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Abstract

In this paper, we introduce partial extended b-metric spaces (PEBMS) as a generalization
that encompasses both extended b-metric spaces and partial b-metric spaces as special cases.
This new structure incorporates a point-dependent control function from extended b-metrics
together with the possibility of non-zero self-distance from partial b-metrics, providing a
more flexible framework for studying generalized metric spaces. We establish fundamental
properties and prove fixed point theorems for three distinct contraction types.
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1. Introduction

Fixed-point theory is a part of mathematics that has a fundamental role in mathematical analysis.
Its classical foundation was created by the Banach Contraction Principle [1], which guarantees
the existence and uniqueness of a fixed point for a contraction mapping on a complete metric
space. As this field has evolved, various generalizations of metric spaces have been introduced
to expand the scope of the theory. Bakhtin [2] and Czerwik [3] introduced b-metric spaces by
modifying the triangle inequality using a constant s > 1, which subsequently produced many new
fixed-point results [4-6]. On the other side, Matthews [7] introduced partial metric spaces, which
allow the distance of a point from itself to be non-zero, with the primary motivation coming from
the semantics of programming languages [8-10]. The combination of these two concepts resulted
in partial metric-b spaces introduced by Shukla [11] and further developed by Dung and Hang
[12] as well as Karahan and Isik [13]. Kamran et al. [14] then generalized the b-metric space to
an extended b-metric space by replacing the constant s > 1 by a function 0 : X x X — [1,00) .
Various fixed-point results within this framework have been studied in [15, 16].

Although these generalizations have produced many fixed-point theorems, most research
still addresses each space structure separately. Some studies have attempted to combine two
concepts, such as partial b-metric spaces, which only merge two concepts but are limited to
certain types of contractions. In addition, the results in extended b-metric spaces generally
focus on specific classes of contractions and do not simultaneously accommodate various types
of contractions within a unified space structure. These limitations reveal a research gap in
developing a space capable of integrating the characteristics of partial and extended b-metric
structures while supporting various types of contraction mappings.
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Based on this background, this study is inspired to develop the concept of Partial Extended
b-metric Space (PEBMS) as a generalization that combines the flexible distance structures of
partial b-metric and extended b-metric spaces. Through this framework, it is expected that new
fixed-point theorems for several types of contraction mappings can be obtained simultaneously,
thus offering a more comprehensive contribution to the advancement of fixed-point theory.

2. Preliminaries

In this section, we recall several basics definitions and preliminary results related to extended
b-metric spaces and partial b-metric spaces. In particular, we present some fundamental notions
together with auxiliary lemmas and known fixed point results that will be used in the sequel.
These concepts form the theoretical foundation for the main results on fixed points in partial
extended b-metric space.

Definition 1. [14] Let X be a non empty set and 6 : X x X — [1,00). A function
dg: X x X — [0,00) is called extended b-metric (EBM) if for all z,y,z € X it satisfies:

1. dg(z,y) =0 <= =x=y
2. d9($ay) = dg(y,.’E)
3. do(x,2) < 0(x, 2)[dg(x,y) + do(y, 2)]

The pair (X,dp) is called extended b-metric space (EBMS)

Remark 1. if §(z,y) = s for s > 1 we obtain the definition of b-metric space [2, 3]

Example 1. Let X ={2,3,4},0: X x X — [1,00), and dp : X x X — [0,00) as follows:
Oz, y) =1+z+y

0 if z=y

show that The pair (X,dp) is EBMS

Proof. from definition 1 (1) and (2) are done by replacing x = y. For (3) we have

dg(2,3) = 20
< 0(2,3)[dg(2,4) + dg(4,3)]
= 240

dy(2,4) = 20
< 6(2,4)[dg(2,3) + dy(3,4)]
= 280

in a similar way to dy(3,4), Hence for all z,y,z € X
d@(flf, y) < 9(22’, y)[dg(.f, Z) + dg(Z, y)]

Then we have the pair of (X, dp) is a EBMS. O
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Definition 2. [1] Let (X,d) be a metric space. The mapping 7' : X — X is said to be
Lipschitzian if there exist a constant k& > 0 (called Lipschitz constant) such that

d(Tz,Ty) < kd(z,y), (z,y) € X x X.

A Lipschitzian mapping with a Lipschitz constant & < 1 is called contraction.

Definition 3. [14] Let (X, dy) be an extended b-metric space. A sequence {z,} in X is
said to be:
1. Cauchy if and only if d(z,, ) — 0 as n,m — oo;
2. Convergent if and only if there exist x € X such that d(x,,z) — 0 as n — oo and we
write lim,, oo ,, = T;
3. The b-metric space (X, d) is complete if for every Cauchy sequence is convergent.

Lemma 1. [1}] Let (X ,dg) be an extended b-metric space. If dy is continuous, then every
convergent sequence has a unique limait

Definition 4. [11] Let X be a non-empty set and coeficient s > 1. A function p : X x X —
[0,00) is called partial b-metric (PBM) on X if for all z,y,z € X it satisfies:

The triplet of (X, p, s) is called partial b-metric space (PBMS).

Remark 2. ([11], Remarks 1 and 2)
1. In a partial b-metric space (X, b), condition b(z,y) = 0 implies that x = y; however,
the converse implication does not necessarily hold.

2. A partial metric space can be viewed as a special case of a partial b-metric space with
coefficient s = 1. Similarly, every b-metric space is a partial b-metric space with the
same coefficient and zero self-distance. Nevertheless, the converse statements are not
necessarily true.

Definition 5. [11] Let (X, p) be a partial b-metric space with coefficient s. Let {z,} be
any sequence in X and x € X. Then:
1. The sequence {x,} is said to be convergent to x, if lim,,_ o p(zn, ) = p(x, ).
2. Sequence {z,} is said to be Cauchy sequence in (X, p) if limy, o0 P(Tn, Tm,) exist
and is finite.
3. (X,p) is said to be a complete partial b-metric space if for every Cauchy sequence
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{z,} in X there exist € X such that

plm  p(2n, o) = Mm p(en, 2) = p(z, ).

3. Main Result

Recently, the concept of partial b-metric space was introduced by Shukla in [11] and further
developed by Van Dung and Hang in [12]. Motivated by these developments, the partial extended
b-metric is introduced as a natural of the existing structure.

Definition 6. Let X be a non-empty set and 6 : X x X — [1,00). A function pg: X x X —
[0,00) is called partial extended b-metric (PEBM) on X if for all z,y, z € X it satisfies:

L. py(z,x) = po(z,y) = pe(y,y) if and only if z =y
2. po(w,x) < py(z,y)
3. po(x,y) = po(y, v)
4. po(z,2) < 0(, 2)[po(z,y) + po(y, 2)] — Po(y,y)
The triplet of (X, pg, 0) is called partial extended b-metric space (PEBMS).

While extended b-metric spaces [14] provide flexible triangle inequalities through point-
dependent control functions, and partial b-metric spaces [11] allow non-zero self-distances, these
structures have typically been studied separately with results tailored to specific contraction
types. PEBMS combines both features, enabling a unified treatment of diverse contraction
mappings (Banach, Kannan, Chatterjea types) in one framework. Notably, this combination is
not merely additive: Example 2 shows that PEBMS admits structures impossible to capture by
either EBMS or PBMS, demonstrating that the interplay between point-dependent control and
non-zero self-distance provides genuinely new flexibility for fixed-point analysis.

Example 2. Let X = [0,00). Define § : X x X — [1,00) by 8(z,y) = el® ¥ 4z +y+2 and
pp: X x X — [0,00) by pg(z,y) = el?=¥ — 1+ 2 +y. Then (X, pg,0) is a partial extended
b-metric space, and moreover no constant s > 1 can replace 6 in the generalized triangle
inequality; that is, (X, pp) is not a partial b-metric space for any fixed coefficient s.

Proof. for Axioms 1-3, Since py(z, ) = 2z is injective in x, the condition py(z, x) = py(y,y)
already forces r = y, so Axiom 1 holds. For Axiom 2, using e/ — 1 >t for all t € R with
t=x—y, wegetx —y <el*¥_1 ie.

po(x,x) = 22 < Y — 1 4+ 2+ y = py(z, y).

Axiom 3 (symmetry) is immediate from the definition.
Next for no constant coefficient suffices, Fix x = 0, z = ¢, and take y = ¢t/2. by asymptotic
comparison

po(0, 1) el —1+t¢ 12

= ~

t .
20(0,6/2) + po(t/2,0)  2(e2 —14t/2) 20 0 W™

Hence for every constant s > 1 there exists t large enough for which this ratio exceeds s,
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so no partial b-metric coefficient can work uniformly a point-dependent control function is
structurally necessary.
For axiom 4, by symmetry we may assume z < z; write a = [z —y|, b= |y — 2|, c = 2 — .
Case 1: y € [z, 2], so a+b = c. By convexity of ('), e® + e? > 22, and by e! > 1+t (with
t=c/2), 2¢/? —2 > c. Hence

e +eb—2>c.

Also, since c(e€ +2) — (e — 1) vanishes at ¢ = 0 and has derivative 2 + ce® > 0 for ¢ > 0, we
obtain c(e®+2) > e¢ — 1. Combining,

0(z,z)(e*+ e’ —2) > (ec+2) - ¢ >ef — 1,

and adding the nonnegative remainder 0(z, z)(z + z) + 2y(6(x, z) — 1) > 0 from both sides
gives
po(x, 2) < 0(, z)[po(x, y) + po(y, 2)] — po(y, y)-

Case 2: y ¢ [x,z], say y > z,s0 a = b+ ¢ with b =y — z > 0. The bracket pg(z,y) + po(y, 2)
contains the term e®(e® + 1) — 2 + = + z + 2y, which equals py(z, z) exactly at b =0 and is
strictly increasing in b (as e+ 1 > 2 > 0), while 6(x, z) > 1 is fixed. Thus

0(x, z)[po(x,y) + poly, 2)] > 0(x,2) - po(z, 2) > 2pg(z, 2) > po(z, 2)

at b = 0, and the inequality persists for all b > 0. The case y < z follows by the symmetric
argument.

Therefore Axiom 4 holds for all z,y,z € X, and (X, py,0) is a partial extended b-metric
space. [l

From Example 2, it can be seen that the example does not fall under EBMS, even though all
elements such as the distance function, #, and the set X have been provided. This means that
PEBMS covers aspects not covered by EBMS. On the other hand, PEBMS further extends the
space defined in the partial b-metric space in [11]. The following remarks clarify how PEBMS
relates to, and differs from, the space structures discussed in Section 1, including those most
structurally close to it.

Remark 3. 1. The notion of a partial extended b-metric extends the concept of an
extended b-metric by allowing non—zero self-distance. In particular, while an extended
b-metric satisfies dg(z,z) = 0 for all z € X, a partial extended b-metric admits
po(z,x) > 0 and modifies the triangle inequality by the term —py(y,y). Hence, every
extended b-metric space can be regarded as a special case of a partial extended b-metric
space when the self-distance is zero.

2. In a partial extended b-metric space (X, pg,0), if ,y € X and pg(z,y) = 0, it implies
x = y. The reason is because of property of PEBMS number 2 in Definition 6. Clearly
po(x,z) < po(z,y) and py(y,y) < po(x,y). Since it is given that py(x,y) = 0, we then
get po(z,x) = po(x,y) = po(y,y) = 0. By property of PEBMS number 1 in Definition
6,z =1y.

3. The concept of a partial extended b-metric space (PEBMS) used in this paper differs
from the notion of an extended partial b-metric space (or partial b-metric space). The
function of partial extended b-metric space 6 : X x X — [1,00) acts as a control
function in the generalized triangle inequality, whereas in the extended partial b-
metric space (or partial b-metric space), the structure is governed by a function
Q :]0,00) — [0,00) applied to the metric expression. Hence, these two notions are
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not equivalent and lead to different analytical frameworks.

This definition is inspired by the notion of convergent sequences in partial b-metric spaces [11],
and is formulated by adapting and extending the underlying ideas to suit the present context.

Definition 7. Let (X,pg,0) be a partial extended b-metric space
1. A sequence {z,} is called convergent to x in X, written lim, o 2, = x if

lim_pg(zn, ) = po(z, z)

n—oo

2. The sequence {z,} is said to be Cauchy sequence in (X, pg, 8) if limy, ;00 Do(Zn, Trm)
exist and is finite.

3. (X, pg, ) is said to be a complete partial b-metric space if for every Cauchy sequence
{z,} in X there exist x € X such that

n}érl}oope(x"’ Tm) = lim py(zn, ) = po(z, )

Example 3. Let X = [0,1]. Define § : X x X — [1,00) by 6(z,y) = 1+ x + y. Define
pp i X X X — [0,00) by pg(x,y) = max{z,y}. Consider the sequence {z,} C X with
Tn = 1. Then z,, — 0 in (X, py, ), the sequence {z,} is Cauchy and (X, py, ) is a complete
partial extended b-metric space.

Proposition 1. Let (X,pg,0) be a partial extended b-metric space. Define a function
dy: X x X —[0,00) by
0, =Y,

B2, )= {pe(%y), z #y.

Then dy, is an extended b-metric on X with the same control function 6.

Proof. First, it is clear that d,, : X x X — [0,00). (1) If dy(x,y) = O, then either z =y
or pg(x,y) = 0. From the properties of py, this implies © = y. Conversely, if © = y, then
dy(z,y) = 0. (2) Symmetry follows directly from the symmetry of py, that is,

dp(z,y) = dp(y, T).

(3) For all z,y,z € X, we consider two cases. If any two of x,y, z coincide, the inequality
holds trivially. If x # y # z, then

dp(, 2) = po(x, 2) < 0(x, 2) [pe(,y) + po(y, 2)] — Po(y,y)-
Since py(y,y) > 0, we obtain
dp(@,2) < 0(z, 2) [dp(x, y) + dp(y, 2)]-

Thus, d,, satisfies the extended b-metric inequality. Therefore, d, is an extended b-metric
on X. (Il
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The following lemma is a useful lemma that will be used in some of the next theorems.

Lemma 2. Let (an)n>0 be a sequence of real numbers that converges to 0 and t € [0,1) be
a real number. Then, le Z;‘;& an,jtj = 0.
n—oo

(note: let the convention t° = 1 be permitted when t =0)

Proof. When t = 0, it is trivial, so we only focus when ¢t # 0 next. Let us consider € > 0
arbitrarily. Then there are p1,ps € N so that ¢/ < € for all j > p; and la;j| < € for all j > po.
Since (ap)n>0 is convergent, so there is M > 0 for which |a,| < M for all n. Hence there
exists p1 + p2 € N so that for all n > py + ps, we have

p1—1 p1—1
| an it <3 Jan gt e (Lt+£2 4 417 < : ‘ g
j=0 j=0 a
and
n—1 ] n—1 ] Me
( 3 an_jtﬂ‘ <Y anogltF S M P (L4t + 2+t < —
j=p1 j=p1 N
and these imply
n—1 p1—1 n—1
; ; , M+1
| Y an-it?| < | X an-it?| +| 3 an—jt/| < ex =
j=0 j=0 Jj=p
Therefore Z?:_& an—;t) converges to 0 as n tends to infinity. O

The following theorem (Theorem 1) represents the fixed point results involving the combination
of Banach and Kannan contractions in PEBMS.

Theorem 1. Let (X,py,0) be a complete partial extended b-metric space. Let T : X — X
be such that for all x,y € X,

po(Txz, Ty) < kipg(z,y) + kapo(z, Tx) + kspg(y, Ty). (1)

(i) If 6(Tx,z) < m, where k1, ko, ks € RTU{0} and 0 < ki + ko + ks < 1. If there
is g € X such that {pg(T"xg,x0) : n € No} is bounded, then T has a unique fized
point u € X. Moreover pg(u,u) =0 and ILm T "z = u.

n (o @]

(ii) Suppose that ky =0 and ko = ks = k (Kannan Type). If (Tz,z) < + for allz € X,
where k € (0, %), then T' has a unique fized point uw € X. Moreover pg(u,u) =0 and
li_)m T xg = u.
n o

Proof. (i) Let the sequence {z,},>0 with the initial term zp € X and recursive of
generated by z,4+1 = Tx, = T"xq for all n € N. Applying inequality (1) with x = z,,
and y = z,—1, we have

Po(Tnt1, Tn) < k1po(Tn, Tn-1) + kopo(Tn, Tnt1) + kspo(Tn—1, Tn) ,(Vn eN). (2)
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It can be written as
(1 —k2) - po(xps1,2n) < (k1 + k3) - po(Tn, 1) ,(Vn € N)

k k
s 3) 'pe(xmxn—l) g (Vn € N)
1— ko
kl +]{23
1—hy

p@(xn.J,_l, xn) S (

2
Po(Tnt1, Tn) < ( ) Po(Tn—1,Tn—2) ,(Vn € N).

Continuing this process, we obtain

k1 + k3
1— ko

Po(Tnt1, Tpn) < ( )n - po(z1, o) , (Vn € N).

It follows that
Jim py(znt1,2n) = 0.

Applying inequality (1) with = x,,—; and y = x,,—1, we have

P0(Tn,s Tm) — k100 (Tn—1, Tm-1) < kapo(Tn, Tn-1) + k3pe(Tm, Tm—1) , (Ym,n € N).
(3)

Applying the telescopic sums involving (3), for all m,n € N with n > m satisfying:

m
Z ki_l (Po(Xn—t+1, Tm—t+1) — k10o(Tn—t, Tm—t))
=1

m
< Z k2p9 Tn—t+1, Tn— t) ar k3p9(xm t+1; Tm— t))
or equivalently,
m—1 m—1
p@(xnawm) < klnpe(wn—m, 1'0)—{—]6‘2 Z k§p6($n—t,iﬁn—t—1)+k3 Z kip@(xm—taxm—t—l)
t=0 t=0

(4)

by permitting that kY = 1 when k; = 0. Since 0 < k; < 1, nli_}rgopg(xnﬂ,xn) =0, and
{po(xn,z0) : n € Ny} is bounded; limiting m,n — oo to (4) and also using Lemma
2 will yield that = lim po(@n, Tm) = 0. Hence (x,,)n>0 is Cauchy. Hence, there is

u € X so that pg(u,u) = limy,—eo pg(Tn, u) = limy, o0 po(2n, ) = 0. We shall show
that u is a fixed point of T. Note that for all n € N,

po(Tu,u) < O(Tu, u)[pg(Tu, Tnt1) + po(Tnt1,uw)]- (5)
By setting (z,y) = (u,x,) for all n € N to (1), we have
Po(Tu, Tni1) < kipo(u, xn) + kopg(Tw, w) + k3pg(Tn, Tni1). (6)
Combining both of (5) and (6) implies
(1 —koO(Tu, u))pe(Tu,u) < 6(Tu,u)kipe(u, n) +kspo(Tni1, Tn) + 0o (Tnt1, Tn)]. (7)

Since 0(Tu,u) < m, then 1 — ko6(Tu,u) # 0. By limiting n — oo to (7), it
yields pg(Tu,u) = 0 and then T'u = u, i.e., u is a fixed point of T'.

For uniqueness of fixed point, let w be another fixed point of T'. Setting (x,y) := (u, w)
o (1) yields

po(u, w) < kipg(u,w) + kapg(u, u) + kspg(w,w) < (k1 + ko + k3)pe(u, w).

The fact k1 + ks + k3 < 1 implies pg(u, w) = 0, therefore u = w. In conclusion, fixed
point must be unique.
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(7i) Let us consider xy € X arbitrarily. Define sequence (x,,),>0 in X with the initial zy and

Zp =Txp_1,n=0,1,2,.... From inequality py(Tx,Ty) < k [po(z,Tx) + po(y, Ty)]
setting * = x,,_1 and y = z,,_1 we have

pa(wm, wn) <k [p@(xmv xm—l) +p9($na xn—l)] ,Ym,n € N (8)
in a similar way setting x = x,, and y = z,,_1 we have
p9($n+17 mn) <k [pG(ZUnJrla xn) +p9($n, xnfl)] ,Vn € N

(1 - k) pH(xn—&—la xn) < kp@(xnaxn—l) ,Vn € N
k

p@(xn—i-lyxn) < L p@(xn,xn—l) ’vn eN

1 —
E\2
p9($n+1a$n) < 1—k pé’(‘rnamn*l) < (1—]-6‘) p@(xnfla mnf2) ,Vn € N
By repeating the same recursive step, we obtain.
k: n
po(onsron) < (27 ) polona) e N )

Since k € (0, 3), then (ﬁ) € (0,1) and as n — oo we have
T}grolope(xn+la xn) =0
Therefore by taking the limit m,n — oo in inequality (8) we have

i Po(Zm, Tn) =0

which means the sequence (z,) is Cauchy. Since (X, py,0) is a complete, there is
u € X such that pg(u, u) = limy, o0 po(zn, ) = limy, n—o0 Po(Tm, zn) = 0. Based on
the triangle inequality of the partial extended b-metric, we obtain.

po(Tu, u) < 0(Tw, uw)[po(Tu, 2py1) + po(Tnt1,w)] = po(Tni1, 2nsr)  (10)

From inequality pg(Tz, Ty) < k [pg(z, Tx) + pg(y, T'y)| setting x = v and y = x,, we
have
po(Tu, T'xy) < k[po(Tu,w) + po(zn, Tnt1)] ,Vm,n €N (11)

Combine the inequality (10) and (11) then we have.
pQ(TU7 u) < H(Tua u) k- p@(Tua ’U,) + O(TU7 u) k- p9($n+1’ xn)
+9(TU, u)pe (anrl, u) — Do (:L'nJrla $n+1)

So that for each n € N.

[1—0(Tu,u)k] - po(Tu,u) < 0(Tu,u) - k- pg(xni1,xn) + 0(Tu,u)
p@(xn—i—l? u) - P9($n+1, xn+1)

Therefore by limiting n — oo, we have pg(Tu,u) = 0 since [1 — 0(Tu,u)k] # 0.
Consequently, T" has a fixed point. For the uniqueness let w € X is a fixed point
of T. setting x = v and y = w in inequality py(Tx,Ty) < klps(z,Tx) + po(y, Ty)]
yields pg(u, w) < k[pg(u,u) + pg(w,w)] = kpp(w,w). From the properties of a partial
extended b-metric space, we have pp(w,w) < pp(u,w). Consequently we obtain
po(u,w) < kpo(w,w) < kpg(u,w) then py(u,w) = pg(w,w) = py(u,u) = 0 since
k€ (0, %), it shows that the fixed point T' is unique. O
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Before presenting the following theorem, we note that its proof is based on a Kannan-type
contraction condition [17], adapted from the previous result.

Theorem 2. Let (X,pg,0) be a complete PEBMS. Let T : X — X be a self-mapping such
that

po(Tz,Ty) < klpg(z, Ty) + po(y, Ty)]

for all x,y € X where k is a constant in (0,%). If there exist xg € X such that

li_)rn po(T" 0, T"x9) = 0 forn € N, Then T has a unique fized point u € X. Moreover there
n o0

exists an element xg € X such that u = li_)m T"xy and pg(u,u) = 0.
n o

Proof. Construct the sequence (zy)n>0 with the initial term z¢ € X and recursion z, =
Tz, for all n € N. Setting x = x,,—1 and y = z,_; to the inequality pg(Tx,Ty) <
klpo(x, Ty) + poe(y, T'y)] over m,n € N implies

(Vm, ne N) p@(xma xn) < kp@(l'm—lv xn) + kp@(xru xn—l) (12)
Fix n € N and for all £ > n, define ¢y := pg(xy, x,). Inequality (12) state that £ € N
et <k-co—1+ k- po(Tn, Tn-1) (13)

Applying inequality (13) repeatedly, starting from ¢ = n + m and descending to ¢ = n, we
obtain for every m € N:

Cn+m <k- Cntm—1 -+t k 'pe(ﬂﬁn, xnfl)
< k- Cnt+m—2 + (k2 + k;) : p@(xny xnfl)

< km-Cn—i-(k‘m—i-k'm_l+"'+I€)'p0(xmxn—1> (14)

Since ¢, = pg(xy, zy,) this gives for all m,n € N:

NE

Do (wn—l-ma xn) - k‘mpe (xna xn) = {kt_1p0 (xn—l-m—t—l-l’ xn) - kt Do (xn+m—t> xn)}

~+
—_

m
< Z kt) Po(Tn, Tn—1)
t=1
1
< 11—k - Po(Tn, Tn—1).-
Therefore, for all m,n € N with m > n, and inequality property on PEBMS we have

b
1—k

1

< km_npa(l’nﬂ, xn) + m 'pg(xna mn—l) (15)

pe(xnul'n) < km_npa(-rmxn) + 'pH(wnaxn—l)

Besides that, the following inequality holds for all n € N, which is obtained by using
induction and applying (12) when (m,n) := (n + 1,n).

n

Po(Tns1, n) < K"po(21,20) + kD> K" 'py(as, z). (16)
=1
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Since 0 < k < 1 and T}i_)rrolopg(:rn, xn) = 0, limiting n — oo to (16) and also applying Lemma
2 will yield limy,—y00 po(Zn+1,2r) = 0. Then, limiting m,n — oo to (15) we have

m}éIEOOPH(xmy Zn) = 0.

Hence (z,,)n>0 is a Cauchy sequence. Since (X, pg, ) is complete, then there exist u € X
such that pg(u,w) = limy,_co Po(@n, u) = limy, o0 po(Tm, ,) = 0. We will show that u is a

fixed point of T. According to triangle inequality of partial extended b-metric space, we
have (Vn € N)

p@(Tuv ’LL) < H(T'LL, U) [pG(Tu7 xn-‘rl) + pe(xn—&-lv U)] - p@(xn-i-h $n+1). (17)
Setting z = w and y = z,, to pop(Tx, Ty) < k[pe(z, Ty) + po(y, Ty)] yields
(Vn € N)  py(Tu, Tnt1) < k[po(u, Tng1) + po(Tn, Tng1)] (18)

Combining (17) and (18), we obtain Vn € N:
Do (TU, u) S H(TU, U)(k oty 1) * Do (xTLJrla U) i G(TU, U)kpe (:L‘n+17 xn) — Do (:ETL+17 $n+1)- (]-9)

Limiting n — oo to (19) yields pg(Tu,u) = 0. Hence Tu = u, i.e. u is the fixed point of
T. For the uniqueness of fixed point, let w be a fixed point of T. Setting (z,y) = (u,w)
and (z,y) = (w,u) to the inequality pg(Tx,Ty) < k[po(z,Ty) + po(y, Ty)], we will get
po(u,w) < ﬁ - po(w,w) < pg(w,w) and pg(u,w) < ﬁ - po(u,u) < pp(u,u). Since
po(z,x) < pg(z,y) for all x,y € X, then pg(u,w) = pg(u,u) = pg(w,w). Therefore u = w.
In conclusion, T" has a unique fixed point u where py(u,u) = 0 and v = lim,, oo T"z9. O

The following one is a Chatterjea-type fixed point theorem version for our PEBMS.

Theorem 3. Let (X,pg,0) be a complete PEBMS. Let k € (O,%) be a constant and
T: X — X be a self-mapping such that for all z,y € X,

po(Tx, Ty) < klpg(z, Ty) + po(y, Tx)].

If there exists an element o € X such that 0(T%xq, Txo) < 0(wg,20) < A, where \ =

% ( 1+ % — 1) for all a,b € Ng, then T has a unique fixed point. Moreover u = lim T"xq
n—oo

and pg(u,u) = 0.

Proof. Let (x,)n>0 be a sequence with initial term z¢ and recursion z, = Tx,_; for all
n € N. Then we have 0(z,,zy) < A for all a,b € Ny. Hence, for all a,b € Ny,

K(rnm) k-3 (Y1+4-1) :( 1+§1)1A1.

L= W@ m) =1 . 4 (J1+4-1) 2

Since 0 < k < %, then A > 1.
Next, setting x := x,—1 and y := z, to inequality pg(Tx,Ty) < k[ps(x,Ty) + po(y, Tx)]
over n € N, we have

Do (:L'n, xn—&-l) < k[pO (xn—la $n+1)+p9 (xN7 xn)] < k'e(xn—la xn—&—l)'[pO (xn—la xn)+p9 (.%'n, xn-{—l)]-
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Hence for all n € N,

k@(l‘nil, :L'nJrl)
1 ka(l‘nfla Tn+1

p0($n,$n+1) ) 'p@(l'n—lvxn)-

It implies that for all n € Ny,

n

1{59 Tt—1,Tt41
Po(ZTn, Tnt1) < po(xo, 1) | | ( \Tir1)
t=1

1 — kO(z—1, Te41

] < X "pg(xo, x1).

Next, we observe the inequality

O(Xm, Tn) (Po(Tm, Tnt1) + Po(Tnt1,Tn)) — Po(Tnt1, Tri1)
9($m, xn)p@(mma zn+1) + 9(.’Em, l‘n)A_npe(‘TOa xl)

or then

p@(wma xn) - e(xmy xn)])G(wma xn—&—l) < A7719(377717 xn)p@(‘rO, xl)
which holds over m,n € Ny. Using the above inequality, the following inequality holds for
all integers m,n € Ng with m >n + 1,

m—n

P0(Tm, Tns1) — A "'po(xo, £1)0(x0, T0)

m—-n

< po(Tm, Tnt1) — Po(@m, Tmi1) [ 0(@m, nte)
=il
1 m—n t—l_[l
< —— [Po(Zm, Tntt) — O(@m, Tntt)Po(@m, Tnttt1)] - | | 0(@m, Tntj)
0(zm, xn) = j=0

1 m—n t—1
S o (}\—n—te(xm, Tn+t)Po(T0, 1) - H 0(zm, wn—i—j))

j=0

= A\""py(z0, 1) Z /\—te(xm’ Tt 1)0(Tm, Tny2) - - 0(Tm, Tnit)

< X "pg(xo, x1) (A" 'pg(z0, 70))"

Consequently, we obtain

"~ A""py(z0, 1)
P0(Tm, Tnt1) < A "po(wo, 1) > (A pg(wo, 20))" < (20)

— - 1- )\—19(:::0,31:0) '
Limiting m,n — oo to the inequality (20) yields 1111)1 Po(Tm, n) = 0 and (zp)n>0 is
m,n—00 =
Cauchy. Since (X, py, ) is complete, there is u € X so that py(u,u) = lim po(u,x,) =
n—oo
lim pg(zm,zn) = 0. We shall show that this u is a fixed point of 7.

m,n— 00

Note that from the generalized triangle inequality of PEBMS, for all n € N,
po(Tu,u) < 0(Tu, u)[pg(Tu, Tn) + po(u, Tn)]- (21)

Setting x := u and y := x,,—1 over n € N to inequality pg(Tx, Ty) < klpo(x, Ty)+pe(y, Tz)],
we get
po(Tu, zn) — kpo(Tu, xn—1) < kpg(u, zn). (22)
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Applying telescopic sums which involve (22), that is,

n n
po(Tu, zy) — K"po(Tu, z0) = > (k"' po(Tu, Tn—t41) —k'po(Tu, xp—¢)) < Z (U, Tn—t+1)
=1 =

n
= po(Tu, zn) < k"po(Tu, o) + Y k'po(t, Tn—t11). (23)
t=1

By noticing 0 < k < 1, 731_{20179(“’ xn) = 0, and using Lemma 2, the right hand side of (23)
tends to 0 as n goes to infinity. Hence, 7111320 po(Tu, x,,) = 0. By limiting n — oo to (21),
we conclude pg(Tu,u) = 0 and Tu = u, i.e., u is a fixed point of T

For uniqueness of fixed point, let w be another fixed point of T'. Setting x := v and y := w
to inequality pg(Tz, Ty) < k[pg(x,Ty) + pe(y, Tx)], will yield that pp(u,w) = 0 and then
u = w, so the fixed point must be unique. O

4. Conclusion

This paper introduces partial extended b-metric spaces (PEBMS) as a structure combining a
point-dependent control function 6 with possibly non-zero self-distance. We showed that PEBMS
strictly generalizes partial b-metric spaces in the sense that no constant coefficient s can replace
f in Example 3.2, and that every extended b-metric space arises as a special case of PEBMS
when self-distance vanishes. Within this framework, we established existence and uniqueness
of fixed points for three specific contraction types: a combined Banach—Kannan contraction
(Theorem 3.8), a Kannan-type contraction (Theorem 3.9), and a Chatterjea-type contraction
(Theorem 3.10), each under explicit conditions on # and the contraction constants. These results
are limited to the contraction classes and hypotheses stated above; extending them to other
contraction types, and clarifying the relationship between PEBMS and other existing generalized
metric structures, remain open directions for future work.

CRediT Authorship Contribution Statement

Muhamad Abdillah Ahen: Conceptualization, Formal Analysis, Investigation, Validation,
Writing Original Draft, Corresponding Author. Ivan Hadinata: Formal Analysis, validation,
Collaborated with first author to prove Some Theorems. Arigah Rif’at Rafilah Sapsuha:
Identified areas requiring revision and correcting grammar.

Declaration of Generative AI and Al-assisted technologies

The authors improved the language and checked for typos using ChatGPT (OpenAl) and Claude

(Sonnet 4.6). This research paper’s authors created all of its content.

Declaration of Competing Interest

The authors declare no competing interest

Ethics Approval and Consent to Participate

Ethics approval was not required for this study

Funding and Acknowledgments

The authors would like to express their sincere gratitude to everyone who has supported them
by offering encouragement and always being there for them.

Muhamad Abdillah Ahen 2056



Partial Extended b-Metric Space and Some Fized Point Theorems

Data and Code Availability

There are no computational codes or empirical data used in this theoretical study. The authors
developed all result, proofs, and analyses analytically.

References

1]

[10]

[11]

Praveen Agarwal, Mohamed Jleli, and Bessem Samet. “Banach Contraction Principle and
Applications”. In: Fized Point Theory in Metric Spaces: Recent Advances and Applications.
Singapore: Springer Singapore, 2018, pp. 1-23. DOI: 10.1007/978-981-13-2913-5_1.
https://doi.org/10.1007/978-981-13-2913-5_1.

I. A. Bakhtin. “The Contraction Mapping Principle in Quasi-Metric Spaces”. In: Functional
Analysis and Its Applications 30.1 (1989), pp. 26-37.

Stefan Czerwik. “Contraction Mappings in b-Metric Spaces”. In: Acta Mathematica et
Informatica Universitatis Ostraviensis 1 (1993), pp. 5-11. https://zbmath.org/?q=an:
0849.54036&format=complete.

N. Hussain, D. Dori¢, Z. Kadelburg, and S. Radenovi¢. “Suzuki-Type Fixed Point Results
in Metric Type Spaces”. In: Fized Point Theory and Applications 2012.1 (2012), p. 126.
DOI: 10.1186/1687-1812-2012-126. https://doi.org/10.1186/1687-1812-2012-126.

Monica Boriceanu, Marius Bota, and Adrian Petrugel. “Multivalued Fractals in b-Metric
Spaces”. In: Open Mathematics 8.2 (2010), pp. 367-377. DOI: 10.2478/s11533-010-0009-4.
https://doi.org/10.2478/s11533-010-0009-4.

Tatjana Dosenovié, Mirjana Pavlovic, and Stojan Radenovié. “Contractive conditions in
b-metric spaces”. In: Vojnotehnicki glasnik 65 (Sept. 2017), pp. 851-865. DOI: 10.5937/
vojtehg65-14817.

Stephen G. Matthews. “Partial Metric Topology”. In: Annals of the New York Academy
of Sciences 728.1 (1994), pp. 183-197. por: 10.1111/7.1749-6632.1994 . tb44144 . x.
https://doi.org/10.1111/3.1749-6632.1994.tb44144 . x.

Michael Bukatin, Ralph Kopperman, Steve Matthews, and Homeira Pajoohesh. “Partial
Metric Spaces”. In: The American Mathematical Monthly 116.8 (2009), pp. 708-718. DOTI:
10.4169/193009709X460831. https://doi.org/10.4169/193009709X460831

Oscar Valero. “On Banach fixed point theorems for partial metric spaces”. In: Applied
General Topology 6.2 (2005), pp. 229-240. DOI: doi . org/10.4995/agt . 2005 . 1957.
https://doi.org/10.4995/agt.2005.1957.

Ishak Altun and Ali Erduran. “Fixed point theorems for monotone mappings on partial
metric spaces”. In: Fized Point Theory and Applications 2011 (2011), p. 10. por: 10.1155/
2011/508730. https://eudml.org/doc/233067.

S. Shukla. “Partial b-Metric Spaces and Fixed Point Theorems”. In: Mediterranean Journal
of Mathematics 11.2 (2014), pp. 703-711. DOI: 10.1007/s00009-013-0327-4. https:
//doi.org/10.1007/s00009-013-0327-4.

Nguyen Van Dung and Vo Thi Le Hang. “Remarks on Partial b-Metric Spaces and Fixed
Point Theorems”. In: Matematicki Vesnik 69.4 (2017), pp. 231-240. https://emis.de/
ft/21359.

Ibrahim Karahan and Irfan Isik. “Partial b,(s), Partial v-Generelize and b, (#) Metric Space
and Related Fixed Point Theorems”. In: Facta Universitatis, Series: Mathematics and
Informatics (2018), pp. 621-640. https://doi.org/10.22190/FUMI2003621K.

Tayyab Kamran, Maria Samreen, and Qurat UL Ain. “A Generalization of b-Metric Space
and Some Fixed Point Theorems”. In: Mathematics 5.2 (2017). DOI: doi.org/10.3390/
math5020019. https://www.mdpi.com/2227-7390/5/2/19.

Muhamad Abdillah Ahen 2057


https://doi.org/10.1007/978-981-13-2913-5_1
https://doi.org/10.1007/978-981-13-2913-5_1
https://zbmath.org/?q=an:0849.54036&format=complete
https://zbmath.org/?q=an:0849.54036&format=complete
https://doi.org/10.1186/1687-1812-2012-126
https://doi.org/10.1186/1687-1812-2012-126
https://doi.org/10.2478/s11533-010-0009-4
https://doi.org/10.2478/s11533-010-0009-4
https://doi.org/10.5937/vojtehg65-14817
https://doi.org/10.5937/vojtehg65-14817
https://doi.org/10.1111/j.1749-6632.1994.tb44144.x
https://doi.org/10.1111/j.1749-6632.1994.tb44144.x
https://doi.org/10.4169/193009709X460831
https://doi.org/10.4169/193009709X460831
https://doi.org/doi.org/10.4995/agt.2005.1957
https://doi.org/10.4995/agt.2005.1957
https://doi.org/10.1155/2011/508730
https://doi.org/10.1155/2011/508730
https://eudml.org/doc/233067
https://doi.org/10.1007/s00009-013-0327-4
https://doi.org/10.1007/s00009-013-0327-4
https://doi.org/10.1007/s00009-013-0327-4
https://emis.de/ft/21359
https://emis.de/ft/21359
https://doi.org/10.22190/FUMI2003621K
https://doi.org/doi.org/10.3390/math5020019
https://doi.org/doi.org/10.3390/math5020019
https://www.mdpi.com/2227-7390/5/2/19

Partial Extended b-Metric Space and Some Fized Point Theorems

[15] Krishna Bhattacharjee, Rakhal Das, and Ajoy Kanti Das. “New Fixed Point Theorem on
Extended b-Metric Space Using a Class of Contraction Mappings”. In: Tatra Mountains
Mathematical Publications 89 (2025), pp. 1-14. DOI: 10.2478/tmmp-2025-0003.

[16] L. Chen, C. Li, R. Kaczmarek, and Y. Zhao. “Several Fixed Point Theorems in Convex
b-Metric Spaces and Applications”. In: Mathematics 8.2 (2020), p. 242. DOI: 10.3390/
math8020242. https://doi.org/10.3390/math8020242.

[17] R. Kannan. “Some results on fixed points”. In: Bulletin of the Calcutta Mathematical Society
60 (1968), pp. 71-76. https://matwbn.icm.edu.pl/ksiazki/fm/fm74/fm74117.pdf.

Muhamad Abdillah Ahen 2058


https://doi.org/10.2478/tmmp-2025-0003
https://doi.org/10.3390/math8020242
https://doi.org/10.3390/math8020242
https://doi.org/10.3390/math8020242
https://matwbn.icm.edu.pl/ksiazki/fm/fm74/fm74117.pdf

	Introduction
	Preliminaries
	Main Result
	Conclusion

