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Abstract

Deductible choice may be statistically associated with claim outcomes after observed rating
variables have been taken into account. The contractual deductible is distinguished from
the normalized deductible ratio used as the continuous working margin, while claim count
remains discrete and individual severity remains continuous. A Canonical Vine pair-copula
construction links the deductible ratio, claim frequency, and individual claim severity. The
application uses 1,038 entities from the Wisconsin Local Government Property Insurance
Fund observed from 2006 to 2010; models are estimated on 2006-2009 data and evaluated on
the 2010 temporal holdout. The estimated dependence is negative for deductible-frequency,
positive for deductible observed severity, and negative for frequency-severity conditional
on the deductible. These patterns are interpreted as conditional associations that may be
consistent with selection and claim-reporting mechanisms, rather than as causal evidence
of adverse selection or moral hazard. The dependence model attains a higher observation-
level logarithmic score than the exogenous-deductible benchmark for 64.55% of frequency
observations and 71.09% of severity observations. Its global Insurance Gini improvement
is 22.54 points, with positive point estimates across all five deductible strata but greater
uncertainty in the highest-deductible group. The results show that deductible information
can improve out of sample risk discrimination, while also demonstrating the importance of
support assumptions, benchmark definitions, and cautious behavioral interpretation.
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1. Introduction

Accurate non-life insurance ratemaking requires an understanding of how observable policyholder
characteristics, contract choices, and claim outcomes are related. A deductible allocates the first
layer of a loss to the insured and may also convey information about risk retention and reporting
behavior. Consequently, the deductible may remain statistically associated with claim frequency
or observed claim severity after conventional rating variables have been controlled for. Treating
that association as absent may weaken pricing and risk segmentation. Nevertheless, residual
association is not equivalent to causal identification: adverse selection, reporting thresholds,
omitted risk characteristics, contract design, and other mechanisms can generate similar empirical
patterns [1, 2].
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A Stratified Evaluation of Deductible—Claim Dependence

Frequency and severity are also not necessarily independent. Dependence can arise from
unobserved heterogeneity, repeated observations of the same policyholder, and differences in claim-
reporting practices. Frequency—severity regression and longitudinal insurance studies therefore
emphasize the value of joint rather than separate modeling [3-5]. Copulas are useful in this setting
because they separate marginal regression specifications from dependence assumptions. Pair-
copula constructions further decompose a multivariate distribution into interpretable bivariate
building blocks and can accommodate combinations of continuous and discrete outcomes [6—8].

The methodological foundation of the present application is the copula regression model
for compound distributions with endogenous covariates introduced by Shi and Lee [9]. That
study jointly modeled a policyholder’s normalized deductible, number of claims, and individual
claim amounts and applied the model to the Wisconsin Local Government Property Insurance
Fund (LGPIF). The present article does not claim the original construction of that architecture.
Instead, it reproduces the core specification and extends its evaluation by examining whether the
predictive and discriminatory gain associated with deductible—claim dependence is stable across
contractually meaningful deductible strata. This transparent positioning is important because
the same LGPIF portfolio and the publicly documented computational framework are used.

Three issues receive particular attention. First, the contractual deductible D is a finite-menu
choice, whereas the primary regression uses the normalized ratio R = D/C, where C' is coverage.
Variation in coverage gives R a substantially richer empirical support, allowing it to be treated as
a positive continuous working margin; claim count remains discrete. A discrete/ordinal treatment
of D is used as a specification check, for which the selected dependence directions and substantive
conclusions remain unchanged. Second, because the same 1,038 entities are followed from 2006
to 2010, the analysis is described as a pooled, stage-wise estimation with a temporal holdout
rather than as an independent cross-section. Third, dependence parameters are interpreted as
conditional associations, not as causal estimates of adverse selection or moral hazard. Recent
panel extensions provide an important direction for a fully dynamic treatment of deductible
choice and claims [10].

The empirical results show negative deductible—frequency dependence, positive deductible—
observed-severity dependence, and negative frequency—severity dependence conditional on the
deductible. The dependence model produces higher observation-level logarithmic scores than an
exogenous-deductible benchmark for 64.55% of frequency observations and 71.09% of severity
observations. The global Insurance Gini comparison favors the dependence model by 22.54 Gini
points. Positive point estimates are also observed in each deductible stratum, although the
highest-deductible group has a wide confidence interval and is not statistically distinguishable
from zero at the 5% level.

The contribution of this study is therefore an out-of-sample and deductible-stratified as-
sessment of an established copula pricing framework. It clarifies the mixed-support likelihood,
distinguishes exogenous-deductible and total-independence benchmarks, documents the stage-wise
estimation and temporal validation design, and evaluates heterogeneity in risk discrimination
across deductible groups. The remainder of the paper is organized as follows. Section 2 presents
the model and estimation procedure. Section 3 reports the empirical findings and out-of-sample
validation. Section 4 discusses risk discrimination and Insurance Gini results. Section 5 concludes.

2. Methodology and Model Specification

This study adopts the compound-distribution copula regression architecture of Shi and Lee [9] and
evaluates its performance across deductible strata. The term deductible—claim dependence is used
for residual statistical dependence after conditioning on observed rating variables. It does not, by
itself, identify a causal effect of the deductible or establish a particular asymmetric-information
mechanism.
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2.1. Observation unit, support, and working assumptions

Let i = 1,...,m index insured entities and let ¢ = 1,...,T; index policy years. The observed
record for entity i in year ¢ is

Oit - (Dit? C’it7 Rit7 Nit7 }/Z'tla e 7}/;tNit7Xit) ) (1)

where Dy is the contractual deductible, Cy; is coverage, Ry = Dj/Cjy is the normalized deductible
ratio, Ny € {0,1,2,...} is claim count, Yj; > 0 is the ground-up amount of the jth reported
claim, and x;; contains the observed rating variables.

The contractual deductible D;; is selected from a finite menu. The primary model nevertheless
treats R;; as a positive continuous working margin because variation in coverage produces a much
richer support for D;;/Cj; than for the nominal deductible itself. Claim count remains discrete
and individual severity remains continuous. This distinction resolves the apparent inconsistency
between a finite deductible menu and differentiation with respect to r. Copulas involving discrete
variables are not unique outside their attainable support; consequently, interpretation is restricted
to the fitted parametric representation and its predictive implications [8, 11]. As a support
sensitivity check, the analysis was repeated using the ordered contractual deductible rather than
the continuous ratio. The signs of the dependence estimates, selected families, and substantive
predictive conclusions were unchanged.

Conditional on (R, Ny, X;t), the individual severities within a policyholder-year are assumed
identically distributed and conditionally independent:

d.d.d.
}/itl7"'aY£tN¢t Cl'\l’ FY( ’ R’itaNit)Xit)' (2)

This working assumption makes the random dimension of the severity vector explicit. When

N;; = 0, no severity is observed and the associated product in the likelihood is defined as one.

Residual dependence among claims from the same entity or year is not separately parameterized.
For a generic reported claim, define

Fryy(r,n,y |x)=Pr(R<r,N <n,Y <y|x). (3)

Let ugp = Fr(r | x), uy = Fy(y | x), uy = Fy(n | x), and uy = Fy(n — 1 | x), with
Fn(—1|x) = 0. For continuous R and Y and discrete N, the joint mass—density contribution is

2
or Oy

fryy (r,n,y | x) = [Fryy (r,n,y | X) — Fryy (r,n— 1,y | x)]. (4)

Thus, a finite difference is applied to the count coordinate, whereas derivatives are applied only
to the continuous coordinates.

2.2. C-vine pair-copula representation

The normalized deductible is used as the root of a three-dimensional C-vine. Let Cry link
the deductible ratio and count, Cry link the deductible ratio and severity, and Cy g link the
count and severity after conditioning on the deductible ratio. This is the standard pair-copula
decomposition described by Aas et al. [6] and adapted to insurance mixed margins by Shi and
Yang [7] and Shi and Lee [9].

For the continuous—discrete pair (R, N), define

)
Hy(rn | x) = Fu v (ur, ) - (5)

The conditional count probability is then

pigr(n | 1ix) = HY(r,n | x) = Hy(r,n | x). (6)
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This finite-difference expression is required because N is discrete.
For the continuous pair (R,Y),

0?Cry (ug,u
Py | 7% = frly | Dery(umuy),  cay(umyuy) = SR WRWY) g
BUR 8uy
and its conditional distribution is
0
Vy = Fy|R(y ‘ T;X) = 7CRy(’LLR,UY). (8)

OupR

Set Vi = H¥(r,n | x) and Vy = Hy(r,n | x). Let 02Cny | denote differentiation with respect
to the second argument. The conditional severity density given both R =r and N =n is

fyien (@ | ronsx) = fyr(y | 75%)
y RCNy R(VA V) — 02CNy r(Vy , V) 9)
V= Vy '

Equation (9) combines differentiation in the continuous severity coordinate with a finite difference
across the attainable count interval. The implementation adopts the simplifying-vine assumption:
conditional copula parameters do not vary with the realized value of R after the conditional
probability transforms have been formed.
Under the conditional-independence assumption in Eq. (2), the policyholder-year likelihood
contribution becomes
Nt

Ly = fr(rit | Xit)pN|R(nit | 7it; Xit) H fY|RN(yitj | 7it, Mit; Xit)- (10)
j=1

This formulation accommodates the absence of severity observations when the count is zero and
avoids treating the severity vector as a fixed-dimensional random variable.

2.3. Dependence and independence benchmarks

Three specifications are distinguished. The full dependence model estimates Cry, Cry, and
Cny|r- The primary benchmark is the ezogenous-deductible model, in which Cry and Cry are
set to independence copulas while dependence between frequency and severity is retained through
an unconditional Cy. Its policyholder-year contribution is

Nit

LGP = frlra | xi)pn (i | xie) [ fyinvWitg | i xar). (11)
j=1

This benchmark removes only the incremental predictive information in the deductible. A
separate total-independence model sets all three pair copulas to independence. The terms
“exogenous-deductible” and “total independence” are therefore not used interchangeably.

2.4. Stage-wise estimation and panel interpretation

The parameters are estimated using a staged Inference Functions for Margins procedure rather
than simultaneous full-information maximum likelihood. Let 67 collect marginal parameters, 62
collect the deductible—frequency copula parameters, and 83 collect the severity and remaining
copula parameters. The pooled working log-likelihood is

i

m T,
060) =Y log Li(8). (12)

i=1t=1
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The parameter blocks are obtained sequentially:
0, = arg r%axfl(el),
1
0, = arg max (5(01,65), (13)
02

03 = arg max 03(61,65,05).
3

The first stage estimates the marginal regressions. The second estimates the deductible—frequency
dependence from the fitted probability transforms. The final stage estimates the severity margin,
deductible—severity copula, and conditional frequency—severity copula while retaining the earlier
estimates. Standard errors reported for the copula table are conditional observed-information
standard errors from their corresponding stage; they do not represent a full simultaneous-
MLE covariance matrix. This distinction is relevant because first-stage uncertainty and serial
dependence are not completely propagated by the final-stage Hessian [12].

Although Eq. (12) uses policyholder-year contributions, observations from the same entity
are not conceptually independent. The point estimates should therefore be interpreted as pooled
working-likelihood estimates for a short panel. The analysis does not claim to fit an entity-specific
random effect or a dynamic panel copula. This limitation motivates comparison with recent
panel methods for insurance contracts with endogenous deductibles [10].

Numerical optimization uses the bounded nlminb optimizer in R for all custom likelihoods.
The starting values are deterministic and are obtained from simpler fitted models: the deductible-
ratio GB2 regression starts from the coefficients of an OLS regression for log(R) with (o, a1, ) =
(1,1,1); the zero-one-inflated negative-binomial frequency model starts from the corresponding
zero-inflated negative-binomial fit, with the one-inflation coefficients initialized at zero; the
severity GB2 regression starts from an OLS regression for log(Y) with (o, a1, a2) = (1,1,1);
the (R, N) Student-t copula starts from (p,v) = (0,5); and the final severity/copula stage
starts from the fitted severity-margin estimates together with (0.5, —1.5,5,5) for the two copula
parameters and their degrees-of-freedom arguments. The final joint optimization imposes the
parameter bounds used by the copula family, including p € [—50,50] for the first copula and
Osigned € [—50, —1.001] for the rotated Gumbel parameterization; the (R, N) Student-¢ copula
uses p € [—0.999,0.999] and v > 1.

The baseline custom optimizations use at most 500 objective-function evaluations; the
deductible-ratio fit also uses a maximum of 500 iterations. Unless explicitly overridden, nlminb’s
default convergence tolerances are retained: relative function tolerance 1070, parameter tolerance
1.5 x 1078, and false-convergence tolerance 2.2 x 10~!4. Re-estimation with evaluation limits
of 1,000 and 2,000 returns the same objective values and parameter estimates to the reported
precision. These checks support numerical stability for the implemented starting configuration,
but they are not presented as proof of a global optimum. Numerical Hessians are computed with
numDeriv: :hessian at the final estimates, and the reported conditional standard errors use the
inverse observed Hessian from the corresponding estimation stage.

2.5. Model selection and temporal validation

Copula families are compared using the negative log-likelihood, Akaike information criterion,
and Bayesian information criterion,

AIC = 2NLL + 2k,  BIC = 2NLL + klogn, (14)

where k is the number of estimated parameters and n is the estimation sample size relevant to
the stage. Lower values indicate a preferred candidate within the evaluated set.

The model is estimated using policy years 2006-2009 and evaluated on the 2010 holdout.
Because the holdout may contain entities observed during training, this is a temporal one-year-
ahead assessment rather than validation on previously unseen entities. Predictive distributions
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are evaluated with the logarithmic score [13, 14]:

S(p,w) = log p(w), (15)

where a larger value is better. In addition to the total log score, the empirical win rate of the
full model relative to the exogenous-deductible benchmark is

1 Ntest
7?w' _ T Sfull > SexoD ) 16
mn ntest qzl { q - q } ( )

This quantity is a sample proportion of holdout observations, not a classification accuracy or a
model-based probability.

3. Results and Discussion

This section presents and discusses the main empirical findings. We begin by describing the
data and identifying their key exploratory patterns. Next, we examine the fitted marginal
distributions and the dependence structure captured by the copula models. Finally, we evaluate
the out-of-sample predictive performance and discuss the implications of the results.

3.1. Data and exploratory patterns

The empirical application uses the Wisconsin Local Government Property Insurance Fund
data analyzed by Shi and Lee [9]. The Fund provides building and contents coverage to local
government entities in Wisconsin. The balanced panel contains 1,038 entities observed annually
from 2006 to 2010, yielding 5,190 policyholder-year observations. The first four years are used for
estimation and 2010 is retained for temporal validation. Available variables include the contractual
deductible, coverage, claim count, per-occurrence ground-up loss, and entity classification.

Table 1: Description and descriptive statistics of outcome and explanatory variables

Variable Description Mean SD
Deductible Amount of deductible per million dollars of coverage 1,982.787  41,194.260
ClaimFreq Number of claims per policyholder-year 0.589 1.537
ClaimSev ~ Amount of an individual positive claim in dollars 19,515.000 154,221.200
Entity type indicators

City 1 for a city entity and 0 otherwise 0.144 -
County 1 for a county entity and 0 otherwise 0.059 -
School 1 for a school district and 0 otherwise 0.292 -
Town 1 for a town entity and 0 otherwise 0.168 -
Village 1 for a village entity and 0 otherwise 0.232 -
Others 1 for all remaining entity types and 0 otherwise 0.106 -
Coverage Coverage amount in millions of dollars 35.107 78.886

Table 1 shows substantial dispersion in all three outcomes. The mean claim frequency is 0.589
claims per policyholder-year. It should not be interpreted as three claims annually; multiplying
by five gives approximately 2.945 claims over the complete observation window for a continuously
observed entity. Mean individual positive severity is approximately $19,515. The large standard
deviations of the deductible measure and severity motivate flexible positive heavy-tailed margins.

Figure 1 displays unconditional exploratory patterns. Panel (a) suggests that policyholder-
years with more claims tend to have lower deductible ratios. This pattern is consistent with
selection on risk retention, but the plot alone cannot distinguish adverse selection from observed
or omitted portfolio heterogeneity. Panel (b) shows that larger deductible ratios are associated
with larger observed losses among positive claims. A reporting or truncation mechanism is one
possible explanation because a higher deductible raises the threshold at which a loss becomes
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Distribution of Deductible Ratio by Claim Frequency Claim Severity Distribution by Frequency Group
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Fig. 1: Exploratory relationships among the deductible ratio, claim frequency, and claim outcome. Panel
(b) includes zero-claim policyholder-years for descriptive comparison; these observations do not enter the
individual positive-severity likelihood.

economically relevant to report. The same pattern could also reflect entity composition, coverage
design, or unobserved risk characteristics; it is therefore not treated as causal evidence of ex-post
moral hazard. Panel (c) indicates a negative unconditional association between claim count and
individual positive severity, supporting the use of a dependent frequency-severity specification
[3-5].

Deductible Ratio by Entity Type Mean Claim Frequency by Entity Type Claim Severity by Entity Type
Bars show mean; error bars show +1 Standard Error
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(a) Deductible ratio by entity type (b) Mean claim frequency by entity (c) Positive claim severity by entity
type type
Fig. 2: Heterogeneity in deductible, claim frequency, and positive severity across entity types.

Figure 2 demonstrates that entity classification is a potentially important confounder. Towns
and other entities tend to carry higher deductibles, whereas cities and counties carry lower
deductibles. Counties have comparatively high claim frequencies, while towns have lower
frequencies but larger positive losses. The regression models therefore include entity indicators
and coverage. Any dependence remaining after this adjustment is described as residual conditional
association; it may still contain omitted heterogeneity.

3.2. Marginal and copula estimates

The primary model uses the normalized deductible ratio R = D/C rather than the absolute
contractual deductible. Both R and individual positive severity are fitted with Generalized Beta
of the Second Kind regressions, while count is fitted with a Zero-One Inflated Negative Binomial
regression. The latter combines a negative-binomial component with additional masses at zero
and one, reflecting the pronounced concentration at those counts [9, 15]. The “Others” category
is the reference entity class, and the coverage covariate enters the frequency and severity models
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on the logarithmic scale.

The reported estimates are obtained by the staged procedure in Eq. (13); they are not
simultaneous full-information MLEs. Standard errors are conditional observed-information
standard errors from the corresponding estimation stage.

Table 2: Stage-wise marginal parameter estimates for the dependence model

Marginal models

Deductible ratio Frequency Positive severity
Parameter Estimate Std. error Parameter Estimate Std. error Parameter Estimate Std. error
Intercept 5.857 0.118 Intercept -2.855 0.249 Intercept 7.524 0.214
City -2.295 0.076 City 1.289 0.210 City -0.249 0.155
County -2.927 0.097 County 1.387 0.217 County -0.537 0.166
School -2.088 0.069 School 0.143 0.204 School -0.241 0.156
Town 0.583 0.074 Town 0.827 0.358 Town -0.144 0.202
Village -1.066 0.071 Village 0.952 0.226 Village -0.113 0.152
o 0.845 0.094 log(Coverage) 0.519 0.046 log(Coverage) 0.023 0.026
o1 1.698 0.319 10) 0.879 0.083 o 0.863 0.110
Qo 1.215 0.197 Zero-inflation model ay 2.092 0.466

Intercept 0.281 1.022 Qs 0.526 0.098
log(Coverage) -1.070 0.249
One-inflation model
Intercept -2.438 0.985
log(Coverage) -0.354 0.288

)

Table 2 shows clear differences in risk retention across entity types relative to the “Others’
category. Counties and cities have negative deductible-ratio coefficients, while towns have a
positive coefficient. Coverage has a positive association with frequency but a small estimated
association with individual severity. These regression coefficients describe conditional mean or
scale relationships under the stated marginal parameterizations; they should not be interpreted
as causal effects of entity status or coverage.

Table 3: Candidate copulas for deductible—severity and conditional frequency—severity dependence

Copula (R,Y) Copula (N,Y | R) NegLogLik AIC BIC

Frank Rotated Gumbel 90°  31709.776  63443.551 63513.168
Frank Gaussian 31710.970  63445.941 63515.558
Gumbel Rotated Gumbel 90°  31714.079  63452.157 63521.774
Gumbel Gaussian 31715.106  63454.212  63523.829
Survival Clayton Gaussian 31716.611  63457.221 63526.838

Table 4: Candidate copulas for deductible—frequency dependence

Copula (R, N) NegLogLik AIC BIC

Student-¢ 3453.594  6911.189 6923.851
Frank 3458.699 6919.398  6925.729
Gaussian 3458.754  6919.508 6925.839
Rotated Gumbel 270°  3461.259  6924.518 6930.849
Rotated Gumbel 90° 3462.005  6926.010 6932.341

Tables 3 and 4 report negative log-likelihood values; lower values are preferred. The AIC
values are consistent with 2 NegLogLik +2k. Among the evaluated candidates, a Student-t copula
is selected for (R, N), a Frank copula for (R,Y’), and a 90° rotated Gumbel copula for (N,Y | R).
These comparisons are conditional on the candidate set and the fitted marginal distributions.
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Table 5: Estimated copula parameters and implied Kendall’s 7

Component  Copula Parameter Estimate Std. error Kendall’s 7
CrN Student-¢ p -0.2689673  0.0202909 -0.173

v 12.3180848  4.1522202 -
Cry Frank 0 1.0700252  0.1235319 0.118
Cny|r Rotated Gumbel 90° Osigned -1.5041262  0.0419661 -0.335

The Student-t estimate in Table 5 implies a moderate negative rank association between the
deductible ratio and count. The estimated degrees of freedom should not be interpreted, on
its own, as evidence of strong extreme co-movement; the fitted model’s same-tail dependence
is limited at the reported parameter values. The Frank parameter is denoted by 6, not by a
correlation coefficient, and implies a weak positive rank association between the deductible ratio
and observed positive severity. For the rotated Gumbel, the negative signed parameter follows
the software convention for a 90° rotation; the corresponding unrotated Gumbel magnitude is
1.5041 and the implied rank association is negative.

The signs are compatible with a lower deductible ratio among observations with higher claim
frequency, larger observed positive losses at higher deductible ratios, and smaller positive losses at
higher claim counts after conditioning on the deductible ratio. These are conditional associations.
The first may be consistent with selection on latent risk, while the second may be consistent with
reporting thresholds or selective reporting. Neither identifies adverse selection or moral hazard
without additional instruments, structural restrictions, or a longitudinal behavioral design.

As a support-sensitivity check, the deductible was also represented by its ordered contractual
level rather than by the continuous ratio R. The ordinal rerun retained the same three selected
copula families Student-t for (R, N), Frank for (R,Y’), and 90° rotated Gumbel for (N,Y | R)
and the same dependence directions. For quantitative reference, the corresponding primary-model
Kendall’s 7 values are —0.173, 0.118, and —0.335, respectively. The holdout evaluation used
for the primary continuous specification contains 1,038 policyholder-year observations; the full
model wins on 64.55% of frequency log-score comparisons and 71.09% of severity comparisons,
with a 22.54-point global Insurance Gini gain. These latter predictive figures are reported for the
primary continuous specification, not as separate ordinal-model estimates. The ordinal exercise
is therefore interpreted as a robustness check on the support assumption rather than as a second
preferred fitted model.

3.3. Out-of-sample predictive validation

The temporal validation compares the full dependence model with the exogenous-deductible
benchmark defined in Eq. (11). For frequency, the predictive distributions are py(n | x) and
pn|r(n | 73x). For severity, the corresponding distributions are fy|y(y | n;x) and fy|rn(v |
r,n;x). The 2010 observations are not used for parameter estimation.

Table 6: Out-of-sample log-score comparison on the 2010 temporal holdout

Outcome Full-model win rate Exogenous-deductible total score Full-dependence total score
Claim frequency 64.55% -1049.774 -1022.059
Claim severity 71.09% -8366.561 -8214.455

Table 6 reports total, rather than average, logarithmic scores. A higher score is preferred. The
full model assigns a higher observation-level log score than the benchmark for 64.55% of count
observations and 71.09% of severity observations (670 and 738 of the 1,038 holdout observations,
respectively). These percentages are empirical win rates defined in Eq. (16). No formal sampling
uncertainty or hypothesis test is attached to these proportions in this study; they are descriptive
summaries of the fixed 2010 temporal holdout, not classification accuracies and not probabilities
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that the model is correct. The higher total scores indicate improved predictive density assignment
on the holdout, but the result should be understood as temporal validation on entities that may
also appear in the estimation years.

4. Managerial Relevance and Insurance Gini Evaluation

The empirical results have two distinct operational interpretations. First, the deductible ratio can
provide incremental information for one-year-ahead risk ranking after observed rating variables
have been considered. Second, this incremental information does not establish that changing
a policyholder’s deductible would causally change claim behavior. Accordingly, the discussion
below focuses on conditional prediction and discrimination rather than guaranteed underwriting
profit.

4.1. Conditional risk relativities

Let S; denote aggregate loss, D; the contractual deductible, and ¢(S;, D;) the insurer’s payment
function. For covariates x;, define the full-model conditional expected payment and its exogenous-
deductible counterpart as

mean(r, %i) = Elg(Si, Di) | Ri = r,xi], MexoD (Xi) = E[g(Si, Di) | xi] . (17)
For a reference ratio rg, a conditional risk relativity may be written as

maan (7, Xi)
rel(r;rg,x;) = ————=. 18
(riro, %) mean (70, X; ) (18)
Equation (18) is a predictive relativity. It measures how the fitted conditional loss cost changes
with the observed deductible ratio within the model; it is not a treatment effect of assigning a
different deductible.

4.2. Champion—challenger Insurance Gini

The 2010 holdout is also evaluated using the ordered-Lorenz Insurance Gini of Frees, Meyers,
and Cummings [16]. Let pP > 0 be the base-model score, p¢ > 0 the challenger score, and s; > 0
the realized loss measure. Define ); = pic / plB and order observations so that Q) < -+ < Q).
The cumulative base-score and loss shares are

>ho1 PGy Yot 5(n)
Py=——5> Ly=———, Py = Lo=0. (19)
D pf i1 Si

Using the sign convention in this study, the pairwise statistic in Gini points is evaluated by
trapezoidal integration:

6(8.0) =y [Pl £ (B L)

k=1

(Pr — Pr-1). (20)

A positive G(B, C') means that the column/challenger score provides better ordering than the
row /base score under this convention. Because the base weights and ordering change when the
models are reversed, G(B, C) need not equal —G(C, B).

In the implementation, the realized loss measure is s; = log(1 + Claim;), and all competing
risk scores are evaluated on the corresponding transformed scale. Consequently, the Gini values
quantify relative discrimination on that scale; they should not be read as a dollar profit margin.
A constant score represents an uninformative or tied benchmark, not a mathematical “maximum
possible loss.” An oracle score based on realized outcomes is useful only as an unattainable
reference bound.
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Table 7: Pairwise Insurance Gini comparisons in points; standard errors are in parentheses

Base \ Challenger Pooled  Exogenous deductible Full dependence Experience
Pooled - 36.5633 37.9323 35.3548
(2.0120) (2.0081) (2.0339)

Exogenous deductible -27.4586 - 22.5442 9.5223
(2.0520) (2.1214) (2.2387)

Full dependence -27.5477 -20.1313 — -9.4131
(2.0580) (2.1233) (2.1905)

Experience -25.1190 -6.6048 12.5025 -
(2.0765) (2.2356) (2.1806)

Four scores are compared: a pooled score that ignores observable heterogeneity, an exogenous-
deductible score that removes R—claim links while retaining frequency—severity dependence, the
full dependence score, and the Fund’s experience or contract score.

Table 7 shows that the full dependence score improves on the exogenous-deductible score by
22.5442 Gini points (SE = 2.1214), corresponding to a nominal 95% interval of approximately
[18.39,26.70]. It also provides better ordering than the experience score when the latter is used as
the base. These comparisons support an incremental discrimination benefit from conditioning on
the deductible ratio. They do not establish causal asymmetric information or guarantee realized
underwriting profit.

4.3. Deductible-stratified evaluation

To examine heterogeneity in discrimination, the 1,038 holdout entities are partitioned using
prespecified nominal deductible bands. The cutoffs are held fixed across models so that the
comparison is not selected using model performance.

Table 8: Exogenous-deductible versus full-dependence Insurance Gini by contractual deductible stratum
(US dollars)

Stratum  Contractual deductible n  G(exoD,full) Std. error Nominal 95% CI ~ G(full,exoD)

1 D < 500 447 25.03 3.385 [18.39, 31.67] -21.87
2 500 < D < 1,000 220 21.94 4.232 [13.65, 30.23] -19.68
3 1,000 < D < 2,500 133 16.13 6.207 3.96, 28.30] -14.53
4 2,500 < D < 5,000 143 25.88 5.468 [15.16, 36.60] -24.12
5 D > 5,000 95 14.61 7.880 [—0.83, 30.05] -13.18

All five point estimates in Table 8 favor the full dependence score. The evidence is strongest
in strata 1, 2, and 4, while the smaller third stratum has a wider interval. For stratum 5, the
nominal 95% interval includes zero and the corresponding z statistic is approximately 1.85. The
highest-deductible result is therefore described as positive but imprecise, rather than statistically
significant at the 5% level. The intervals are pointwise and no claim of simultaneous significance
across all five groups is made.

Figure 3 is consistent with the point estimates in Table 8. The stratified analysis indicates
that the ranking gain is not concentrated exclusively in the lowest deductible group. At the
same time, the widening uncertainty as the stratum size decreases cautions against a universal
profitability claim. The operational implication is that the deductible ratio can be evaluated
as an additional segmentation variable, subject to calibration, governance, and stability checks
before implementation.
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Legend: upper solid curve = full-dependence score; lower solid curve = exogenous-deductible score; - - - =
equality line.
Fig. 3: Ordered-Lorenz comparisons of the exogenous-deductible and full-dependence scores across
deductible strata. The horizontal axis is the cumulative percentage of the model score (premium/risk
score) after ordering observations by the challenger-to-base score ratio; the vertical axis is the corresponding
cumulative percentage of realized loss. The constant-score reference appearing in the panels is interpreted
as an uninformative benchmark, not as a mathematical maximum-loss bound.

5. Conclusion

This study revisited the copula regression framework of Shi and Lee [9] and extended its empirical
evaluation across deductible strata. The analysis distinguished the contractual deductible from the

Dwi Mifta Mahanani 2132



A Stratified Evaluation of Deductible—Claim Dependence

normalized continuous ratio used in the primary model, retained a discrete likelihood contribution
for claim count, and stated explicitly how the random number of individual severities enters
the policyholder-year likelihood. It also separated the exogenous-deductible benchmark, which
retains frequency—severity dependence, from a total-independence model.

The fitted C-vine produced negative deductible—frequency dependence, positive deductible—
observed-severity dependence, and negative conditional frequency—severity dependence. These
estimates show residual conditional associations after observed rating variables have been included.
The negative deductible—frequency association is compatible with selection on latent risk, while
the positive deductible—observed-severity association is compatible with reporting thresholds or
selective reporting. Neither result constitutes causal identification of adverse selection or ex-post
moral hazard.

On the 2010 temporal holdout, the full dependence model achieved a higher observation-level
logarithmic score than the exogenous-deductible benchmark for 64.55% of frequency observations
and 71.09% of severity observations. The full score also improved the global Insurance Gini
comparison by 22.54 points. The deductible-stratified point estimates were positive in all five
groups, ranging from 14.61 to 25.88 points. However, the interval for the highest-deductible group
included zero, so the evidence does not support a claim of statistically significant improvement in
every stratum. The Gini analysis measures relative ordering on the evaluation scale and should
not be interpreted as a guaranteed dollar profit.

Several limitations remain. The continuous GB2 model for R = D/C is an approximation to
a contract choice generated from a finite deductible menu, although the ordinal sensitivity check
preserves the qualitative conclusions. Point estimation uses a pooled working likelihood for a short
panel, and the conditional stage-wise standard errors do not fully propagate first-stage and serial-
dependence uncertainty. The temporal holdout contains entities that may have appeared during
training, and the observational design cannot isolate causal behavioral mechanisms. Observed
severity may also be affected by reporting or recording thresholds. Finally, discrimination should
be supplemented by calibration and operational monitoring before the score is used for pricing
decisions.

Future research should model the repeated observations directly through random effects or a
dynamic panel copula, propagate uncertainty across all estimation stages, and evaluate deductible
support using a fully discrete or ordinal likelihood. The panel framework of Shi and Zhang [10]
provides a natural reference for that extension. Additional applications to independent portfolios
and prospective policy periods would help determine whether the stratified gains generalize
beyond the LGPIF data.
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