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Abstract

This paper presents an innovative category of weighted Hadamard fractional integral op-
erators situated within the paradigm of multiplicative calculus. The operator introduced
herein broadens the traditional weighted Hadamard fractional integral by integrating the
multiplicative framework of non-Newtonian calculus, thereby establishing a cohesive linkage
between weighted fractional analysis and multiplicative fractional calculus. We delineate the
formulation of both the left- and right-sided multiplicative weighted Hadamard fractional
integral operators and explore their core analytical characteristics. Specifically, a multiplica-
tive linearity property is demonstrated, the continuity of the logarithmic representation of
the operator is affirmed, and boundedness results are extracted in weighted Lebesgue-type
spaces through the application of Hélder’s inequality. Furthermore, we establish that the
proposed operators comply with a semigroup property, which ensures alignment with the
classical framework of fractional integration. These findings illustrate that the introduced op-
erators maintain crucial structural attributes of weighted fractional integrals while seamlessly
extending them to the multiplicative context. The theoretical framework developed herein
lays a foundational basis for subsequent explorations in multiplicative fractional calculus,
fractional integral inequalities, and associated applications within the realm of mathematical
analysis.
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1. Introduction

Generalizing the order of differentiation to non-integer values has been a fundamental question
since the early development of calculus itself. Its origins can be traced back to a question posed
by Gottfried Wilhelm Leibniz in the 17th century, with further developments by mathematicians
such as Joseph Liouville and Bernhard Riemann, who introduced the foundational formulations.
Fractional calculus, generalizes the concepts of differentiation and integration to non-integer
(fractional) orders. Fractional calculus provides a more flexible mathematical framework to
describe complex systems and processes. This generalization has proven to be particularly
effective in capturing memory effects, hereditary properties, and anomalous behaviors in various
fields of science and engineering.

In 1892, Jacques Hadamard, introduced an alternative form of fractional integration charac-
terized by logarithmic kernels, different from classical Riemann—Liouville fractional integral. This
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formulation arises when dealing with functions defined on intervals of the form (0, c0), where
scaling and multiplicative structures play a central role. Unlike other fractional operators, the
Hadamard approach incorporates logarithmic expressions such as In(z/t), making it particularly
suitable for problems exhibiting scale invariance and multiplicative behavior.

Through the years, Hadamard-type operators have been further generalized and studied within
the framework of fractional calculus, with applications in areas such as differential equations,
integral inequalities, and mathematical physics, see ([1-4]). In particular, the introduction of
weight functions into Hadamard fractional operators has attracted considerable attention, as
weighted formulations provide greater flexibility in analyzing functions with nonuniform behavior.
These weighted Hadamard-type operators extend the classical framework by incorporating an
additional weight term, allowing the development of more general analytical results and broader
applications in fractional integral inequalities and functional analysis. The weighted Hadamard
fractional integral operator is defined as follows.

Definition 1. [5] Let f € X?(a,b) and w # 0 be a function on interval (a,b), for a > 0,
the left and right-sided weighted Hadamard fractional integral operator are described as,

w Nz T a1
(Hl'gf}f)(w) = F(ci)) /a w(t) (111 t) f(tt)dt, (a < x),

and

w—l T b a—1
'z @) = "5 S o (m2)" HO2, @<

On the other hand, the fundamental structure of classical calculus is additive in nature. This
has motivated researchers to develop alternative frameworks capable of describing exponential
growth and multiplicative processes more naturally, leading to the development of multiplicative
calculus. In 1967, Grossman and Katz developed as an alternative framework to Newtonian
calculus (classic calculus), a non-Newtonian calculus as an alternative analytical framework. In
this framework linear operations in classical calculus with multiplicative operations, addition
is replaced by multiplication and subtraction is replaced by division. This framework is called
as multiplicative calculus and excels for modeling nonlinear phenomena with exponential and
geometric growth. Its multiplicative derivative is defined as:

Definition 2. [6] Let f(x) > 0, multiplicative derivative of f,

iy (f@t b))\
P = gt = lm (S552)"

The concept of fractional calculus began to be integrated with multiplicative calculus. Between
2014 and 2016, Thabet Abdeljawad and several other researchers developed fractional derivative
and integral operators within the framework of multiplicative calculus, particularly of the
Riemann—Liouville fractional integral and Caputo types [7]. These studies opened new directions
in the investigation of semigroup properties, integral inequalities, and the development of other
multiplicative fractional operators.

Subsequently, in 2025, Tingsong et al. [8] formulated a more general form of the Hadamard-
type multiplicative fractional integral operator. This generalized form was obtained through
an extension of the logarithmic kernel structure in the multiplicative integral. In addition to
introducing the generalized definition, Tingsong et al. also investigated several fundamental
properties of the operator, including the semigroup property and integral operator inequalities.

Almeer Naufal Hakim 1791



A Multiplicative Extension of Weighted Hadamard Fractional Integrals

Definition 3. [8] Given a > 0, let f(z) a positive function on interval [a, b], the left and
right multiplicative Hadamard fractional integral of function f on [a,b] are described as,

T 2\ !In
ST f(x) = exp{#T%, In(f(z))} exp (1/a (ln ) 1(f(t))dt> , a<uwx,

Ia) t t
and
b a—1 n
Hro £(2) = exp{HT2 In(f(z))} = exp <I‘(1()z) /x (m i) : (f; (t))dt> L z<b

where I'(-) is the gamma function.

Motivated by the works mentioned previously, we defined weighted Hadamard fractional
integrals on multiplicative framework. The main contribution of this work is the extension
of weighted Hadamard fractional integration from the classical additive framework to the
multiplicative framework. We define a weighted Hadamard fractional integral acting on positive-
valued function via a logarithmic transformation of the classical operator and develop its associated
operator theory in weighted Lebesgue spaces. We establish boundedness and semigroup properties
of the operator, thereby providing a multiplicative counterpart to several fundamental results
from the classical theory.

2. Preliminaries

In this section, we give some theorem that will be used throughout this paper and introduce the
definitions of multiplicative integral of a function. First, we show

Theorem 1. (Holder’s inequality,[9]) Let p and q be real numbers with 1 < p < oo such
that % + % =1. Then

> lzeyel < <Z !fﬁk\p> (Z |yk|q>
k=1 k=1 k=1

For further theoretical background on Holder’s inequality and Lebesgue spaces, readers are
referred to [9]. Next, we will give the definition of the multiplicative integral.

Definition 4. [7] Let f(x) > 0, multiplicative integrals of f,

/ab f(2)™ = exp (/ab ln(f(x))dx> . z€eR

Then, we will show its properties.

Theorem 2. [10] Let f and g be a multiplicative integrable function on interval la,b],
some properties of multiplicative integral are as follows

1. Lb(f(x)p)dw=<[zbf(w)dx>p, pER

o [G@o@r= = [ s [ o
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N b £ (p)da
At

b [ 1@ = [ [ s, asess

For the details and further discussion about multiplicative calculus, can be found in [10].

3. Results and Discussion

In this section, we introduced the integral operator and investigated several fundamental properties
of the operator, including linearity and the semigroup property, in order to examine the behavior
of the operator in the setting of multiplicative calculus. Based on the definition of weighted
Hadamard fractional integral operator and the multiplicative fractional integral operator, we
define of the multiplicative weighted Hadamard fractional integral operator as follows

Definition 5. Given a > 0, let f(x) be a positive function on interval [a,b] C (0, 00), and
w(zx) be a positive function on interval [a,b]. The left and right multiplicative weighted
Hadamard functional fractional integral of function f on [a,b] are

AT f(2) = exp { 15 (In f(2) }
= & { wr_(l(i;f) / : wgt) (m f)a_l In( f(t))dt} (a <),

and
HTev f(x) = exp {7137 (In £ (2)) }

wHz) [ow e
:exp{ F(OE))/I it) (mi) ln(f(t))dt},(a:<b),

where T'(+) is the gamma function and

The above definition requires f to be positive so that In(f) is well-defined and throughout the
remainder of this paper, we further assume that In(f) € XP? (a,b), ensuring that the corresponding
classical integral operator of In(f) exists. We formally define the weighted Lebesgue space X2 (a, b)
later.

Remark 1. Setting w = 1 in Definition 5, then we obtain the multiplicative Hadamard
functional fractional integral,

T8 f(2) = exp {F(la) I (m j)“ 1n(f(t))cf} .

Next, we state the following theorem, concerning the linearity property of the operator
introduced before within multiplicative calculus.
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Theorem 3. Let f,g : [a,b] — RT be both integrable functions and w(xz) > 0 for any
x € [a,b], then for m,n € R and any o > 0, we have

AT (g™ (@) = [HTev ()] | HTevg(a)]”
Proof. Using Definition 5, it follows that

w i (z T w
Az = e 56 |

O

t) <1n f)a_l In(f™g™(t ))dt}

t) <1n f)a_ [mIn(f(t)) —i—nln(g(t))]dt}

|~ [

. m .
= [dzsw (@) [HTevg@)]”. O
The continuity result for the fractional integral operator is presented in the following theorem.

Theorem 4. Let f : [a,b] = RT and w be a strictly positive function on [a,b], which is
continuous on [a,b], then for any o > 1, In( LT f(x)) is continuous on interval [a,b].

Proof. Taking a sufficiently small constant h such that A > 0, and for any = € [a, b] there is
x + h < b. By using the continuity of f, it can be obtained that

| In({ T3 f (2 + h)) — (YT f(2))]

L [ ()

__gaszéwwg>(mi)“‘ing@»dt

w™(x + h) /:C wit) (ln i j; h)a_l In(f(t))dt

- T(a)

() /“’it) (mjf)a_ll (F()dt + v (z + h) /;+h f) (m“h)a_lln(f(t))dt

S@/j( a:—i—h( I;rh) ln ) ®) ))dt

G (:c+h)/x f)(ln”h) In(f(1))dt

g(z) /w< (@ +h) (1 “h> —w (@) (1nx>a1> wl(f) In(f(#))dt
+F(1a)w_1(x+h) (m”h)a /:+h 20| 1n(f(t))ldt (1)
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For the first term of (1), define

() = (w_1($ +h) (ln =1 h>a1 ) (m ””>a1> W 1)),

t t

! are continuous, then |w=!(z + h)| < M, we can show that

\Gﬂxﬂg;(Onxth)WJ4_Oni>WJ>Aﬂw@Nng@DL

Next, suppose |h| < d,x + h < z + J, we get

T a—1 w n
G < (n ZH0) " @I

Since w~

Then we take the limit as h — 0 of the first term of (1), using Lebesgue’s dominated
convergence theorem, we obtain
/ hm Gp(z ‘ 0.

/ Gp(x dt‘

For the second term of (1), taking the limit as h — 0 similarly yields

li
hIE%F

lim w™ ! (z + h) <lnx+h> = 0.

h—0 T

Furthermore, since both f and w are continuous, we obtain

/;+h wit)|ln(f(t))\dt < 5.

Therefore,

lim | In({Z2% f(z + b)) — In(3 T8 f(2))] = 0.

It follows that In(,fZ¢™ f(z)) is continuous for all z € [a, b]. O

Before presenting the main boundedness results for the weighted multiplicative fractional
integral operators, we first need to establish the definition of the function space in which the
operators act. The introduction of this space is essential, since it establishes the norm, where its
bounded.

Definition 6. [11] Let w # 0 be a function on interval [a, b], g be a differentiable strictly
increasing function on interval [a,b]. The space XP(a,b),1 < p < oo is a space of all
Lebesgue measurable function f on interval [a, b], for which || f|| x» < oo, where

1
p
17z ey = </|w >,1§p<w

£l xge (a,p) = €55 S“Eb’“’( z)f(z)], p=oo.

and
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We first, prove that the fractional integral operator is finite for the functions on the weighed
space, before proceeding to the boundedness.

Theorem 5. If f : [a,b] — RT is an integrable function and w is a strictly positive
measurable function on [a,b], then for a > 0,

oW wil(aj)H ln(f(x))HXfff’(a,b) x\*
70 (@) < e { IO (1, 2474,

Proof. Using Definition 5, it follows that

wli(z) [*w z\o 1
HT ()] = exp{ o [ () 1n(f(t))dt}
w(z) [* w(t) z\o 1
< exp { T <ln ) In(f(t))dt }
() Ja t
w(z) [* z\ o1
< exp{ o [ (wf)" 1n<f<t>>|cff}
w (@) | In(f (@)l xge@p) [* [, z\* " dt
< exp { T z (ln ) }
(@) a t t
w (@) n(f (@) xge @ty (. =\®
:exp{ Mo+ 1) (lna) } O]

After verifying that the fractional integral operator is well-defined on the weighted space, the
following theorem presents its boundedness of the function In(,7Z¢* f(x)) on weighted space

- 1x2 (a,b)-

Theorem 6. If f : [a,b] — RT is an integrable function and w is a strictly positive
measurable function on [a,b], then for p > 1 and pa > 1,

(£ (@)l xt @y — 1) 1n( )
T(a)(pa) /7 (pa— 1)'7

I (HTE f(2) | x2(0,) <

Proof. For 1 < p < oo, using Definition 5 and Holder’s inequality, we obtain

| In(, Zawf( DHXPab)

(/ @) In( T8/ ( >>rpdj>

wr( OE;c) /m w(t) (m ﬂf)a_lln( f(t)dt

1/p

t

/j w(t) (m x>a_lln(f(t))dt

t t

p—1 D 1/p

“ria | E075) T (L momror)] %
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1/p

i [ (£ 077 4) ([ womort)y
iy (52) ([ () ([ momeor) )

then using Fubini’s theorem, we get

(2% £ (@)l x2(a)
< (1 ) (1;—_11)”;1 (/abln (2>pa ld:c> </ O ()P dt)l/p
e (1) ([ () )

(
I @)xpan (p=1\5 1 b\
B I'(a) (pa—l) (p )1/pln(a)
I @) Ixpne -7 1n( )

T(a) (pa)/7(po — 1)'7

For the case p = oo, we similarly obtain

Jw(z) In({ T2 f ()| =

=it [ (02) o muens
Dl lssin [ ()"

t t
_ ImU@)lxzay (), =)°
- MNa+1) (lna) ’

Then

I ZE f(2)) | xep(a) = ess sup_ |w(@) In(HIE" f ()]

a<z<b

< I In(f (@)l xzo (a0) <lnw)a

ess sup
o+ 1) a<lz<b a

I*(
< | In(f (( Dxss (a,b) ( b>a.

In —
MNa+1) a

O

Finally, we present the following theorem, which establishes the semigroup property satisfied
by the multiplicative weighted Hadamard fractional integral operators.
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Theorem 7. Let f : [a,b] — RT which is continuous function and w is a strictly positive
measurable function on [a,b]. Then, for all x € [a,b] and m,n > 0,

(T Bzeyf(e) = (HTP) f().

Proof. Using Definition 5,

(HT2 HTE) f(@) = (GHTr™) [HTee ()]

= exp {wr_(;ix) /z (111 x)m_l w(t) In(F17,. wf)(t)it}

)
:exp{ 1(Um)1I(‘x(n / / (1 >m 1<1n )” ! (S)ln(f(s))cisit}.

By Theorem 5, the integral is finite. Therefore, by Fubini’s theorem, we change of order of
integration,

:exp{lm/azw(s)ln(f(s)) Vm (mf)m_l (1 S)n 1?] dj} @)

First, we evaluate the inner integral in (2) using a change of variables,

In(t/s) 0<u<l1

since m,n > 0, we obtain

x m—1 n—1 m+n—1 1
/ <1n x) <1 ) at _ <1n x) / (1 —w)™ " tdu
g t S t S 0

By substituting (3) into (2), it follows that

o Hms @) o £\ T(m)T(n) | ds
(A A )f(ﬂf)—eXP{F(m tos [ wlomre) Km ) ] }

_ (1,) 2\ mtn—l ds
—exp{r( +n)/ <ln s) w(s) 1n(f(s))s}
= (TP ) (). O

4. Conclusion

Based on these results, we establish that the proposed weighted operator is well-defined within the

considered function space and exhibits several fundamental analytical properties. In particular,
the operator is shown to possess the properties of linearity, semigroup structure, and continuity.
We also established the boundedness of the logarithm of the image of the operator in the

weighted space. These properties indicate that the introduced operator provides a consistent

extension of the classical weighted Hadamard fractional integral operator into the multiplicative

setting. Furthermore, the obtained results demonstrate that the operator preserves the essential
characteristics required for further theoretical analysis and potential applications in fractional
calculus and related mathematical models.
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