun
u + λu−1n

u−1 + · · · + λ1n+ λ0|
|y1|n

≤ |λu|nu + |λu−1|nu−1 + · · · + |λ1|n+ |λ0|
|y1|n

≤ M · nu

|y1|n

where M = |λ0| + |λ1| + · · · + |λu|.
Besides that, for all n ∈ A with n > (u+2)!

(ln |y1|)u+2 , we have

0 < nu+1

|y1|n
= nu+1∑∞

a=0
(n ln |y1|)a

a!
≤ nu+1

(n ln |y1|)u+2

(u+2)!

= (u+ 2)!
n(ln |y1|)u+2 < 1 =⇒ 0 < nu

|y1|n
<

1
n
.

Since lim
n→∞
n∈A

0 = lim
n→∞
n∈A

1
n = 0, by squeeze theorem, we get lim

n→∞
n∈A

nu

|y1|n = 0. Then lim
n→∞
n∈A

0 =

lim
n→∞
n∈A

M ·nu

|y1|n = 0. By squeeze theorem again, we obtain lim
n→∞
n∈A

∣∣∣P (n)
yn

1

∣∣∣ = 0, then lim
n→∞
n∈A

P (n)
yn

1
=

0. □

Ivan Hadinata 1641



Existence and Uniqueness Property On a Generalized Ledin-Brousseau Sum

The linear recurrence relation Eq. (13) shows us that every term in (sk)k∈Z is representable
as a fixed linear combination of m previous terms. Then, the new question arises: "For a non-zero
integer ℓ, can smℓ+q be represented as a linear combination of s(m−1)ℓ+q, s(m−2)ℓ+q, . . . , sℓ+q, sq

for every integers q? If yes, are the coefficients of those linear combination fixed over all q ∈ Z?".
The answer is positive, by the constraint that rℓ

1, r
ℓ
2, . . . , r

ℓ
m are distinct.

Definition 2. For every non-zero integers ℓ, let e1(ℓ), e2(ℓ), . . . , em(ℓ) be complex numbers
defined by

em+1−k(ℓ) =
∑

1≤i1<i2···<ik≤m

(−1)k+1(ri1ri2 · · · rik
)ℓ, ∀k ∈ {1, 2, 3, . . . ,m}.

Lemma 3. Let ℓ be a non-zero integer so that rℓ
1, r

ℓ
2, . . . , r

ℓ
m are distinct, then for all q ∈ Z:

smℓ+q = em(ℓ)s(m−1)ℓ+q + em−1(ℓ)s(m−2)ℓ+q + · · · + e2(ℓ)sℓ+q + e1(ℓ)sq. (17)

Proof. Let us consider an arbitrary k′ ∈ {0, 1, 2, . . . , ℓ− 1}. Let Tt(k′) = sk′+tℓ for all t ∈ Z.
Then, for all t ∈ Z,

Tt(k′) = sk′+tℓ = L1r
k′+tℓ
1 + L2r

k′+tℓ
2 + · · · + Lmrm

k′+tℓ

= L1r
k′
1 (rℓ

1)t + L2r
k′
2 (rℓ

2)t + · · · + Lmr
k′
m(rℓ

m)t.

Since rℓ
1, r

ℓ
2, · · · , rℓ

m are distinct and L1r
k′
1 , L2r

k′
2 , · · · , Lmr

k′
m are non-zero constant, then the

sequence (Tt(k′))t∈Z satisfies a homogeneous linear recurrence relation of degree m with
constant coefficients. That is, there are m complex constants f1, f2, · · · , fm so that f1 ̸= 0
and

Tt+m(k′) = fmTt+m−1(k′) + fm−1Tt+m−2(k′) + · · · + f1Tt(k′)

for all t ∈ Z. This recurrence relation has the characteristic polynomial xm − fmx
m−1 −

fm−1x
m−2 − · · · − f2x− f1 and the m roots of this polynomial are rℓ

1, r
ℓ
2, · · · , rℓ

m. By Vieta’s
theorem, for all k ∈ {1, 2, · · · ,m},

fm+1−k =
∑

1≤i1<i2<···<ik≤m

(−1)k+1(ri1ri2 · · · rik
)ℓ = em+1−k(ℓ).

Therefore, for all k′ ∈ {0, 1, 2, . . . , ℓ− 1} and all t ∈ Z,

sk′+(t+m)ℓ = em(ℓ)sk′+(t+m−1)ℓ + em−1(ℓ)sk′+(t+m−2)ℓ + · · · + e2(ℓ)sk′+(t+1)ℓ + e1(ℓ)sk′+tℓ.

and it is equivalent to

smℓ+q = em(ℓ)s(m−1)ℓ+q + em−1(ℓ)s(m−2)ℓ+q + · · · + e2(ℓ)sℓ+q + e1(ℓ)sq (∀q ∈ Z)

as the lemma said. □

The next two lemmas present the properties involving the limit to infinity of a linear
combination of exponential functions exp(...).

Lemma 4. Let q be a positive integer, c1, c2, . . . , cq be non-zero complex numbers, and
b1, b2, . . . , bq ∈ (0, 2π) be distinct real numbers. Then, the limit

lim
n→∞
n∈N

(c1 exp(inb1) + c2 exp(inb2) + · · · + cq exp(inbq))
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does not exist.

Proof. Assume the contrary that the limit lim
n→∞
n∈N

(c1 exp(inb1)+c2 exp(inb2)+· · ·+cq exp(inbq))

exists, then there is a complex number T such that lim
n→∞
n∈N

(c1 exp(inb1) + c2 exp(inb2) + · · · +

cq exp(inbq)) = T . It implies that for all α ∈ Z, we have

lim
n→∞
n∈N

(c1 exp(i(n+ α)b1) + c2 exp(i(n+ α)b2) + · · · + cq exp(i(n+ α)bq)) = T. (18)

By setting α = 0, 1, 2, . . . , q − 1 to Eq. (18), we get the limit equation of matrix

lim
n→∞
n∈N

M


c1e

inb1

c2e
inb2

...
cqe

inbq

 =


T
T
...
T

 (19)

where M is q × q square matrix defined by

M =


1 1 . . . 1
eib1 eib2 . . . eibq

(eib1)2 (eib2)2 . . . (eibq )2

...
... . . . ...

(eib1)q−1 (eib2)q−1 . . . (eibq )q−1

 .

We observe that M is invertible since det(M) = ∏
1≤i1<i2≤q(eibi2 − eibi1 ) ̸= 0. Therefore,

by equation Eq. (19), we obtain

lim
n→∞
n∈N


c1e

inb1

c2e
inb2

...
cqe

inbq

 = M−1


T
T
...
T

 =


D1
D2
...

Dq


where D1,D2, . . . ,Dq are some complex numbers. Then, for all k ∈ {1, 2, ..., q}, lim

n→∞
n∈N

einbk =

Dk/ck. It is an impossibility, because the condition b1, b2, . . . , bq ∈ (0, 2π) should imply that
all the limits lim

n→∞
n∈N

einb1 , lim
n→∞
n∈N

einb2 , · · · , lim
n→∞
n∈N

einbq do not converge. □

Lemma 5. Let q be a positive integer, c1, c2, ..., cq+1 be complex numbers, and b1, b2, ..., bq ∈
(0, 2π) be distinct real numbers. Then,

lim
n→∞
n∈N

(c1 exp(inb1) + c2 exp(inb2) + · · · + cq exp(inbq)) = cq+1

if and only if c1 = c2 = · · · = cq+1 = 0.

Proof. For the "if" part, it is trivial: If c1 = c2 = · · · = cq+1 = 0, then the limit equation
lim

n→∞
n∈N

(c1 exp(inb1) + c2 exp(inb2) + · · · + cq exp(inbq)) = cq+1 holds.
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For the "only if" part: Let be given the limit equation lim
n→∞
n∈N

(c1 exp(inb1) + c2 exp(inb2) +

· · ·+cq exp(inbq)) = cq+1, then we must show c1 = c2 = · · · = cq+1 = 0. If one of c1, c2, ..., cq

is non-zero, then {k ∈ {1, 2, ..., q} : ck ̸= 0} = {τ1, τ2, ..., τj} for some j, τ1, τ2, ..., τj ∈
{1, 2, ..., q} with τ1 < τ2 < · · · < τj . It implies

lim
n→∞
n∈N

(cτ1 exp(inbτ1) + cτ2 exp(inbτ2) + · · · + cτj exp(inbτj )) = cq+1. (20)

According to Lemma 4, the limit lim
n→∞
n∈N

(cτ1 exp(inbτ1) + cτ2 exp(inbτ2) + · · · + cτj exp(inbτj ))

does not exist and this condition contradicts with Eq. (20). Consequently, all of c1, c2, ..., cq

must be zero and it implies cq+1 = 0. □

5. Proof of Theorem 1
First, let us define some notations used in this chapter as the following (definition 3 and 4).

Definition 3. For every (d, ℓ) ∈ N0 × (Z \ {0}) so that rℓ
1, r

ℓ
2, . . . , r

ℓ
m are distinct and not

equal to 1, let M(d, ℓ) = (xi1,i2(ℓ))d+1
i1,i2=1 be a (d+ 1) × (d+ 1) matrix where xi1,i2(ℓ) is the

ith1 -row and ith2 -column entry of M(d, ℓ) defined by

xi1,i2(ℓ) =



(
i2 − 1
i1 − 1

)
m∑

i3=1
ei(ℓ)(m+ 1 − i3)i2−i1 , if i1 < i2

−1 +
m∑

i3=1
ei3(ℓ), if i1 = i2

0, if i1 > i2.

It can be checked that M(d, ℓ) is invertible with det(M(d, ℓ)) = (−1 +∑m
i3=1 ei(ℓ))d+1 =

(−∏m
i3=1(1 − rℓ

i3))d+1 ̸= 0. Then, the equation

M(d, ℓ)v =
((

d

0

)
md

(
d

1

)
md−1

(
d

2

)
md−2 · · ·

(
d

d

)
m0
)T

has a unique solution in v ∈ Cd+1. Let this unique solution be denoted by
(δ0(ℓ) δ1(ℓ) · · · δd(ℓ))T and hence

δ0(ℓ)
δ1(ℓ)
δ2(ℓ)

...
δd(ℓ)

 = (M(d, ℓ))−1



(d
0
)
md(d

1
)
md−1(d

2
)
md−2

...(d
d

)
m0


. (21)

Definition 4. For every (d, ℓ, r) ∈ N0 × (Z \ {0}) × Z so that rℓ
1, r

ℓ
2, . . . , r

ℓ
m are distinct

and not equal to 1, let the polynomials P1,d,ℓ,r(x), P2,d,ℓ,r(x), . . . , Pm+1,d,ℓ,r(x) be defined as
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follows.

Pk,d,ℓ,r(x) =



Pm,d,ℓ,r(x−m+ k) −
m∑

i3=k+1
ei3(ℓ)Pm,d,ℓ,r(x+ k + 1 − i3), if 1 ≤ k ≤ m− 1

δd(ℓ)xd + δd−1(ℓ)xd−1 + · · · + δ1(ℓ)x+ δ0(ℓ), if k = m

sℓ+r −
m∑

i3=1
Pi3,d,ℓ,r(1)s(i3+1)ℓ+r, if k = m+ 1.

We shall show Lemma 6 as a special case of Theorem 1 when P (x) = xd with d ∈ N0. Hence,
Theorem 1 will be automatically true for general polynomial P (x). Before we direct to Lemma
6, let us notice the following remark. This remark explains why we "suddenly" construct the
polynomials in Definition 4 and how they are influenced by δ0(ℓ), δ1(ℓ), ..., δd(ℓ) as defined in
Definition 3.

Remark 2. We note that the polynomials introduced in Definition 4 play importantly to
show Theorem 1. How can these polynomials be obtained? It is motivated by claiming that
the formula Eq. (12) holds true for all n ∈ N. Then, we have two equations as follows:

n∑
k=1

P (k)shk+r = P1(n)sh(n+1)+r + · · · + Pm(n)sh(n+m)+r + Pm+1(n), (22)

n+1∑
k=1

P (k)shk+r = P1(n+ 1)sh(n+2)+r + · · · + Pm(n+ 1)sh(n+m+1)+r + Pm+1(n+ 1). (23)

Subtracting the Eq. (22) from (23) yields

(Pm(n+ 1) − Pm(n)) + Pm(n+ 1)sh(n+m+1)r = (P1(n) + P (n+ 1))sh(n+1)+r

+
m∑

k=2
(Pk(n) − Pk−1(n+ 1))sh(n+k)+r. (24)

If we compare the Eq. (24) with the linear recurrence relation Eq. (17) when (ℓ, q) :=
(h, hn+ h+ r), we expect that Pm+1(x) is a constant polynomial and the following system
of equations must hold:{

P1(x) + P (x+ 1) = e1(h)Pm(x+ 1)
Pk(x) − Pk−1(x+ 1) = ek(h)Pm(x+ 1), if 2 ≤ k ≤ m.

(25)

By Eq. (25), it should imply

Pm(x) +P (x+m) = e1(h)Pm(x+m) + e2(h)Pm(x+m− 1) + · · · + em(h)Pm(x+ 1). (26)

By the given condition that the hth power of every roots of CP(x) are not equal to 1
(i.e., rh

k ̸= 1 for 1 ≤ k ≤ m), we have −1 + ∑m
i3=1 ei(h) = −

∏m
i3=1(1 − rh

i3) ̸= 0 and
e1(h) + e2(h) + · · · + em(h) ̸= 1. By Eq. (26), the degrees of Pm(x) and P (x) are equal. For
the case when P (x) = xd with d ∈ N0, by comparing the equality of coefficients between the
left and right hand sides of Eq. (26), it turns out that δk(h) is the coefficient of xk in Pm(x).
Therefore, {Pk(x) := Pk,d,h,r(x)}m+1

k=1 is a solution of Eq. (22) for the case that P (x) = xd.
However, this step is not allowed as a formal proofing, because at first we assume directly
that the formula Eq. (12) is true for all n ∈ N. Instead, the mathematical induction is the
suitable way to apply as we will see later in the proof of Lemma 6.
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Lemma 6. Given (d, h, r) ∈ N0 × (Z \ {0}) × Z such that rh
1 , r

h
2 , . . . , r

h
m are distinct and

not equal to 1, then
n∑

k=1
kdshk+r =

[ m∑
k=1

Pk,d,h,r(n)s(n+k)h+r

]
+ Pm+1,d,h,r(n), ∀n ∈ N.

Proof. We shall show the above identity by using induction. For all n ∈ N, let S(n) be the
statement that ∑n

k=1 k
dshk+r =

[∑m
k=1 Pk,d,h,r(n)s(n+k)h+r

]
+ Pm+1,d,h,r(n). The definition

of Pm+1,d,h,r(x) implies that S(1) is true. By considering an arbitrary n1 ∈ N which makes
S(n1) true, we then have

n1∑
k=1

kdshk+r =
[ m∑

k=1
Pk,d,h,r(n1)s(n1+k)h+r

]
+ Pm+1,d,h,r(n1) (27)

By definition 4 and noting that ∑m
i3=m+1 ei3(h)Pm,d,h,r(x + m + 1 − i3) = 0, each k ∈

{2, 3, . . . ,m} satisfies

Pk,d,h,r(x) = Pm,d,h,r(x−m+ k) −
m∑

i3=k+1
ei3(h)Pm,d,h,r(x+ k + 1 − i3)

and

Pk−1,d,h,r(x+ 1) = Pm,d,h,r(x−m+ k) −
m∑

i3=k

ei3(h)Pm,d,h,r(x+ k + 1 − i3),

then
Pk,d,h,r(x) − Pk−1,d,h,r(x+ 1) = ek(h)Pm,d,h,r(x+ 1) (28)

Replacing x in Eq. (28) with x+m− k implies

Pk,d,h,r(x+m− k) − Pk−1,d,h,r(x+m− k + 1) = ek(h)Pm,d,h,r(x+m− k + 1).

Therefore, we obtain
m∑

k=2
(Pk,d,h,r(x+m− k) − Pk−1,d,h,r(x+m− k + 1)) =

m∑
k=2

ek(h)Pm,d,h,r(x+m− k + 1)

=⇒ Pm,d,h,r(x) − P1,d,h,r(x+m− 1) =
m∑

k=2
ek(h)Pm,d,h,r(x+m− k + 1). (29)

Next, we observe that the given matrix equation

M(d, h)


δ0(h)
δ1(h)

...
δd(h)

 =


(d

0
)
md(d

1
)
md−1

...(d
d

)
m0


is equivalent to the system of d+ 1 equations

m∑
i1=1

d∑
i2=k

ei1(h)δi2(h)
(
i2
k

)
(m+ 1 − i1)i2−k =

(
d

k

)
md−k + δk(h), k = 0, 1, 2, . . . , d. (30)
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Besides that, for all k ∈ {0, 1, 2, . . . , d}, the coefficients of xk in the polynomials (x+m)d +
Pm,d,h,r(x) and ∑m

i1=1 ei1(h)Pm,d,h,r(x+m+ 1 − i1) are respectively(
d

k

)
md−k + δk(h) and

m∑
i1=1

d∑
i2=k

ei1(h)δi2(h)
(
i2
k

)
(m+ 1 − i1)i2−k.

Since the degrees of (x+m)d + Pm,d,h,r(x) and ∑m
i3=1 ei3(h)Pm,d,h,r(x+m+ 1 − i3) are at

most d, comparing to Eq. (30) yields

(x+m)d + Pm,d,h,r(x) =
m∑

i3=1
ei3(h)Pm,d,h,r(x+m+ 1 − i3). (31)

We then subtract the Eq. (29) from (31) to obtain

(x+m)d + P1,d,h,r(x+m− 1) = e1(h)Pm,d,h,r(x+m). (32)

Replacing x in Eq. (32) with x−m+ 1 yields the equation

(x+ 1)d + P1,d,h,r(x) = e1(h)Pm,d,h,r(x+ 1). (33)

Combining Eqs. (28) and (33) implies that the ratio of polynomials Pm,d,h,r(x + 1) :
(Pm,d,h,r(x) − Pm−1,d,h,r(x+ 1)) : (Pm−1,d,h,r(x) − Pm−2,d,h,r(x+ 1)) : · · · · · · : (P2,d,h,r(x) −
P1,d,h,r(x+ 1)) : ((x+ 1)d + P1,d,h,r(x)) is equal to 1 : em(h) : em−1(h) : · · · : e2(h) : e1(h).
By combining with the recurrence relation Eq. (2) when ℓ := h and q := (n1 + 1)h+ r, we
will get the equation

Pm,d,h,r(x+ 1)s(n1+m+1)h+r = ((x+ 1)d + P1,d,h,r(x))s(n1+1)h+r

+
m∑

k=2
(Pk,d,h,r(x) − Pk−1,d,h,r(x+ 1))s(n1+k)h+r

which is equivalent to

(x+ 1)ds(n1+1)h+r = −P1,d,h,r(x)s(n1+1)h+r + Pm,d,h,r(x+ 1)sn1+m+1

+
m∑

k=2
(Pk−1,d,h,r(x+ 1) − Pk,d,h,r(x))s(n1+k)h+r. (34)

Setting x := n1 to Eq. (34) yields the equation

(n1 + 1)ds(n1+1)h+r = −P1,d,h,r(n1)s(n1+1)h+r + Pm,d,h,r(n1 + 1)sn1+m+1

+
m∑

k=2
(Pk−1,d,h,r(n1 + 1) − Pk,d,h,r(n1))s(n1+k)h+r. (35)

By summing up the equations Eqs. (27) and (35), we obtain

n1+1∑
k=1

kdshk+r =
[ m∑

k=1
Pk,d,h,r(n1 + 1)s(n1+k+1)h+r

]
+ Pm+1,d,h,r(n1 + 1).

Then, S(n1 + 1) is true. By induction, S(n) is true for all n ∈ N, then the proof (of Lemma
6) completes. □
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By considering a polynomial P (x) ∈ C[x], we have P (x) = ∑
d∈N0 Coef(d, P (x))xd where

Coef(d, P (x)) is the coefficient of xd in P (x). Then, a suitable example of polynomials
P1(x), P2(x), . . . , Pm+1(x) in C[x] which satisfy the identity Eq. (15) is

Pk(x) := Pk(x) def=
∑

d∈N0

Coef(d, P (x))Pk,d,h,r(x), ∀k ∈ {1, 2, . . . ,m+ 1}.

Hence, the proof (of Theorem 1) completes.

6. Proof of Theorem 2
Let us consider a polynomial P (x) in C[x]. Next, we suppose that S is the set of (m+ 1)-tuple
of polynomials (γ1(x), γ2(x), . . . , γm+1(x)) ∈ C[x]m+1 which satisfy

γ1(n)s(n+1)h+r + γ2(n)s(n+2)h+r + · · · + γm(n)s(n+m)h+r + γm+1(n) = 0 (∀n ∈ N) (36)

and S (P (x)) is the set of all possible (P1(x), P2(x), . . . , Pm+1(x)) in C[x]m+1 which satisfy the
identity Eq. (15).

Then, we have an important lemma as follows.

Lemma 7. |S (P (x))| = |S |.

Proof. As we have said in the last paragraph of Section 5, (P1(x),P2(x), . . . ,Pm+1(x)) ∈
S (P (x)). Let us observe that for every (P1(x), P2(x), . . . , Pm+1(x)) in S (P (x)), then
(P1(x) − P1(x), P2(x) − P2(x), . . . , Pm+1(x) − Pm+1(x)) ∈ S . So, we can construct a
mapping T : S (P (x)) → S defined by

T (P1(x), P2(x), . . . , Pm+1(x)) = (P1(x) − P1(x), P2(x) − P2(x), . . . , Pm+1(x) − Pm+1(x))

for all (P1(x), P2(x), . . . , Pm+1(x)) ∈ S (P (x)).
T is injective because if

(P (1)
1 (x), P (1)

2 (x), · · · , P (1)
m+1(x)) ∈ S (P (x)) and (P (2)

1 (x), P (2)
2 (x), · · · , P (1)

m+1(x)) ∈ S (P (x))

satisfy the condition

T (P (1)
1 (x), P (1)

2 (x), · · · , P (1)
m+1(x)) = T (P (2)

1 (x), P (2)
2 (x), · · · , P (1)

m+1(x)),

then for all k ∈ {1, 2, ...,m+ 1},

P
(1)
k (x) − Pk(x) = P

(2)
k (x) − Pk(x) =⇒ P

(1)
k (x) = P

(2)
k (x),

hence (P (1)
1 (x), P (1)

2 (x), · · · , P (1)
m+1(x)) = (P (2)

1 (x), P (2)
2 (x), · · · , P (2)

m+1(x)).
Besides that, T is surjective because for every (P (3)

1 (x), P (3)
2 (x), · · · , P (3)

m+1(x)) ∈ S , there
exists (P (3)

1 (x) + P1(x), P (3)
2 (x) + P2(x), · · · , P (3)

m+1(x) + Pm+1(x)) ∈ S (P (x)) such that

T (P (3)
1 (x)+P1(x), P (3)

2 (x)+P2(x), · · · , P (3)
m+1(x)+Pm+1(x)) = (P (3)

1 (x), P (3)
2 (x), · · · , P (3)

m+1(x)).

Thus, T is a bijection and the result follows. □

By replacing each of s(n+1)h+r, s(n+2)h+r, . . . , s(n+m)h+r in Eq. (36) with the formula Eq.
(16), the identity Eq. (36) is equivalent to

γm+1(n) +
m∑

i1=1

m∑
i2=1

γi1(n)Ωi2r
(n+i1)h+r
i2

= 0 (∀n ∈ N). (37)
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By defining the polynomials Q1(x), Q2(x), . . . , Qm(x) with

Qi2(x) = Ωi2r
h+r
i2

m∑
i1=1

γi1(x)r(i1−1)h
i2

, ∀i2 = 1, 2, ...,m, (38)

the identity Eq. (37) is equivalent to

Q1(n)rhn
1 +Q2(n)rhn

2 + · · · +Qm(n)rhn
m + γm+1(n) = 0, ∀n ∈ N. (39)

We shall show that all of Q1(x), Q2(x), . . . , Qm(x) are zero polynomials. Assume the contrary
that there exists a polynomial among Q1(x), Q2(x), . . . , Qm(x) which is not a zero polynomial.
Let {t1, t2, · · · , tp}, with p ∈ {1, 2, ...,m} and t1 < t2 < · · · < tp, be the set of all indices i2 in
{1, 2, ...,m} for which Qi2(x) is not zero polynomial. Then, the identity Eq. (39) becomes

γm+1(n) +
p∑

k=1
Qtk

(n)rhn
tk

= 0, ∀n ∈ N. (40)

Suppose that {|rh
tk

| : k ∈ {1, 2, ..., p}} = {ρ1, ρ2, ..., ρw} for some w ∈ N with w ≤ p and
0 < ρ1 < ρ2 < · · · < ρw. Therefore, we can construct a function κ : {0, 1, 2, ..., w} → {0, 1, 2, ..., p}
in such a way that 0 = κ(0) < κ(1) < · · · < κ(w) = p and for every i1 ∈ {1, 2, ..., w},

ρi1 =
∣∣rh

tκ(i1−1)+i2

∣∣, ∀i2 ∈ {1, 2, ..., κ(i1) − κ(i1 − 1)}.

Without loss of generality, for every i1 ∈ {1, 2, ..., w} and i2 ∈ {1, 2, ..., κ(i1) − κ(i1 − 1)}, let
rh

tκ(i1−1)+i2
= ρi1 exp(iθi1,i2) where 0 ≤ θi1,1 < θi1,2 < · · · < θi1,κ(i1)−κ(i1−1) < 2π ,and let the

polynomials Qi1,i2(x) = Qtκ(i1−1)+i2
(x). Then, the identity Eq. (40) is equivalent to

γm+1(n) +
w∑

i1=1
ρn

i1Vn(i1) = 0, ∀n ∈ N, (41)

where Vn(i1) = ∑κ(i1)−κ(i1−1)
i2=1 Qi1,i2(n) exp(inθi1,i2) for every (i1, n) ∈ {1, 2, ..., w} × N. Let us

consider the identity Eq. (41) into 3 cases: ρw < 1, ρw > 1, and ρw = 1.
CASE ρw < 1:
We note that ρ1, ρ2, ..., ρw < 1. By Lemma 2, for each i1 ∈ {1, 2, ..., w} and i2 ∈ {1, 2, ..., κ(i1) −
κ(i1 − 1)}, we have

lim
n→∞
n∈N

|ρn
i1Qi1,i2(n) exp(inθi1,i2)| = lim

n→∞
n∈N

|ρn
i1Qi1,i2(n)| = 0 =⇒ lim

n→∞
n∈N

ρn
i1Qi1,i2(n) exp(inθi1,i2) = 0.

Limiting n → ∞ to Eq. (41) yields lim
n→∞
n∈N

γm+1(n) = 0. By Lemma 1, γm+1(x) is a zero polynomial.

Then, the identity Eq. (41) is equivalent to
w∑

i1=1

ρn
i1

ρn
w

Vn(i1) = 0, ∀n ∈ N. (42)

If w = 1, then the identity Eq. (42) yields Vn(w) = 0 for all n ∈ N, so we can write lim
n→∞
n∈N

Vn(w) = 0.

If w > 1, then for all i1 ∈ {1, 2, ..., w − 1}, ρi1
ρw

< 1. By triangle inequality and Lemma 2, each i1
in {1, 2, ..., w − 1} satisfies

lim
n→∞
n∈N

∣∣∣∣ρn
i1

ρn
w

Vn(i1)
∣∣∣∣ ≤ lim

n→∞
n∈N

κ(i1)−κ(i1−1)∑
i2=1

∣∣∣∣ρn
i1

ρn
w

Qi1,i2(n)
∣∣∣∣ = 0,
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hence lim
n→∞
n∈N

ρn
i1

ρn
w
Vn(i1) = 0. Limiting n → ∞ to Eq. (42) implies lim

n→∞
n∈N

Vn(w) = 0.

Now, we focus on the limit lim
n→∞
n∈N

Vn(w) = 0. It is clear that there is a w′ ∈ {1, 2, ..., κ(w) −

κ(w − 1)} in such a way that Qw,w′(x) has the highest degree among the polynomials Qw,1(x),
Qw,2(x),...,Qw,κ(w)−κ(w−1)(x). Then, lim

n→∞
n∈N

1
Qw,w′ (n) equals zero or a complex constant. It implies

the following limit.

lim
n→∞
n∈N

κ(w)−κ(w−1)∑
i2=1

Qw,i2(n)
Qw,w′(n) exp(inθw,i2) = lim

n→∞
n∈N

Vn(w)
Qw,w′(n) = 0 (43)

For all i2 ∈ {1, 2, ..., κ(w) − κ(w − 1)}, let us define Ji2
def= lim

n→∞
n∈N

Qw,i2 (n)
Qw,w′ (n) . Then, each i2 in

{1, 2, ..., κ(w) − κ(w − 1)} satisfies the limit

lim
n→∞
n∈N

(
Ji2 − Qw,i2(n)

Qw,w′(n)

)
exp(inθw,i2) = 0,

which derives from

lim
n→∞
n∈N

∣∣∣∣
(

Ji2 − Qw,i2(n)
Qw,w′(n)

)
exp(inθw,i2)

∣∣∣∣ = lim
n→∞
n∈N

∣∣∣∣Ji2 − Qw,i2(n)
Qw,w′(n)

∣∣∣∣ = |Ji2 − Ji2 | = 0.

Consequently,

lim
n→∞
n∈N

κ(w)−κ(w−1)∑
i2=1

(
Ji2 − Qw,i2(n)

Qw,w′(n)

)
exp(inθw,i2) = 0. (44)

Summing up the limit equation Eqs. (43) and (44) yields

lim
n→∞
n∈N

(
J1 exp(inθw,1) + · · · + Jκ(w)−κ(w−1) exp(inθw,κ(w)−κ(w−1))

)
= 0 (45)

If κ(w) − κ(w − 1) = 1, we have w′ = 1 and

lim
n→∞
n∈N

|J1| = lim
n→∞
n∈N

|J1 exp(inθw,1)| = 0 =⇒ J1 = 0.

While by definition, J1 = lim
n→∞
n∈N

Qw,1(n)
Qw,1(n) = 1, a contradiction.

If κ(w) − κ(w − 1) > 1, by Eq. (45) and using Lemma 5, we must have J1 = J2 = · · · =
Jκ(w)−κ(w−1) = 0. It also contradicts to the fact Jw′ = lim

n→∞
n∈N

Qw,w′ (n)
Qw,w′ (n) = 1.

CASE ρw > 1:
The identity Eq. (41) is equivalent to

γm+1(n)
ρn

w

+
w∑

i1=1

ρn
i1

ρn
w

Vn(i1) = 0, ∀n ∈ N. (46)

By Lemma 2, lim
n→∞
n∈N

γm+1(n)
ρn

w
= 0.

If w = 1, by limiting n → ∞ to Eq. (46), we get lim
n→∞
n∈N

Vn(w) = 0.

If w > 1, then ρi2
ρw

< 1 for all i2 ∈ {1, 2, ..., w − 1}. By triangle inequality and Lemma 2, each i1
in {1, 2, ..., w − 1} satisfies

lim
n→∞
n∈N

∣∣∣∣ρn
i1

ρn
w

Vn(i1)
∣∣∣∣ ≤ lim

n→∞
n∈N

κ(i1)−κ(i1−1)∑
i2=1

∣∣∣∣ρn
i1

ρn
w

Qi1,i2(n)
∣∣∣∣ = 0,
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then lim
n→∞
n∈N

ρn
i1

ρn
w
Vn(i1) = 0. By limiting n → ∞ to Eq. (46), we obtain lim

n→∞
n∈N

Vn(w) = 0.

The implication of the limit lim
n→∞
n∈N

Vn(w) = 0 is as similar as our step in the case when ρw < 1.

There will be a contradiction.
CASE ρw = 1:
If w = 1, the identity Eq. (41) is equivalent to Vn(w) + γm+1(n) = 0, ∀n ∈ N, hence we get the
limit lim

n→∞
n∈N

(Vn(w) + γm+1(n)) = 0.

If w > 1, we have ρi1 < 1 for all i1 ∈ {1, 2, ..., w − 1}. By triangle inequality and Lemma 2, for
all i1 ∈ {1, 2, ..., w − 1},

lim
n→∞
n∈N

∣∣ρn
i1Vn(i1)

∣∣ ≤ lim
n→∞
n∈N

κ(i1)−κ(i1−1)∑
i2=1

∣∣ρn
i1Qi1,i2(n)

∣∣ = 0,

hence lim
n→∞
n∈N

ρn
i1Vn(i1) = 0. Therefore, by limiting n → ∞ to Eq. (41), we get lim

n→∞
n∈N

(Vn(w) +

γm+1(n)) = 0.
Suppose Q(x) is the polynomial among Qw,1(x), Qw,2(x), . . . , Qw,κ(w)−κ(w−1)(x), γm+1(x) which
has the highest degree, so lim

n→∞
n∈N

1
Q(n) equals zero or a complex constant. We obtain

lim
n→∞
n∈N

γm+1(n)
Q(n) +

κ(w)−κ(w−1)∑
i2=1

Qw,i2(n)
Q(n) exp(inθw,i2)

 = lim
n→∞
n∈N

Vn(w) + γm+1(n)
Q(n) = 0. (47)

Next, suppose J0 def= lim
n→∞
n∈N

γm+1(n)
Q(n) and Ji2

def= lim
n→∞
n∈N

Qw,i2 (n)
Q(n) for every i2 ∈ {1, 2, ..., κ(w) −

κ(w − 1)}. Let us observe that, for all i2 ∈ {1, 2, ..., κ(w) − κ(w − 1)},

lim
n→∞
n∈N

∣∣∣∣ (Ji2 − Qw,i2(n)
Q(n)

)
exp(inθw,i2)

∣∣∣∣ = lim
n→∞
n∈N

∣∣∣∣Ji2 − Qw,i2(n)
Q(n)

∣∣∣∣ =
∣∣Ji2 − Ji2

∣∣ = 0

and therefore,
lim

n→∞
n∈N

(
Ji2 − Qw,i2(n)

Q(n)

)
exp(inθw,i2) = 0.

So, we get the following limit of summation:

lim
n→∞
n∈N

κ(w)−κ(w−1)∑
i2=1

(
Ji2 − Qw,i2(n)

Q(n)

)
exp(inθw,i2) = 0. (48)

Summing up the limit Eqs. (47) and (48) implies the new limit equation

lim
n→∞
n∈N

J0 +
κ(w)−κ(w−1)∑

i2=1
Ji2 exp(inθw,i2)

 = 0. (49)

Since rh
1 , r

h
2 , ..., r

h
m are not equal to 1 and ρw = 1, then we must have 0 < θw,1 < θw,2 <

· · · < θw,κ(w)−κ(w−1) < 2π. By applying Lemma 5 to Eq. (49), we obtain J0 = J1 = · · · =
Jκ(w)−κ(w−1) = 0. It is clearly a contradiction because one of J0,J1, ...,Jκ(w)−κ(w−1) should
be equal to 1.
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Finally, all of Q1(x), Q2(x), ..., Qm(x) are zero polynomials. By Eq. (39) and Lemma 1,
γm+1(x) is a zero polynomial. By Eq. (38), we obtain the following matrix equation:

1 rh
1 r2h

1 . . . r
(m−1)h
1

1 rh
2 r2h

2 . . . r
(m−1)h
2

1 rh
3 r2h

3 . . . r
(m−1)h
3

...
...

... . . . ...
1 rh

m r2h
m . . . r

(m−1)h
m




γ1(x)
γ2(x)
γ3(x)

...
γm(x)

 =


0
0
0
...
0

 . (50)

The matrix 

1 rh
1 r2h

1 . . . r
(m−1)h
1

1 rh
2 r2h

2 . . . r
(m−1)h
2

1 rh
3 r2h

3 . . . r
(m−1)h
3

...
...

... . . . ...
1 rh

m r2h
m . . . r

(m−1)h
m


is invertible, because its determinant is ∏1≤i1<i2≤m(rh

i2 − rh
i1) ̸= 0. Therefore, Eq. (50) implies

that all of γ1(x), γ2(x), . . ., γm(x) are zero polynomials. In conclusion, S has only one element.
By Lemma 7, S (P (x)) has one element too. It means that there is uniquely (m + 1)-tuple
(P1(x), P2(x), . . . , Pm+1(x)) ∈ C[x]m+1 which satisfies the identity

n∑
k=1

P (k)shk+r =
(

m∑
k=1

Pk(n)s(n+k)h+r

)
+ Pm+1(n), ∀n ∈ N,

and the proof completes.

7. Some Examples
We provide examples of numerical computation of Ledin-Brousseau sum in two perspectives:
computing directly and applying Lemma 6. Here we consider Example 1 and 2 as the samples.

Example 3. Let m = 2, sk+2 = sk+1 + sk, and s0 = 0, s1 = 1. Hence sk = Fk where
(Fk)k∈Z is Fibonacci sequence with integer indices. Let n ∈ N be arbitrary. A well-known
identitya involving Fibonacci numbers states that F1 + F2 + · · · + Fn = Fn+2 − 1. If we
compute the sum ∑n

k=1 kFk−1 directly, we can obtain as follows.
n∑

k=1
kFk−1 = (n+ 1)

n−1∑
k=0

Fk −
n−1∑
k=0

k∑
j=0

Fj = (n+ 1)(Fn+1 − 1) −
n−1∑
k=0

(Fk+2 − 1)

= (n+ 1)(Fn+1 − 1) − (Fn+3 − F1 − 1 − n)
= (n+ 1)Fn+1 − (n+ 1) − (2Fn+1 + Fn − n− 2)
= −Fn + (n− 1)Fn+1 + 1.

If we apply Lemma 6, we have
n∑

k=1
kFk−1 = P1(n)Fn + P2(n)Fn+1 + P3(n), (51)

where P1(x),P2(x),P3(x) are polynomials defined by
P1(x) = P2(x− 1) − P2(x),
P2(x) = h1x+ h0,

P3(x) = F0 − (P1(1)F1 + P2(1)F2),
(52)
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and h0 and h1 are determined by(
h0
h1

)
=
(

1 3
0 1

)−1(2
1

)
=
(

−1
1

)
.

Setting (h0, h1) = (−1, 1) to Eq. (52) implies P2(x) = x−1, P1(x) = (x−2)− (x−1) = −1,
and P3(x) = F0 − (−F1 + 0) = 1. Hence, by Eq. (51), we get the explicit formula

n∑
k=1

kFk−1 = −Fn + (n− 1)Fn+1 + 1.

asee [15], table 1.1, page 19, identity (15).

Example 4. Let m = 2, sk+2 = sk+1 + sk, and s0 = 2, s1 = 1. Hence sk = Lk where
(Lk)k∈Z is Lucas sequence with integer indices. Let n ∈ N be arbitrary. It has been knowna

that L1 + L2 + ....+ Ln = Ln+2 − 3, hence it implies

n∑
k=1

kLk = (n+ 1)
n∑

k=1
Lk −

n∑
k=1

k∑
j=1

Lj = (n+ 1)(Ln+2 − 3) −
n∑

k=1
(Lk+2 − 3)

= (n+ 1)(Ln+2 − 3) − (Ln+4 − 3 − L1 − L2 − 3n)
= (n+ 1)Ln+2 − Ln+4 + 4
= (n+ 1)Ln+2 − (Ln+1 + 2Ln+2) + 4
= −Ln+1 + (n− 1)Ln+2 + 4

and then
n∑

k=1
k2Lk = (n+ 1)

n∑
k=1

kLk −
n∑

k=1
(n+ 1 − k)kLk

= (n+ 1)
n∑

k=1
kLk −

n∑
k=1

k∑
j=1

jLj

= (n+ 1)
n∑

k=1
kLk −

n∑
k=1

(−Lk+1 + (k − 1)Lk+2 + 4)

= (n+ 1)
n∑

k=1
kLk +

n+1∑
k=2

Lk −
n+2∑
k=3

kLk + 3
n+2∑
k=3

Lk − 4n

= (n+ 1)(−Ln+1 + (n− 1)Ln+2 + 4) + (Ln+3 − 3 − L1)
− (−Ln+3 + (n+ 1)Ln+4 + 4 − L1 − 2L2) + 3(Ln+4 − 3 − L1 − L2) − 4n

= −(n+ 1)Ln+1 + (n2 − 1)Ln+2 + 2Ln+3 − (n− 2)Ln+4 − 18
= −(n+ 1)Ln+1 + (n2 − 1)Ln+2 + 2(Ln+1 + Ln+2) − (n− 2)(Ln+1 + 2Ln+2) − 18
= (−2n+ 3)Ln+1 + (n2 − 2n+ 5)Ln+2 − 18.

Next, let us apply Lemma 6 to compute ∑n
k=1 k

2Lk. We have the identity of the form
n∑

k=1
k2Lk = Q1(n)Ln+1 + Q2(n)Ln+2 + Q3(n), (53)
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where Q1(x), Q2(x), Q3(x) are polynomials defined by
Q1(x) = Q2(x− 1) − Q2(x),
Q2(x) = g2x

2 + g1x+ g0,

Q3(x) = L1 − (Q1(1)L2 + Q2(1)L3)
(54)

and g0, g1, g2 are determined byg0
g1
g2

 =

1 3 5
0 1 6
0 0 1


−14

4
1

 =

 5
−2
1

 .
Setting (g0, g1, g2) = (5,−2, 1) to Eq. (54) implies Q2(x) = x2 − 2x+ 5, Q1(x) = ((x− 1)2 −
2(x− 1) + 5) − (x2 − 2x+ 5) = −2x+ 3, and Q3(x) = L1 − (L2 + 4L3) = −18. Plugging
these polynomials to Eq. (53) yields

n∑
k=1

k2Lk = (−2n+ 3)Ln+1 + (n2 − 2n+ 5)Ln+2 − 18.

asee [15], table 1.1, page 19, identity (16).

8. Conclusion
This paper extends several previous results on Ledin-Brousseau sum. We generalized this sum
for a more general linear recurrence sequence and found the similarity of the formula with
previous results. Besides that, we have established a new property on the representation of
Ledin-Brousseau sum, that is the uniqueness of polynomials which generate its formula. It is
hoped that this paper inspires the future research especially in the realm of number theory. We
have several ideas for the future development of Ledin-Brousseau sum and will discuss these in
the next section.

9. Discussion and Open Problems
We propose some open problems by modifying some given constraints, either the roots r1, r2, ..., rm

of characteristic polynomial CP(x) or the choice of h.
Since all roots of CP(x) must be distinct in our results, it is natural to ask what will happen

if one of r1, r2, ..., rm may be same. Does the existence and uniqueness property still hold as
similar as Theorem 1 and 2?

Problem 1. Let P (x) ∈ C[x] be a polynomial and r ∈ Z. Let (sk)k∈Z be a sequence
defined in Definition 1, where the only modified constraint is that two of the roots of CP(x)
can be equal.

(i) Does there exist an ordered pair of polynomials (P1(x), P2(x), ..., Pm+1(x)) in C[x]m+1

such that∑n
k=1 P (k)sk+r = P1(n)sn+1+r+P2(n)sn+2+r+· · ·+Pm(n)sn+m+r+Pm+1(n)

for all n ∈ N? If yes, is this pair unique?
(ii) What will happen if we extend to the sum ∑n

k=1 P (k)shk+r for general h ∈ Z ?

Next, suppose (sk)k∈Z is a sequence defined in Definition 1 without any modification and
we only focus on the choice of h. It is written in Theorem 1 and 2 that all of rh

1 , r
h
2 , ..., r

h
m

are not equal to 1. It turns out that the value of h satisfying this condition can affect the
construction of matrix M(d, ℓ) when ℓ := h. It means that, in our results, the coefficients
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of polynomials of P1(x), P2(x), ..., Pm+1(x) are generated by M(d, h) to make the identity∑n
k=1 P (k)shk+r = P1(n)sh(n+1)+r + P2(n)sh(n+2)+r + · · · + Pm(n)sh(n+m)+r + Pm+1(n) holds

for all n ∈ N. Unfortunately, the weakness of this construction is when the matrix M(d, h) is
singular, hence the constructions in Definition 4 and Eq. (21) are no longer reliable. We note
that M(d, h) is singular if and only if one of rh

1 , r
h
2 , ..., r

h
m is equal to 1. Therefore, it is natural

to ask whether Theorem 1 and 2 still hold or not when one of r1, r2, ..., rm is a hth root of unity.

Problem 2. Let P (x) ∈ C[x] be a polynomial and (sk)k∈Z be a sequence as defined in
Definition 1 without any modification. Let h, r be integers such that one of the roots of
characteristic polynomial CP(x) is a hth root of unity. Does there exist an ordered pair of
polynomials (P1(x), P2(x), ..., Pm+1(x)) in C[x]m+1 such that the sum ∑n

k=1 P (k)shk+r can
be represented by P1(n)sh(n+1)+r + P2(n)sh(n+2)+r + · · · + Pm(n)sh(n+m)+r + Pm+1(n) for
all n ∈ N ? If yes, is this pair unique?

Another modification for the value of h is that two of rh
1 , r

h
2 , ..., r

h
m may be equal. Suppose

(sk)k∈Z is still a sequence in Definition 1 without any modification. Suppose that all roots of
CP(x) are not the hth roots of unity. For r ∈ Z, in our results, we use the mutually distinct
condition of rh

1 , r
h
2 , ..., r

h
m to imply that (shk+r)k∈Z satisfies a homogeneous linear recurrence

relation with complex constant coefficients, see Lemma 3 when (ℓ, q) := (h, r). If we modify
that two of rh

1 , r
h
2 , ..., r

h
m can be equal, does (shk+r)k∈Z still satisfy a linear recurrence relation

as similar as Lemma 3 ? Are there the other methods to show the existence and uniqueness
property in this case? Hence, we propose the following problem.

Problem 3. Let P (x) ∈ C[x] be a polynomial and (sk)k∈Z be a sequence as defined in
Definition 1 without any modification. Let h, r be integers such that none of r1, r2, ..., rm is
a hth root of unity and two of rh

1 , r
h
2 , ..., r

h
m can be equal. Does there exist an ordered pair

of polynomials (P1(x), P2(x), ..., Pm+1(x)) in C[x]m+1 such that the sum ∑n
k=1 P (k)shk+r

can be represented by P1(n)sh(n+1)+r + P2(n)sh(n+2)+r + · · · + Pm(n)sh(n+m)+r + Pm+1(n)
for all n ∈ N ? If yes, is this pair unique?
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