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Abstract

In this paper, we obtain explicit upper bounds for the initial seven coefficients and their
inverses for a subclass of bi-univalent functions defined via subordination. Using coefficient
estimates associated with the Carathéodory class and coefficient comparison techniques,
expressions for the bounds of as, as, ..., a7 are derived. Moreover, it is proved that the first
seven inverse coefficients admit the same upper bounds as the corresponding coefficients of
the original function. These findings generalize several existing results concerning lower-order
coefficients and provide a framework for further investigations of higher-order coefficient and
Hankel determinant problems in the theory of bi-univalent functions.

Keywords: Analytic Functions; Bi-univalent Functions; Carathéodory Functions; Initial Coeffi-
cient Estimates; Inverse Coefficient.

Copyright © 2026 by Authors, Published by CAUCHY Group. This is an open access article
under the CC BY-SA License (https://creativecommons.org/licenses/by-sa/4.0)

1. Introduction

Let U= {z € C: |z| < 1} denote the open unit disk and let A be the class of analytic functions
in U. A function f € A is called univalent if it is one-to-one in U [1]. The class of all normalized
univalent functions is commonly denoted by S. A function f € A is said to be bi-univalent if
both f and its inverse function f~! are univalent in U. The class of all bi-univalent functions is
denoted by 3.

The study of bi-univalent functions has attracted considerable attention since Srivastava,
Mishra, and Gochhayat [2] introduced the class ¥ of analytic bi-univalent functions. Since then,
numerous subclasses of ¥ have been investigated from the viewpoint of coefficient problems.
Mishra and Soren[3] established coefficient bounds for bi-starlike analytic functions, while Deniz,
Caglar, and Orhan [4] introduced the classes of bi-starlike and bi-convex functions of order
and investigated problems related to the second Hankel determinant. The study of higher-order
coefficient estimates also received considerable attention. In particular, Janani and Yalgmn [5]
derived upper bounds for the initial seven coefficients of a subclass of bi-starlike functions.
Further developments were reported by Yousef, Alroud, and Illafe [6], Khatua, Naik, and
Patil [7], Murugusundaramoorthy, Vijaya, and Bulboaca [8], Giileg and Aktas [9], Al-Refai [10],
and Sharma, Sivasubramanian, and Cho [11], who investigated various subclasses of analytic
bi-univalent functions and their associated coefficient problems.

Among these subclasses, strongly defined classes are of particular interest because the
imposed argument restrictions yield a finer geometric structure. Chow, Janteng, and Halim [12]
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investigated coefficient-related problems for strongly bi-starlike functions of order a. More
recently, Shakir and Atshan [13] introduced the generalized subclass By (), which unifies the
bi-starlike and bi-convex classes within a single framework.

One of the central themes in the theory of bi-univalent functions is the determination of
coefficient estimates and inverse coefficient bounds, since these quantities provide valuable
information concerning the analytic and geometric behavior of functions and their inverses.
Although substantial progress has been achieved for various subclasses of ¥, including several
investigations on inverse coefficients [14, 15], the corresponding problems remain open for strongly
generalized subclasses associated with the class By (/).

Motivated by the work of Shakir and Atshan [13], we introduce a new subclass of strongly
bi-univalent functions, denoted by B3 («), which is a strongly generalized version of the class
Bx(f). To the best of our knowledge, neither the initial seven coefficient estimates nor the
inverse coefficient bounds have previously been investigated for this class. The novelty of the
present work lies in establishing explicit upper bounds for the coefficients as, as, ..., a7, while
also deriving corresponding estimates for the inverse coefficients of functions belonging to B («v).
These results generalize and extend several known coefficient estimates for bi-starlike, bi-convex,
and related subclasses of bi-univalent functions, thereby contributing further to the coefficient
theory of strongly bi-univalent functions.

2. Methods

In this section, several preliminary results and auxiliary lemmas used in deriving coefficient
and inverse coeflicient bounds are presented. We begin by introducing several subclasses of
bi-univalent functions that are relevant to the present study.

Definition 1. [16] A function f € ¥ belongs to the class of bi-starlike functions of order /3,
denoted by Sx(5), if

2f'(2) wg'(w)
$(Z) 25w 0(200)

where 0 < < 1land g= f~L

Definition 2. [16] A function f € ¥ belongs to the class of bi-convex functions of order /3,
denoted by Cx(f), if

2f"(2) wg" (w)
d(10 D)2t 2{os )

where 0 < < 1land g= f~ L

Definition 3. [13] A function f € ¥ belongs to the class Bx(5) if

zf'(2) 7
3?( 02) + zf (z)) >

and

%(w;](/l(;;)) +wg/l(w)> > ,8,

where 0 < S <1land g= f~L
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Let -
fz)=2z+ Z apz" (1)
n=2

1

be a function in the class X. Since f is bi-univalent in U, its inverse function g = f~" exists and

is analytic in U. Moreover, g has the expansion

FHw) = g(w) = w — agw? + (2a3 — az)w® — (5a3 — bagas + ag)w* + (14a3 — 21adas
+ 6agay + 3a3 — a5)w5 — (42ag — 84adas + 28a3ay + 28aza’ — Tasas
— Tasay + ag)wﬁ + (132&3 — 330a3a3 + 120a5a4 + 180a3a3 — 36a3as
— T2asazay + 8azag — 12a3 + 8azas + 4a3 — ar)w’ — - --

Furthermore, several coefficient estimates for analytic functions with positive real part are
required. These estimates are associated with the classical Carathéodory class and are frequently
used in coefficient problems for analytic and bi-univalent functions.

Definition 4. [1] Let P be the class of functions
o
p(z) =14+ pu2", z€T, (3)
n=1
which are analytic in U and satisfy ®(p(z)) > 0.

Lemma 1. [12] If p € P is given by Eq. (3), then |p,| < 2, n>1.

To obtain coefficient relations, the following representation formula will also be used.

Lemma 2. [12] Let p € P. Then there exist complex numbers x and z satisfying |z| < 1
and |z| < 1, such that

2py = pi + (4 — pl)z,

and

4ps = pi +2(4 — p)prz — (4 - pi)pre® +2(4 = p) (1 — [2]*)z.

The above auxiliary results will be applied repeatedly in deriving coefficient inequalities and
inverse coefficient estimates for the strongly By class introduced in the next section.

3. Results and Discussion

Based on the preliminaries established in the previous section, we now introduce the subclass
of strongly bi-univalent functions to be investigated and derive several coefficient estimates
associated with this class. These results will be used to obtain upper bounds for the coefficients
of the function and its inverse function.

Definition 5. [13] A function f € X is said to belong to the class B};(a), where 0 < ae < 1,

if
zf'(z) " o
arg( 5 +zf (z)>‘< 5
and
wg' (w) 1" wes
arg( o () + (w)> <5
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for all z,w € U, where g = f~1.

To derive the coefficient bounds for functions belonging to the class B}, («), we first establish
several coefficient relations associated with the defining conditions of the class.
Let f(2) = 2z + 302 5 a,2" be a function in B (a) and let g(w) = f~}(w) be its inverse

function. By Definition 5,
zf'(2) " am
arg ( +2f"(z ) < —
o TTE)<

and

arg (wgg(/z(yz)v) + wg"(w))’ < Og.

Hence, the functions
2f'(2)
f(z)

+ zf"(z) and w;/l(uw) +wg" (w)

take values in the sector

{cecijag <},

2
Therefore, by the standard sectorial representation, there exist functions p,q € P such that

Zf,(Z) "
+2f"(2) = [p(2)]¢, 4
o T =) ()

wg’(w) " a

+ wg”’ (w) = |[g(w)]|7, 5
oy g’ (w) = [a(w)] 5)

where P = {h : h(0) =1, Rh(z) > 0} and

p(2) =14+ prz+pez? +pa® 4+, (6)
and

g(w) =1+ qrw + gw?® + gsw® + ..., (7)

Substituting the series expansions of Eq. (1), f'(z2), f”(z), and Eq. (6) into Eq. (4), and
comparing the coefficients of like powers of z, we obtain

3az = ap, (8)
8az — a3 = aps + a(a;l)p%’ (9)
15a4 — 3asas + a3 = aps + ala — 1)pips + ala - 1)éa — 2)])?7 (10)
24a5 — 4asay — 2@%
+4a3a3 — a3 = aps + oo — V)pips + ale ~1)(a 2—42)(a i
L ala— g3 ala—1)(a—2)pp )

2 2 ’
3bag — Dasas — dagay + 5a%a4

ala —1)(a — 2)pips

+5a2a§ — 5a§a3 + a% = aps + + ala—1)pips

2
ala—1)(a—2)(a—3)(a—4)p
+ 120 :
3
n ala—1)(a—2)(a— 3)pip2 +ala— )paps

6
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a(a—1)(a —2)p1p3

+ > , (12)
48a7 — basag — bagas + 6a§a5
—3@?1 + 12asa3a4 — 6a§a4 + 2a§
—9a%a§ + 6a§a3 — ag = apg + a(a — 1)p1ps + a(a — 1)papy
G 1)p3 L ala=Dla- 2)pipa
2 2
—1)(a—2)p3
+ ala —1)(a — 2)p1paps + afa )éa v
n a(a—1)(a = 2)( = 3) (o — 4)pip2
24
L ala =1 =2 - 3pip
6
n a(a—1)(a = 2)(a = 3)(a = 4)(a = 5)pf
720
—1)(a—2)(a — 3)p?p3

Similarly, substituting Eq. (2), ¢'(w), ¢"(w) and Eq. (7) into Eq. (5), and equating the
coefficients of like powers of w, we obtain

—3as = aqq, (14)
1503 — 803 — g, + 20—V 5 Dai (15)
—70a3 + T2a0a3 — 15a4 = aqz + a(a — 1)q1qo + oo - 1)éoz — 2)qi)” (16)
315a5 — 480a3a3 + 140azay
+70a3 — 24a5 = aqy + a(a — 1)q1q3 + G 1)(; ~2)aiee
Lola=D@  ala=Dia=2@=3f

2 24 ’
—1330a5 + 2740a3a3 — 945a3a4

—945a2a§ + 240aza5 + 240aza4 — 35a6 = ags + a(a — 1)q1q4 + a(a — 1)gaqs
ala—1)(a—2)¢?qs n ala—1)(a—2)q1¢3

+ 2 2
a(a —1)(a —2)(a - 3)die
+ 6
a(a —1)(a —2)(a —3)(a —4)q7
1
+ 120 : (18)
6062a5 — 16060a3a3 + 5544a3a4 + 8896a3a3
—3360azazay — 172a3a5 + 378azas — 630a3
+402azas + 189a3 — 48a7 = ags + a(a — 1)qigs + a(a — 1)gaqs
ala —1)(a —2)¢?
+ ( )(2 Jaids +a(a—1)(a—2)q1q2q3
ala —1)¢? —1(a—2)g
n (a—1)g3 n afa—1)(a —2)g,
2 6
a(a —1)(a —2)(a - 3)digs
* 6
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aa—1)(a—2)(e — 3)qi g3

+ 4
a(a —1)(a —2)(a —3)(a — 4)qig
_l’_
24
a(a —1)(a =2)(a =3)(a —4)(a = 5)¢} (19)
720
Combining Eq. (8) and Eq. (14), we obtain
api aq
S - 2
3 a2 3 ) ( O)
which implies that py = —¢;. Next, from Eq. (9) and Eq. (15), we obtain
a’pi  a(p2 — )
= . 21
B=T9 T g (21)

Furthermore, using Eq. (10) and Eq. (16), we get

203p3 B2 — o — ala—1 + ala—1)(a —2)p3
a, =200 p1(p2 — ¢2) N (p3 —q3) n ( )p1(p2 + ¢2) N ( )( )p1' (22)
405 96 30 30 90

Similarly, combining Eq. (11) and Eq. (17), we obtain

_8alpl | 5a’pi(pr— @) | alpa—ar) | a¥(a— Dpi(pr+ o)

=T 705 1728 LT 30
ala—1)(p3 — 6) N o’p1(ps — ¢3) L ala=1)(a- 2)pt(p2 — q2)
96 30 96
o?(a—1)(a — 2)pt N 3a?(p2 — 2)? L ola = Dpi(ps +a) (23)
90 512 48 '

Moreover, from Eq. (12) and Eq. (18), we get

v — — La?p?  alps —g5) _ 3131api(pe — ) | Ta’(p2 = a2)(ps —a) | Ta’pi(ps —qs)

8505 70 120960 960 288
L ola=1)(pops — aogs) _ 4a’(a = Upi(pa+a2) | ala—1)(a = 2)p(ph +63)
70 567 140
al(a—1)p1(ps + qa) n a3pi(p2 — ¢2)? n a@’pi(ps —q3) | 7a®(a— 1)pi(ps + q3)
70 1792 630 288
70 (o — D)p1(p5 — ¢3) N 7a* (o — Dp1(p2 + ¢2) (P2 — @2) L ala—1)a— 2)p3(ps — q3)
576 960 140
3’ (a—1)(a=2)p}  a(a—1)(a—2)(a—-3)pi(p2 + )
11340 420
| 102~ Do~ ~ @) |, ala 12 -3 15} o
480 4200

Finally, combining Eq. (13) and Eq. (19), we obtain

15991a%8  a(ps —gs) | 20°pi(ps —gs5)  901597api(p2 —g2) | 1111a’pi(ps — g3)

= 4592700 96 105 52254720 544320
B 225737ap? (pa — q2)? N ala—1)p1(ps + ¢5) N 1703p2 (p4 — qu) N ala—1)(p3 — ¢3)
18579456 96 41472 192
n 202 (o — 1)p1(paps — q243) B 1025930 (o — 1) (o — 2)p§ n ala—1)(a—2)p?(ps — q4)
105 8164800 192
n 520% (o — 1) (e — 2)pi(ps — g3) L dla—Dla—2)(a- 3pi(p2 — @)  430°(p2 — qo)°
4725 384 786432
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n o?(a —1)%(a — 2)pt(p2 + @) . oo —1)(p2pa — q2q1) 4070 (p2 — q2) (P4 — qa)

675 96 73728
n a(a —1)(a —2)p1(p2p3 + q2q3) n 1763 (a — 1)pi(p2 + q2) (p2 — q2) n o?(ps — g3)*
96 15360 450
Lola-D@=2)py—g)  a*(a—12(a 2% o*(a—1)(a=2)pi(ps +6))
576 4050 105
10730 (v = 1)pi(p2 + g2) | 20%(a = Dpi(ps+ q1) | 17 (a = D)pi(p3 — ¢5)
B 33600 105 82944
n 11902 (o — 1) (o — 2)pi (p2 — q2) n o? (o — 1) (o — 2) (e = 3)pi(p2 + q2)
207360 315
n a?(a—1)(a—2)(a—3)(a—4)p§ n ala—1)(a—2)(a—3)p}(ps + q3)
3150 576
1708 (0 = 1)pi(ps +g3) | a(a—1)(a —2)(a = 3)(a — 4)pi(p2 — g2)
41472 2304
n 4070 (e — 1)p1(p2 — q2)(p3 + g3) n 4070 (a — 1) (o — 2)p3 (p2 — q2)?
73728 147456
n o?(a = 1)p1(p2 + ¢2)(p3 — q3) n 4070% (o — 1) (p2 — q2) (p3 — 43)
225 147456
170%p1(p2 = 42)(ps = 43) . 0*(@ = 1)°p}(p2 + ¢o)” (25)
15360 450 '

Next, applying Lemma 2 to the functions p and ¢, for some complex numbers x,y,(, and 7
satisfying |z| < 1,|y| < 1,[C] < 1,|n| < 1. Using the relation p; = —q1, we further obtain

(4—p3) 4 —p}

2= 2=y (z—y), p2t+aq=pi+ 5 (z+y),
3 2 2 2
pi | pi(4—p pi(4—p 4—p

ps—as = 2 PP ) DU 2y A5 PG e (1 ),
pi(4—pi pi(4—pi 4—pt

py s = PP gy PP ey AP  paycg ( fyP)

The above relations will be used repeatedly in deriving the coefficient estimates presented
in the following theorem, which provides upper bounds for the initial coefficients of functions
belonging to the class B3 (o).

Theorem 1. Let f(z) be given by Eq. (1) and suppose that f € By (), 0 < a < 1. Then
the following coefficient bounds hold:

9
1602 2 4(1-a) 4(1-0a)(2-a)
05 15 15 45 ’

405 5 15 45 t12

2 3522 8a? Ta 128c%(1—a) @ 3440%(1-a)(2—a)  8(1—a)
—+ + —+ =+ + +
35 8505 315 36 567 2835 35

(128a3 do Sa(l—a) 8a(l—a)(2—a) 1 )

8l—a)2-—a) 81l-a)2-a)B3-a) 41-a)2-a)B-a)d—-a)
* 35 * 105 + 525 )7
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u " 4 + 675 2025 6

|a7\ga<1 (1-0)2-0a) 641-0)*(2-0) 320-0)’2-0a)’ (1-0a)

1111a3_+_16a +_64a(1--cy) 1702 1073a3(1—-a)_+ 2558560°
13608 105 105 2592 525 1148175 )

Proof. Using Eq. (20) and the fact that [p;| < 2 for p € P, we obtain

<a’p1’<2704‘
- 3 3

apy

|lag| = :

Next, we estimate the coefficient |ag|. From Eq. (21), together with Lemma (2), we have

o?p? N a(p2 — )
9 16

las| =

a2|p1|2 o4 p%)
< + x|+ .

Since |z| <1 and |y| < 1, it follows that

21,12 2
a?|p1]| a4 —p7)

< —+ .
|a3| - 9 16

Let t = |p1|, where 0 < ¢ < 2. Then

Q 1

las| < f(t) ::Z+at2<9 16).

If 0 <o <2, then 2 — L <0, and hence f(t) attains its maximum at ¢ = 0. Therefore,

16~

[0

If 1% <a <1, then § — 1—16 > 0, and hence f(t) attains its maximum at ¢ = 2. Therefore,

402
|a3| S 7
Consequently,
le} 0<a< 9
R a s —,
las| < 4 16
=140 9
— —<a<l.
9 16

Next, we estimate the coefficient |ay. From Eq. (22), together with Lemma (2) and the
triangle inequality, we obtain

20p1)® | alpil?  a(@—p})  a(l—-a)lpiP  a(l-a)2-a)lpf?
<
el <=0+ 60 t 730 T 30 + 90
+ a‘p1’(4_p%) 5042’]?1’(4—]9%) a(l—a)‘plf(él—p%) (|x!+|y|)
60 192 60

alpi|(4 —pt) a4 —pP)
120 60

)(Ix!2+ lyl?).
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Hence,
jas| < Bi+ Ba(p + pi2) + Bs(uf + 13),
where
B = 20l  alpP  old-2") all-ojipl’  all—a)C-of
405 60 30 30 90 =
502|p|(4 —p?) | alpl(4 —p?) | ol —a)lp|(4—p?)
By = >0
2 192 + 60 + 60 =
—2)(4 — p?
5ol =20-7)
120

Since B(u1, p2) is a polynomial function in u; and us, it is continuous on R2. Moreover,
the set S = {(u1,p2) : 0 < g <1, 0 < py <1} is closed and bounded, and hence compact.
Therefore, by the Extreme Value Theorem, B(u1, 12) attains a global maximum on S. To
determine the location of this maximum, we first investigate the possibility of a maximum
point in the interior of S. The first-order partial derivatives of B(u1, u2) are given by

By, = By + 2Bsu1,
BH? = By + 2Bspus.

By Fermat’s theorem, any interior extremum of B(u1, u2) must satisfy g—fl =0, and g—/f; =0.
A direct computation yields )2Bs(u; — p2) = 0, and hence every interior critical point
satisfies p1 = po. Setting p; = po = w, we obtain

B(u, jt) = By + 2Bop + 2B3p®.
To determine the nature of the critical point, we apply the second derivative test. Since
By = 283, Byp, =0, Byiyu, = 2Bs,

we have

D= BmmBuwg - (Bmu2>2 = 4B?2>-

Since B3 < 0, it follows that D > 0 and By, < 0. Therefore, the critical point is a local
maximum. Since B is continuous on the compact set S, its global maximum is attained
either at an interior critical point or on the boundary of S. Consequently, it remains to
examine the boundary values.

For yy =0and 0 < o <1,

B(0, j12) = By + Bajis + B3,

with
By, (0, o) = By + 2B3ps.

Similarly, for pu; =1,
B(1, u2) = By + By + Baois + Bs + Bsp3,

and
By, (1, p2) = By 4 2B3 .

Hence B(1, p2) is increasing on [0, 1], and therefore

max B(l,,ug) = B(l, 1) =B+ 2(32 + Bg) = B(p)
0<p2<1
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Substituting the expressions for By, Bs, and Bs, we obtain

B(p) = 22%pl* | afpl® | a(4=p®)  a(l =)l ol =a)(2=a)lpl®

P)=05 T760 T 30 30 90
. 502|p|(4 — p?) N alp|(4 — p?) N a(l — a)lp|(4 —p?) N a(lp| — 2)(4 — p?)
192 60 60 120 '

Since B(p) is increasing on 0 < |p| < 2, its maximum is attained at |p| = 2. Hence,

405 * 15 + 15 45

|a4|§8(2):a<16a2 2 4(1—a)+4(1—a)(2—a)>.

Thus, the desired upper bound for |ay4| is obtained. Next, we estimate the coefficient |as|.
From Eq. (23), together with Lemma 2 and the triangle inequality, we obtain

a  Apit | Ap|d-p) | A1 -a)pi* | 21 -a)2—a)|pi]?
< =
sl <5+ %0 T 30 + 30 * 90
8at|p|* | a(l—a)lp|(4 —p?) N 5%p1)*(4 —p}) | Alp|*(4 - pl)
405 48 1728 60
a(l —a)lp1[*(4 — pi) N o(l—a)(2—a)p1?(4 —p?)
64 192
+ CJZ2(1 — OZ)|p1|2(4 _p%) (‘$| + |y|) + Oé2|p1|2(4 _p%) - a2|p1|(4 _p%)
60 120 60
_a(l—a)|p|(4—pi) (a2l + [52) + 302(4 — p?)? N a(l —a)lpi*(4 — p?)
96 2048 192
a(l —a)(4—p})? 9
Hence,
las| < C1 + Copr + p2) + Cs(pf + p13) + Ca(p + p2)® =: Cp, p2),
where

21,44 2 2 2 4 2 4
a (e} 4 — a’(l —« a’(l —a)(2 — «

60 30 30 90
a  8atlplt | a(l—a)lp|(4 —p?)
. >
t13 T 405 48 =0,
o, 5CWPA=pY)  ofplP(4=pY) ol =a)2-a)pl(d - p°)
1728 60 192
N o2(1—a)pl?(4 —p?) ol —a)lp|*(4—p?) >0,
60 64
2 _ _ 2 _ _p2
o, =2 lpl(lp| —2)(4 —p") o —a)lp|(4 —p*) <o,
120 96
302(4—p*)? | a(l—a)plP(4—p®) ol —a)d—p?)?
Cy = > 0.
2048 192 384

By Lemma 2, it remains to determine the maximum value of C'(u1,pu2) on S = {(u1, n2) :
0<p <1, 0< puy <1}. Since C is continuous on the compact set S, it attains a global
maximum on S. We first investigate the existence of interior critical points by computing
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the first-order partial derivatives, and by Fermat’s theorem, any interior critical point of
C(p1, po) satisfies

oC
— =C94+2(C5+ Cy)p1 +2C4u2 =0
O
oC
— = Cy 4+ 2(C5 + Cy)pz + 2Cpq = 0.
Opi2

Solving these equations gives
2C3(:LL1 - :U’Z) = 07

so that p; = po. Letting p; = pg = u, we obtain
C(p, ) = C1 4 2Cap + 2(Cs + 2Cy ) .

To determine whether the critical point corresponds to a local maximum, we apply the
second derivative test. The second-order partial derivatives of C'(u1, p2) are

Cﬂl#l = 2(03 =+ 04),
Cﬂluz = 20y,
C/L2u2 = 2(03 + 04)

Hence,
D= 403(03 -+ 204)

Since C3 < 0 and Cy > 0, the sign of D cannot be determined. Therefore, the existence of
an interior maximum cannot be guaranteed. Since C(u1, p2) is continuous on the compact
set S, its global maximum must occur either at an interior critical point or on the boundary
of S. Consequently, the boundary curves are examined.

For the side p1 =0 (0 < p2 < 1), we have

C(0, pg) = Cy + Capg + (C3 + Cy) i3,
Cui (0, p2) = C2 + 2(C3 + Ca)pa.

Thus, C(0, p2) is increasing on [0, 1], and hence

P C(0,u2) = C(0,1).

Therefore, the maximum on the side p; = 0 is attained at po = 1.
max C(0, u2) = C(0,1) = C1 + Cy + C5 + C4.
Next, we examine the boundary of S = [0, 1] x [0, 1]. For g3 = 0, we have
C(0, pz) = C1 + Copz + (Cs + Cu)pis, 0<pe <1

Since C(0, p2) is a quadratic polynomial on the compact interval [0, 1], its maximum is
attained either at a critical point or at an endpoint. Hence,

OggglC(O,uz) = max{C(0,0), C(0,1)}.

Similarly, for p; =1,

C(1, ) = C1 + O3+ C3 + Cy + (Cz + 2C4) g + (C3 + Cy) i3,
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and therefore
maxlC(l,,ug) = max{C(1,0), C(1,1)}.

0<p2<

attained at the endpoints. Consequently,

max  C(u1, n2) = max{C(0,0), C(1,0), C(0,1), C(1,1)}.
(w1,p2)€[0,1]2

Evaluating C' at the vertices of S yields. Since

C(1,1) > €(0,1) = C(1,0) > C(0,0),

max C(ul,,uz) :C(l,l) :Cl+2(02+03) +4C}y :A(p)
(Nlnu'Q)E[Ovl]Q

increasing function of |p| on [0, 2], its maximum is attained at |p| = 2. Therefore,

12803 4a  8a(l—a) 8a(l—a)2—a) 1
<AQ2) = — — .
las| < A(2) a( 05 1T 45 12

From Eq. (24), together with Lemma 2 and the triangle inequality, we obtain

ag] < 11a°|p1|° N a?|p; ° N a?lp1*(4 = p}) | 20(1—a)|p| L da(l=a)
61 ="78505 1260 630 35 35
4(1 = ) p1® | Ta?(1 =) |piP(4=pi)  a(l—a)2—-a)lp|’
567 288 280
Lall=a)@- a)lp1*(4 - p) Lal=a)2-a)B-a)(d- a)|p1[°
140 4200
2a 430°(1 = a)(2 — a)|p|? Lal=a)2-a)@ - a)|p)®
35 11340 420
201 = )2 = )lp|  (3131a8|pP(4 = pf) | lpa’(4 = pi)
35 12960 1260
N 7a*(4 — p?)? N 403(1 — a)|p1]*(4 — p?) N 70?1 — a)|p1 (4 — p?)
1920 1134 320
Lal=a)2=-a)3- a)lp*(4 - p) N 7a*(1 = a)(2 — o)|p1* (4 — p?)
840 960
a(l-a)2-a)lpmP4—p1) | 7®p1’(4 - p})
+ 530 + 3810 (|| + [y1)
PlpiPA4—pt) ApilPA-pi) ol —a)2-a)pi(4—pP)
2520 1260 280

a?(1 -« 2(4 — p? al(l—a)(2 -« 3(4 — p?
_ 7 (1 ;‘561‘ (4 pl) + (1 )(2 563’171’ (4 p1)>(|x\2+|y|2)

Plpi|(4 = pi)® | T?|pi|(4—p7) | 7oL — )Ipa*(4 = pP)
7168 3340 1152

By the same argument, the maximum values on the sides s = 0 and p2 = 1 are also

it follows that the global maximum of C'(y1, u2) on [0, 1]? is attained at (1,1). Therefore,

Substituting the expressions for Ci,Cs,C3, and Cy yields |as| < A(p). Since A(p) is an

Thus, the desired upper bound for |as| is obtained. Next, we estimate the coefficient |ag|.
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70*(1 — a)|p1|(4 — p?)? 2 702|p1|(4 — p?)?
+ 1440 (=] + Iy + 7680

o2(d — p2)2
_7§wfﬁ)uﬂ+mmmﬁ+wﬁ

Hence,

|as| <E1 + Ea(pn + p2) + Es(u + p3) + Ea(pa + p2)® + Es(p1 + ) (1 + p3) = E(pa, pa),

where

= 2 11a5p|>  a®p)®  ®lp*(4 — p?) 7aﬂpl+_2a(1—-aﬂpl
1:

35 7 8505 1260 630 | w2 35
L 40*(1 - @)lpf o1~ )bl —pY) _a(l- )2 a)lof
567 288 280
ta(1—0) _ all = )2 a)lpl(4—p?) _ 2001 - )2 a)lp
35 140 35
130°(1 - )2 - )pl” | el -a)(2—a)(3—a)(4 - a)lp/°
11340 * 4200
a(l —a)2-a)(3 - a)p’
* 420 =Y
g~ 3181l -p?)  olpP(A-pY)  TalpP4—p?)  To(4—p?)?
12960 1260 3840 1920
n 7a?(1 - a)(2 — a)[p]*(4 - p?) Lol @l ejE a)lp*(4 — p?)
960 840
L ollza)@- a)lp*(4 - p?) N 7a*(1 - a)|p*(4 - p?)
280 320
101 - pPa-p)
1134
g, 2Pl =24 —p) _ 7o’ — b4~ p°)
2520 576
, el- )@= o(pl - 2pPE-p)
560
B~ LIl —p)* Tl -pY) | Ta’(1 - a)lpl(4 —p?)
7168 3840 1152
Tl -l = p)°
1440
B = 1Pl =-2(4-p)
7680

By Lemma 2, we seek the maximum value of E(ui,p2) on S = [0,1] x [0, 1]. Since E is a
polynomial, it is continuous on S. Therefore, by the Extreme Value Theorem, F attains
a global maximum on S. To determine where this maximum occurs, we first examine the
critical points in the interior of S. The first-order partial derivatives are

E,, = By +2E3u1 + 2E4p1 + 2E4s + 3E5u3 + Esu3 + 2E5 01 po,
E,, = Ex + 2F3 + 2Equ1 + 2Espi2 + 2E5pq 1 + Esp? + 3E5u3.

By Fermat’s theorem, any interior local extremum of E(u1, p12) must satisfy £, = 0, and
E,, = 0. Subtracting the two equations gives

2(pu1 — p2)[E3 + Es(u1 + p2)] = 0.
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Since F3 < 0 and EF5 < 0, we have

Es+ Es(u1 +p2) <0, (p1,p2) € [0,1]%

Hence, the second factor cannot vanish for any interior point of S, and therefore any interior
critical point must satisfy p; = po. Setting pu1 = ps = u, the function £ reduces to

E(p, p) = By + 2Eop + 2F3p” + 4Eyp® + 4E511°,

whose derivative is
E,(p, 1) = 2B + 4(E3 + 2E4)p + 12E544°.

Thus, any interior critical point must satisfy
2By + 4(E3 + 2E4)pu + 12E5u° = 0.
Next, we evaluate E(u, 1) at the endpoints of the interval [0, 1]:

E(0) = Ey,
E(l) =Fi +2Fy + 2E3 +4F, + 4E5

Since E(p, i) is continuous on the compact interval [0, 1], its maximum is attained either at
a critical point or at an endpoint. Furthermore,

E(1) — E(0) = 2E, + 2E3 + 4E4 + AFE;.

By the assumptions on the coefficients, it follows that E(1) > FE(0). Hence, among the
endpoints, the larger value is attained at p = 1. Therefore, the maximum value of E(u, )
is achieved at pu = 1, that is, 41 = uo = 1. Hence,

maxE(,ul,,ug) = E(l, 1) = A(p) =F + 2(E2 -+ Eg) + 4(E4 + E5)

Substituting the expressions for Ey, Fy, E3, Ey, and Es yields |ag| < A(p). Since A(p) is an
increasing function of |p| on [0, 2], its maximum is attained at |p| = 2. Therefore,

m|<aAE+BWd{+g£+Zg+SU—a)+RB¥O—@)
61 ="\35" 8505 ' 315 ' 36 35 567
N 41-—a)2—a)B3—a)(4—a) n 3440’1 —a)(2—a) 8(1—a)(2—a)(3—a)
525 2835 105
8(1—a)(2—a)
* 35

Thus, the desired upper bound for |ag| is obtained. Next, we estimate the coefficient |a7|.
From Eq. (25), together with Lemma 2 and the triangle inequality, we obtain

ar] < ££_+_a(1 —a) 15991a8|p1|®  1111ad|p1|® a1 — a)(4 — p?)?
- 24 12 4592700 1088640 192

L l=a)lpy| | 11afpaf* | 17alpi? | a(l = @)lpifP(4 - pi)
24 544320 10368 384

L 8-l | 1701 - )l P = pi) | ol = a)(2 = a)lpi]
105 41472 12

16’1 —a)lp|  al-0)@-a)p*  ol-a)*2—a)p/
105 48 675
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8al|p1|  1073a*(1 — a)|p1|® a1l — a)?(2 — a)?|p1|°

* 105 33600 4050
901597a° |p1|*(4 — p?) n 11110 |p1|*(4 — p}) i 17a3|py|(4 — p})?
104509440 1088640 30720
+@O—@Wﬂﬂ4—ﬁ)+1%ﬂmﬁu—p@+ﬁfﬂ—amm%4—ﬁ)
768 61440 67200
n a(l —a)(2— a)(4 —pi) N (1 —a)?(2—a)lp|*(4 — p?)
96 1350
1190‘3(1 - Oé)|p1|4(4 - p%) + a(l - Oé)|p1’(4 _p%)Q (|£C| + ‘y|)
138240 192
Hiladpifa—p3)  1adpPa—pd)  a(l—a)lpPE—pd)
2177280 1088640 768

+

a(l—a)p|d—pi)®  a(l-—a)@—pi)® 170’1 - o)p1[*(4 - pi)
768 192 82944

1703(1 — o) |p1|*(4 — p3) | 17a*(1 — a)|p1*(4 — p})?

x (|z* + |y*) + <

165888 51840
170%|p1 (4 — p?)? i a(l — a)|p1[*(4 — p?)? n a(l = a)lpi|(4 - p})?
61440 768 768
a(l —a)|p1|*(4 —p?)  225737a(p1]?(4 — p?)?
1536 74317824
L (l=a)lmP(4=pD)*  17a%lpa|(4 = p1)° ol = a)lpi|(4 = pi)”
1536 61440 384

1708 |p1 (4 — )2 2y ey = )P = p)?
D | (ol + gD (2 + 1yP?) + L

ol — o 204 — 22 ol —a . 9\2
R e - (I

a(l —a — )2 a(l —a)d—p?)?
% (|$|2—|—|y|2)+ (_ (1 )1’]57;)’6(4 pl) + (1 7)6(;1 pl) )(\x|2+|y\2)2

Hence,

|a7| < Fu+ Fo(un + p2) + Fa(pf + p3) + Fa(pn + p2)® + Fs(pa + p2) (i + 413)
+ Fo(pn + p2)” + Fr(pa + p2)* (13 + 13) + Fs(ud + 113)? = F(pa, p),
where the constants F} >0, Fo >0, F3 <0, Fy >0, F5 <0, Fg >0, Fr <0, and Fg > 0.
By Lemma 2, we determine the maximum value of F'(u1,pu2) on S = [0,1] x [0, 1]. Since F
is continuous on the compact set S, it attains a global maximum on S. We first investigate

the possibility of an interior maximizer. The first-order partial derivatives of F'(u1, u2) are
given by

F,, =F> + 2F3u1 + 2Fyuq + 2Fyps + 3F5p7 + Fsps + 2F5p1 2 + 3Fspi + 6 Fspapo
+ 3Fopd + 4F 13 4 6 Frpid g + 4Frpn il + 2Fp3 + AFgpd + AFgpn 3,
Fyuy = Fa + 2F315 + 2Fypu1 + 2Fyp2 + 2Fspapip + Fsp + 3Fsp3 + 3Fsuf + 6Fgpun e
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+ 3Fsp3 + 2Fr il + APy o + 6Frpn pd + APy + 4Fspdus + AFspd.

By Fermat’s theorem, any interior local extremum of F'(j1, p2) must satisfy F,, = 0, and
F,, = 0. Subtracting these equations yields

oF OF
o O (11 — p2) [2F3 + 2F5(p1 + pia) + 2F7 (p + p2)” + 4Fs (13 + M%)} =0.
Since

2Fs + 2F5(u1 + p2) + 2F7 (p1 + p2)” + 4F(uf + p3) # 0

for all (u1,u2) € (0,1)2, it follows that any interior critical point must satisfy u; = us.
Setting p1 = pa = w, the function F' reduces to

F(u,p) = F) + 2Fou + 2F3p% + 4Fyp? + 4F5u3 + 8Fsp® + 8Frput + 4Fgput.
Differentiating with respect to p gives
F'(1, 1) =2F5 + 4(F5 + 2Fy)p + 12(F5 + 2F5) u® + 16(2F; + F)u®.
Therefore, any interior critical point must satisfy
2F, + 4(F3 + 2Fy)pu + 12(F5 + 2F5)u® + 16(2F; + Fy)p® = 0.
Next, we evaluate F'(u, 1) at the endpoints of the interval [0, 1]:

F(0) = Fy,
F(1) = Fy + 2F, + 2F3 + 4Fy + 4F5 + 8F + 8F; + 4F.

Since no interior critical point exists, the maximum of F'(u, 1) on [0, 1] must occur at an
endpoint. Therefore,

max F(p, p) = max{F(0), F(1)}.
SHUS

Furthermore,
F(1) — F(0) = 2F, + 2F3 + 4Fy + AF5 + 8F¢ + 8F7 + 4F3.
Since F'(1) > F(0), it follows that

J s, ) = (L)

Hence, the maximum is attained at u; = pus = 1. Hence,
max F(u1, pg) = F(1,1) = P(p) = F1 + 2(Fs + F3) + 4(Fy + F5 + Fg) + 8(Fs + Fr).

Substituting the expressions for Fy, Fy, F3, Fy, F5, Fg, F7, and Fg yields |a7| < P(p). Since
P(p) is an increasing function of |p| on [0, 2], its maximum is attained at |p| = 2. Therefore,

1 (1-a) (1-a)2-0a) 64(1-a)?2-a) 32(1-a)?2-a)? 16«
< _
Il =@ (24 MG 4 " 675 " 2025 105

64a(1 — ) N 1702 N 111103 N 107303(1 — ) N 25585605
105 2592 13608 525 1148175 )

Thus, the desired upper bound for |az| is obtained. O
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Theorem 2. Let f(z) be given by Eq. (1) and suppose that f € By (), 0 < a < 1. Then
the following coefficient bounds hold:

2
| Ao S?
2 O<a<d,
wislly Gensh
5 E<asl,
1602 2 4(1-a) 4(1-0a)2-a)
Ay < —
| 4‘—a<405 RET AT 45 ’
12802 4a  8a(l—a) 8a(l—a)2-—a) 1
A5 < = =
|41 a<405+15—|— 5 45 T )
Ag] <a 2 N 352a N 8a®  Ta N 12802(1 — )  3440%(1 — a)(2 — @) N 8(1 — a)
35 8505 315 36 567 2835 35

8l—-a)2—a) 81l-a)2-a)B3-a) 41-a)2-a)B-a)d—a)
* 35 * 105 * 525 )7

1 (1-a)2-0a) 641-a)22-a) 32(1-a)?2-a)? (1-a)
A7l <al —
|47 —O‘<24Jr 1 * 675 2025 6
1111a®  16a  64a(l —a) 170  1073a3(1 —a)  255856a°
13608 105 105 2592 525 1148175 )

Proof. Let f~1(w) = w+ 322, A, w™ be the inverse function of f. Comparing coefficients
in the identity f~'(f(z)) = z, we obtain

AQ = —ay,
Az = 2a% — as,
Ay = —(5@% — bagaz + ay)

A5 = 14a3 — 21a3as + 6azaq + 3a3 — as,

Ag = —(420,3 — 84a§a3 + 28a%a4 + 28a2a§ — Tasas — Tazaqg + a6),
A7 = 132a$ — 330a3a3 + 120a3ay + 180a3a3 — 36a3as — T2asa3a4 + Sazag — 12a3 + Sazas
+ 4a% — a7.

Using Eq. (20) and Lemma 1 which asserts |p,| < 2 for p € P, we obtain

apy

3

2a
<

|As| = |az| = <3

Furthermore, from Eq. (20) and Eq. (21), we obtain
Az = 2@% — a3z = —(a3 — 2@%),

and hence
|As| = |az — 2a3).
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Using Eq. (20) and Eq. (21), we have

a’p? a [4—p?
a3_yag:< 9p1><1—u>+16< 2p1)<x—y>,

where |p1]| <2, |z| <1, and |y| < 1. Therefore,

2. 2 2
« a [4—
lag — va3| < pl\l—uw( pl)(\xmgw.

9 16 2
Setting
t=p;, 0<t<4,
we obtain )
9 _ Q a
— < —1—-vjt+—=4-1).
jag — vad] < 11— vt + (4 1)

For v = 2, this becomes

0[2 8] 8]
Aol < [ - L)y &
|3’—<9 16)' 71

Since the right-hand side is linear in ¢ € [0, 4], its maximum is attained at an endpoint.
Consequently,

o 0< <9
o we< 2
1 = 16’
[4s] <\ 402 9 _
9 16 ="

Thus, the desired upper bound for |As| is obtained. Next, we estimate the coefficient |A4|.
Ay = —(5@% — bagag + a)

Using Eqgs. (20), (21) and (22) also Lemma 2, we obtain

3
Ay =5 CB) _sfopn) (@t o —w)) , (20°0]
! 3 3 9 16 405

52p1(p2 — q2) | alps —q3) | ala—)pi(p2 + ¢2) n ala—1)(a— 2)]??)

+ 96 + 30 + 30 90

3 2 31,13 3 3
(6] ol(4 2 ol (6 ol o) (2 «
< |p1 (4 — p1)| |p1 ( )1 ( )( )1

— 60 30 405 30 90
n <5a2!p1|1!£(é—p%)\ n a!p1|!(640—p%)\ L ol= a)!légl!(él —ﬁ)\)w + )
+ <a‘p1‘|go— 7| _ 0“(46?)17%)‘)(‘96? 4 |y\2)
Hence,
|As| < G1+ Ga(ps + p2) + Ga(p3 + 1),
where
Gy = alpl® L ol )|, 2% | ol - a)p? Lol -0 a)lpl’ >0,

60 30 405 30 90
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_ 5a?pll4—p)| | alplld —p)| | ol = a)lpli(4 — p?)|

>
G 192 60 + 60 20,
a(lp| — 2)(4 — p?)
_ <0.
Gs 120 =

Since G(p1, p2) is a polynomial function in p1 and pe, it is continuous on R?. Moreover,
the set S = {(u1,p2) : 0 < g <1, 0 < g < 1} is closed and bounded, and hence compact.
Therefore, by the Extreme Value Theorem, G(u1, i2) attains a global maximum on S. To
determine the location of this maximum, we first investigate the possibility of a maximum
point in the interior of S. The first-order partial derivatives of G(u1, pu2) are given by

Gu, = G2 + 2G5,
G,uz = Go + 2G3,u2.

By Fermat’s theorem, any interior extremum of G/(p1, p2) must satisfy gTﬁ =0, and gTi =0.
A direct computation yields 2G3(u1 — p2) = 0, and hence every interior critical point satisfies
11 = po. Setting uy = po = p, we obtain

G, ) = Gy + 2Gap + 2Gap?.
To determine the nature of the critical point, we apply the second derivative test. Since
Gy = 2Gs, Graps =0, Gpops = 2GS,

we have

D= GMIMlG,UQMQ - (GM1M2)2 = 4G§

Since G3 < 0, it follows that D > 0 and G;,,, < 0. Therefore, the critical point is a local
maximum. Since G is continuous on the compact set S, its global maximum is attained
either at an interior critical point or on the boundary of S. Consequently, it remains to
examine the boundary values.

For p1 =0and 0 < o <1,

G(0, u2) = G1 + Gapo + Gsp3,

with
Gy (0, o) = G + 2G3 0.

Similarly, for pu; =1,
G(L ,U2) - Gl + GQ + G2,U2 + Gg + Gg,u%,

and
G, (1, u2) = Go + 2G3 0.

Hence G(1, p2) is increasing on [0, 1], and therefore

max G(1,pu2) = G(1,1) = G1 + 2(G2 + G3) =: G(p).
0<pu2<1

Substituting the expressions for Gy, G2, and G3, we obtain

G(p) = alp|? G —p?)| | 22°p]* | a(l—a)lp)? Lal=a)@- o)lpl®
60 30 405 30 90
5 502|pl|(4 — p?)| N alp||(4 — p?)| N a(l — a)|p||(4 — p?)| N a(lp| — 2)(4 - p?)
192 60 60 120 '
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Since G(p) is increasing on 0 < |p| < 2, its maximum is attained at |p| = 2. Hence,

(16 2 4(l-0a) 4(1l-a)(2-0)
|ay] SQ(Q)—Q<4O5 +B+ G + T )

Thus, the desired upper bound for |A4| is obtained. Next, we estimate the coefficient |As|.
Ag = 14a§l — 21a§a3 + 6asay + 3a§ — as.

Using Egs. (20), (21), (22) and (23) also Lemma 2, we obtain

1 2
2,2 _ 20313 2 —
1 PL) _oifopr) (2P a(p2 — ¢2) Y ! ey e p1(P2 — ¢2)
3 3 9 16 3 405 96

alps —a5) | ala—pi(p2 + ) +a<a—1><a—2>p§’> +3(a2p% a(pz—Q2)>2

|As| =

+

30 * 30 90 9 * 16

_|_

(8t 50’ =) | alpa—ar) | o*(a = 1)pi(p2 + o)
405 1728 18 30

0pi(ps =) | alo= D@3 =a) , ala=1)(a=2)pi(pe ~ o)

i 30 96 96
a2(a — 1) (a— 2)]3‘11 3a2(p2 — qg)2 n ala—1)p1(ps + g3)
90 512 48
< 8ot |py[* n o?|p [* n o?|p1|(4 — p?) n o?(1 —a)lps|* N o?(1—a)(2—a)|ps|*
405 60 30 30 90
Lo e —a)lp1|(4—p?) | (5a®pilP(4 —p7) | PpiP(4 - pi)
12 48 3456 60

?(1—a)|p1P4-p})  al—a)piP@-p}) al—a)2-a)|pi*(4-p})
+ 20 nPEpl) | ol DlnPA-f) )

(’x| + ‘yD + <Oé2|p1|2(4 _p%) o a2|p1|(4 _p%) Oé(l — Oé)|p1|(4 _p%)> (|x|2 + ’y|2)

120 60 96
302(4 — p3)? N a(l — a)|p1]?(4 — p}) N ol —a)(4—p})? (Il + ]2
2048 192 384 '
Hence,
|As| < Hy + Ha(p + po) + Hs(pi + p3) + Ha(pn + p2)® =t H(pa, po),
where
g, 8allplt | a?lplt | aflpl(4=p*) P —alplt | o*(1—a)(2=-a)lp
17405 60 30 30 90
a ol —a)lp|(4—p?)
— >
Tt 48 20,
g, 5CPPA =P | PP -p) o’ -4 -p?) | al - a)lpl(4 - p%)
2 3456 60 60 64
N a(l —a)(2 - a)|pl*(4 — p?) >0,

192
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o?lp|(lpl —2)(4 —p®) _ a(l - )lpl(4 —p?)

Hi = - <0
3 120 96 =
0, _30?(4—p?*)° | a(l-a)p*(4-p°) N a(l —a)(4—p?)? > 0.
2048 192 384

By Lemma 2, it remains to determine the maximum value of H(u1,u2) on S = {(u1, p2) :
0<wu <1, 0<puy <1}. Since H is continuous on the compact set S, it attains a global
maximum on S. We first investigate the existence of interior critical points by computing
the first-order partial derivatives, and by Fermat’s theorem, any interior critical point of
H (p1, po2) satisfies

OH

o Hy + 2(H3 + Hy)pr + 2Hypp = 0
1

OH

Oa = Hy + 2(H3z + Hy)po + 2Hypq = 0.
2

Solving these equations gives
2H3(pm1 — p2) =0,

so that p; = po. Letting p; = pg = u, we obtain
H(p,p) = Hy + 2Hop + 2(Hj + 2Hy) .

To determine whether the critical point corresponds to a local maximum, we apply the
second derivative test. The second-order partial derivatives of H(u1, u2) are

HMlMl = 2(H3 =F H4),
HM1M2 = 2Hy,,
Hyops = 2(Hs + Hy).

Hence,
D= 4H3(H3 -+ 2H4).

Since H3 < 0 and Hy > 0, the sign of D cannot be determined. Therefore, the existence of
an interior maximum cannot be guaranteed. Since H (1, 12) is continuous on the compact
set S, its global maximum must occur either at an interior critical point or on the boundary
of S. Consequently, the boundary curves are examined.

For the side 1 =0 (0 < p2 < 1), we have

H(0, pug) = Hy + Hapg + (Hz + Hy)p,
Hy5 (0, p2) = Ha + 2(Hs + Ha)po.

Thus, H (0, u2) is increasing on [0, 1], and hence

oo Hi0z) = HI(D;):

Therefore, the maximum on the side p; = 0 is attained at py = 1.
maxH(O,,ug) = H(O, 1) = Hy + Hy + Hs + Hy.
Next, we examine the boundary of S = [0, 1] x [0, 1]. For p; = 0, we have

H(0, ) = Hy + Hopo + (Hs + Hy)p3, 0< <1
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Since H (0, u2) is a quadratic polynomial on the compact interval [0, 1], its maximum is
attained either at a critical point or at an endpoint. Hence,

max H(0, p2) = max{H (0,0), H(0,1)}.

0<p2<
Similarly, for p; =1,
H(l,ug) =H +Hs+ Hs+ Hy + (HQ + 2H4);L2 + (H3 + H4)u%,

and therefore
max H(1,u2) = max{H(1,0), H(1,1)}.
0<p2<1

By the same argument, the maximum values on the sides ps = 0 and pus = 1 are also
attained at the endpoints. Consequently,

max H (p1, p2) = max{H(0,0), H(1,0), H(0,1), H(1,1)}.
(11,12)€[0,1]2

Evaluating H at the vertices of S yields. Since
H(1,1) > H(0,1) = H(1,0) = H(0,0),
it follows that the global maximum of H (i1, u2) on [0, 1]? is attained at (1,1). Therefore,

max  H(pi,pe) = H(1,1) = Hy +2(Hy + Hs) + 4Hy = H(p).
(N17“2)€[071]2

Substituting the expressions for Hy, He, H3, and Hy . Since H(p) is an increasing function
of |p| on [0, 2], its maximum is attained at |p| = 2. Therefore,

!asISH<2>=a<”8a3 ta_ Sa(l-0)  Sa(l—0)(2—a) 1)_

05 15T 15 45 T
Thus, the desired upper bound for |A5| is obtained. Next, we estimate the coefficient |Ag]|.
Ag = —(42&3 — 84(1%&3 + 28a%a4 + 28(12&% — Tasas — Tagas + ag).

Using Egs. (20), (21), (22), (23) and (24) also Lemma 2, we obtain

apy ; apy ’ a?pt  alpr — q2) apy : 2a°p3
Agl = — 42 — 84 — — 28| —

5a2p1(p2 — ¢2) N a(ps — q3) N ala—Dpi(p2 + q2)  ala—1)(a —2)p}
96 30 30 90
2
g apr) (ot L —w))  fam ) ([ 8a'pi N 50°pi(p2 — q2)
3 9 16 3 405 1728
i a(ps — qa) n a?(a—1)pi(p2 + q2) n o?p1(ps — q3) n ala—1)(p3 — ¢3)
48 30 30 96
N a(a —1)(a —2)pi(p2 — q2) N o?(a—1)(a—2)pt  3a%(p2 — g2)*
96 90 512
ala — 1)p1(ps + g3) L7 a?p} N alps — q2) | (2% 5aPpi(p2 — q2)
48 9 16 405 96
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alps —a3) | ala—Upi(pr+a2)  ala—1(a- 2)2??) B (_ 11a°p}

+ 30 * 30 90 8505

alps —g5) _ 3131'pi(ps —g2) | Ta?(pz — a2)(ps — a3) |, T’pi(pa — 4)

0 120960 960 288
n ala—1)(p2ps — g2g3)  4a’(a = Dpi(p2 + ¢2) o a(a —1) (e = 2)p1(p3 + 43)
70 567 140
Lda=Dppata) | o3p1(p2 — q2)? N o3p?(p2 — q3) | Ta2(a —1)p3(ps + g3)
70 1792 630 288
70? (o — 1)p1(p3 — ¢3) N 7a% (o — 1)p1(p2 + ¢2) (P2 — ¢2)
576 960
L ela=1)(@=2)pi(ps —g5) _43a’(a = )(a = 2)pf
140 11340
n a(a—1)(a—2)(a = 3)p(p2 + ¢2) N 70? (o — 1) (a — 2)pi(p2 — q2)
420 480
a(a —1)(a = 2)(a = 3)(a — 4)p}
+ 4200 >|
dlpP  alpP | afpP(4 = pi) | a1 = Qlpf?
=7 8505 1260 630 567
$0%(1~ )2~ lpl® _ Tallpa| 7021~ apafP(4— 1) | 20
11340 72 288 35
L da(l-a) 20— )2 a)p|  2e(- | a(l-a)@-a)nP
35 35 35 280
n a(l—a)2—-a)lp)*(4 —p?) n a(l-a)2-a)3-a)lp|’
140 420
n a(l-=a)(2—a)(3—a)4 - a)p:]’ n (2651a4|p1|3(4 - pi) i o?p1]3(4 — p})
4200 9241920 1260
H 4031 —a)|pP(4—pt) | 721 —a)lp|*(4 — p?) n 70*(1 — o) (2 — o)|p1[*(4 — p})
1134 720 960
LT =)l —pt) | TelpP(d —pi) | Ta*(4—pD)®
576 3840 1920
& 2 3 2
2=z P =5d) | ol 2= )3 -l p1>> el o)
<a3lp1!3(4 —p) AlpPa-pd) 721 -)piP4-p})
92520 1260 576
3 2 2 2
T a(l —a)(2 52‘3pl| (4 —pi) . a(l—a)(2 2§3|p1| (4 p1)>(|x]2+]y|2)
<a3lp1!(4 —pt)® | 7’1 - )| —pd)® | Ta’(1—a)lp (4 - ph)
7168 1440 1152

702|p1|(4 — p})? 702|p1|(4 —p})?  Ta(4—pi)?

(Jz* + |y[?)
Hence,

|Ag| <@ + Io(p1 + po) + Is(pd + p3) + La(pa + p2)? + Is(p + po)(uf + p3) = E = I(pa, p2),
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where
20 116°p)° | &®|p)> | &PlplP(4—p?) | 7e?p| | 20(1—a)lp|
h= 35+ %505 T 1260 T 630 T 35
+&ﬁu—mmm5+%ﬁu—wmm%4—ﬁ>+aa—axz—amﬁ
567 288 280
4a(l — ) N a(l—a)(2 - a)|pl*(4 - p?) n 2a(1 — a)(2 — a)|p|
35 140 35
430°(1 — )2 = a)lpP | (1= a)(2=a)B = a)(4 = ) pl°
11340 4200
a(l-a)2-a)B-a)lp
* 420 >0,
— SBlpPE—p’) olpPU—p?)  TollpP(4—p?)  Ta’(4—p?)?
12960 1260 3840 1920
N 70*(1 — o) (2 — ) |p]*(4 — p?) n a(l-—a)2—-a)3—-a)lpl’(4 - p?
960 840
L all=a)2 PP ) _ Ta2(1 - a)lp*(4 —p?)
280 320
%ﬂl—®@W4—ﬁ)>Q
1134
el =P —p%) 7ol — )lpfP(4 —p)
2520 576
+aﬂ—aﬂ2—aﬂmk—%w%4—ﬁ)<u
560
= Ll —p)?  Tfpl(d —p%)  Ta’(1 - a)lpl’(4 —p?)
7168 3840 1152
Wﬁﬂ—wMMM—p%QZQ
1440
I Wﬁmﬂ;;£4—p%2<0_

By Lemma 2, we seek the maximum value of I(p1, p2) on S = [0,1] x [0, 1]. Since [ is a
polynomial, it is continuous on S. Therefore, by the Extreme Value Theorem, I attains a
global maximum on S. To determine where this maximum occurs, we first examine the
critical points in the interior of S. The first-order partial derivatives are

L, = Iy + 2L3p1 + 2Ly + 21spo + 3153 + Isps + 2I5 01 po,
I, = Ir + 2I3p0 + 214p1 + 214po + 2I5p1 o + Ispd + 3543,

By Fermat’s theorem, any interior local extremum of I(u1, p12) must satisfy 1, = 0, and
I,,, = 0. Subtracting the two equations gives

2(p1 — p2) [ I3 + Is (1 + p2)] = 0.
Since I3 < 0 and I5 < 0, we have
I3 + I(p1 + p2) <0, (11, p2) € [0,1]%.

Hence, the second factor cannot vanish for any interior point of S, and therefore any interior
critical point must satisfy pu; = po. Setting u1 = pus = p, the function I reduces to

I(p,p) = It + 20op + 203p% + 4Qup% + 41503,
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whose derivative is
L (py ) = 215 + 4(I3 + 214) p + 12151°.

Thus, any interior critical point must satisfy
20 + 4(I3 + 21y + 12I54% = 0
Next, we evaluate I(u, p) at the endpoints of the interval [0, 1]:

1(0) = I,
I(l) =1 —|—212 —|—213 —|—4I4 —|—4I5

Since I(u, pt) is continuous on the compact interval [0, 1], its maximum is attained either at
a critical point or at an endpoint. Furthermore,

I(1) — I(0) = 215 + 215 + 4I, + 4.

By the assumptions on the coefficients, it follows that I(1) > I(0). Hence, among the
endpoints, the larger value is attained at g = 1. Therefore, the maximum value of I(u, ) is
achieved at pu =1, that is, u; = pu2 = 1. Hence,

maxI(ul,,ug) = I(l, 1) = I(p) =1 + 2([2 + .[3) + 4([4 + 15)

Substituting the expressions for Iy, I, I3, I4, and I5 yields |Ag| < Z(p). Since Z(p) is an
increasing function of |p| on [0, 2], its maximum is attained at |p| = 2. Therefore,

2 3520 8a? Ta 8(1—a) 128a%(1 —a)
+ +—+ =+

’A6| SO&(

35 ' 8505 @ 315 ' 36 35 567
+4u—ax2—ax3—ax4—a) 344c’(1—a)(2—a) 8(1—a)(2—a)(3—a)
525 2835 105
8(1-a)(2—a)
* 35 )

Thus, the desired upper bound for |Ag| is obtained. Next, we estimate the coefficient |az]|.

A7 = 132a$ — 330a3a3 + 120a5ay + 180a3a3 — 36a3as — T2aza3a4 + Sazag — 12a3 + Sazas

-+ 4(1?1 —ar.

Using Egs. (20), (21), (22), (23), (24) and (25) also Lemma 2, we obtain

apy ’ apy ! o?pt | alpr — q) apy ’ 2a°p}
132 — — 3301 — 120 —

a(ps —q3) | ala—1)pi(p2 + ¢2) + afa —1)(a - 2)29?)

|A7| =

5a%p1(p2 — q2)

+ +

96 30 30 90
api ’ o?p? | alp2 — q2) ’ api ’ 8a*pi  5a’pi(ps — go)
+180( — L4 —36l =] | - -+ ;
3 9 16 3 405 1728

i (ps — qa) i a*(a = 1)pi(p2 + ¢2) n a’p1(ps — g3) n ale = 1)(p3 — g3)

48 30 30 96
L ala— D@ -2 —a)  aXa-1(a=2p  30%0— )

96 90 512
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a(a —1)pi(ps + g3) ap \ (a3 alps —q2) \ [ 2%p3  5api(p2 — q2)
_ 7o 2L
i 48 7 3 9 > 16 405 T 96

3

a(ps —q3)  ala—1)pi(p2 + ¢2) N ala—1)(a— 2)p§> N 8<ap1> <_ 11a°p}

+ 30 * 30 90 8505

L olps —gs)  313la’pi(pa — o) | Ta(p2 — @) (p3 —43) | Ta’pi(pa—qu)

70 120960 960 288
L o= 1)(paps — q2g3) _ do’(a = Dpi(pz +42) | = 1)(a = 2)pi(ps +03)
70 567 140
o a(a —1)p1(ps + qa) N a3p1(p2 — q2)? N o’pi(p2 —q3) | 7o (a—1)pi(ps + q3)
70 1792 630 288
Ta*(a = Upi(ps —a3) | Ta*(a = Dpi(p2 + ¢2) (P2 — @2)
576 960
n ala—1)(a—2)p2(ps — q3) B 4303 (a0 — 1) (o — 2)p3
140 11340
+a@—4ﬂa—2ﬂa—3mﬂm+@ﬁ+ﬂU%a—1Xa—2Wﬂm—@ﬁ
420 480
ala—Da-2(@=3(a-0k) (R  am-w)) (o
T 4200 a T R

L opz—g2)\(_8alpi  Salpi(pr—aa) | alpi—ar)  aa = Dpi(p2 + @)
16 405 1728 48 30

al@=1)(p3 —¢3) | ala—=1)(a—2)pi(p2 —q) | *pi(p3 — 3)

i 96 u 96 o 30
Cﬂa—Um—%ﬁ+3¥@rwﬂ?+da—Dm@ﬁwﬁ +42@ﬁ
90 512 48 405

2
5a%p1(p2 — q2) n a(ps — q3) o a(a — 1)pi(p2 + q2) n oo — 1) (o — 2)p?
96 30 30 90

(159910} a(ps — o) 20°p1(ps —g5)  9015970°pi(p2 — ¢2)
4592700 96 105 52254720
225737ap}(p2 — ¢2)?  1111api(ps — q3) oo — V)pi(ps + g5)
B 18579456 544320 96
Nﬁﬁ@rﬁ@+@W—D@%ﬁ@+2¥W—Dm@wyﬂwﬁ
41472 192 105
1025930 (o — 1)(r = 2)pf | (e — 1) (e — 2)( — 3)pi(p2 — q2)
B 8164800 + 384
i 5202 (a — 1)(a — 2)pt(p3 — q3) i ala —1)(a — 2)p1(p2p3 + ¢293)
4725 96
N 1703 (o — 1)p2(p2 + q2) (p2 — q2) N 11903 (a — 1) (e — 2)pi(p2 — q2)
15360 207360
+am—lﬂa—%ﬁ@m—%)+a%a—Um—ﬂﬂa—$ﬁ@m+@)
192 315
+a%a—1xa—2xa—3xa—4m?+a%a—1ﬂa—2mﬁ£+@@
3150 105
+am—4ﬂa—@@%—ﬁ)+1%ﬂa—1mﬂm+n@
576 41472
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o a(a—1)(a = 2)(a = 3)p}(ps + 3) o aa = 1)(a = 2)(a = 3)(a — 4)pi(p2 — ¢2)
576 2304
10730 (o = 1)pi(p2 + g2) o 4070 (o — 1)p1(p2 — g2)(p3 + 43)
33600 73728
20°(a — V)pi(pa+ qa) | 170*(a —1)pi(p3 — @) 13’ (p2 — @2)?
105 82944 786432
N 4070” (a = 1)(a = 2)p3 (P2 — g2)° N a*(a = 1)%*(a = 2)pi(p2 + ¢2)
147456 675
a(a —1)(p2ps — q2q4) n 4070 (p2 — q2)(pa — Q4)> n o?(ps — q3)*
96 73728 450

+

N o?(a —1)p1(p2 + q2)(ps — g3) n 10702 (a — 1) (p2 — q2)(P3 — ¢3)
225 147456

1763p1(p2 — q2)(p3s — q3) (e —1)2(a—2)%p$  a?(a—1)*p2(p2 + CJ2)2> ’

15360 4050 450

< o a(l —a)  15991a8|p |6 1111a(p1]® (1 — a)(4 — p?)?
- 24 12 4592700 1088640 192

ol ~)ipi|  NladipnP  17¥ip? | a(l— )pfd )
24 544320 10368 384

8a’(1—=a)pi* 170’1 = )|p1|*(4 = p}) | el =) (2 —a)lpi]
105 41472 12

160*(1 —a)|p| | a(l-a)2=a)|p|* |  a(l—a)*2—a)lpi®
105 48 675

8a2|p1|  1073a*(1 — a)|p1|® (1l — a)?(2 — a)?|p1|®

105 33600 4050
(sl o), et —of) , il =18
104509440 1088640 30720
a(l—a)lp[*@=p)  17®p|* (4 —p]) | (1 —a)lpi|*(4 —p)
768 61440 67200
a(l —a)(2 - )4 —pi) n a*(1 = a)*(2-a)lm|*(4 - pi)
96 1350

119a3(1 — o) |p1[*(4 — p}) | (1 — a)|p1|(4 — p})?
138240 + 192 (2] + lyD)

(1111a4lp1\4(4 —p}) Uil pPd—pd) o(l—a)pP(4—p})

+

+

+

+

2177280 1088640 768

+

al-a)lp|d—p)°  a(l-a)@—p)® 170’1 - o)ip[*(4 - pi)
768 192 82944

1 3 1— 4 4 — 2 1 3 1— 2 4 — 2\2
% (|x!2—|—]y\2)+ 7o ( O‘)|p1| ( pl) + 7o ( O‘)’pl| ( pl)
165888 51840
1703 [* (4 - pi)? N a(l = a)|p*(4 - pi)? N a(l —a)lp:|(4 - p})?
61440 768 768
a(l —a)|p1|*(4 — p? 2257370 p1|2(4 — p?)?
1536 74317824
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L (el =a)pPE-pd)?  17a%p|(4 - pd)*  a(l - a)lpi|(4 - pi)®
1536 61440 384

170°|p1|*(4 — p?)? 2,2y . ol —a)lp1*(4 —pi)?

all — o 20— 22 ol — o 92
x(\xr+|y>3+( Cdatieom)f Qo p1)><rm|+\y|>2

ol — o —p2)2  a(l —a)(4 - p?)?
x(\x!2+ry\2>+<— Q-olpdd=p)” ol = a)e = p) )uxrmyﬁ)?

Hence,

|A7| <Ji+ Ja(pn + p2) + J3(pd + p3) + Jalpn + p2)? + Js (i + p2) (13 + p13) + Jo (1 + po)’
+Jr(pn + p2) (13 + 13) + (ki + p3)* = J(ua, p2),
where the constants J; >0, Jo, >0, J3 <0, J, >0, J5; <0, Jg >0, J; <0, and Jg > 0.
By Lemma 2, we determine the maximum value of J(u1, p2) on S = [0,1] x [0, 1]. Since J is
continuous on the compact set S, it attains a global maximum on S. We first investigate
the possibility of an interior maximizer. The first-order partial derivatives of J(pu1, p2) are
given by
Ty = Jo + 2J3p1 + 2Japn + 2Japig + 3T5p3 + Jspd + 251 pg + 3Jept 4 6Jepn po
+ 3603 + 4T3 + 673 o 4 ATrp pd + 2073 + 4Tspd + 4Jg 13,
Ty = Jo + 2319 + 2Jap1 + 2Japig + 2J5p1 2 + J5p3 + 3513 + 3Tt + 6Jsp po
+ 3J613 + 2T} + AJr g + 6J7pa 3 + A7l + AJgpdu + 4Jgpd.

By Fermat’s theorem, any interior local extremum of J(u1, o) must satisfy J,, = 0, and
Jus, = 0. Subtracting these equations yields

oJ oJ
o o (1 — p2) [2J3 + 2J5(p1 + po) + 2J7(p1 + p2)? + 4Js(pf + M%)} = 0.

Since
2J3 + 2J5(p1 + p2) + 2J7(p1 + p2)® + 4Js(uf + p3) # 0

for all (u1,u2) € (0,1)2, it follows that any interior critical point must satisfy u; = us.
Setting p1 = ps = u, the function J reduces to

J(p, o) = Jy 4 2Jop + 2J3p% + 4Jyp® + 4Js 3 + 8Jsp® + 87t + 4Jgpt.
Differentiating with respect to p gives
J () =20 + 4(J3 4 2J4)p + 12(J5 + 2Jg) > 4 16(2J7 + Jg) .
Therefore, any interior critical point must satisfy
2Jo + 4(J3 + 2J4)p + 12(J5 + 2J6) i + 16(2J7 + Jg)u® = 0.
Next, we evaluate J(u, 1) at the endpoints of the interval [0, 1]:

J(O) = ']17
J(1) = Ji + 2J2 4+ 2J3 + 4Js + 4J5 + 8J + 8J7 + 4Js.
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Since no interior critical point exists, the maximum of J(u, 1) on [0, 1] must occur at an
endpoint. Therefore,

s J (. 1) = mase{ J(0). J(1)}.
SHUS

Furthermore,
J(1) — J(0) = 2Jy + 2J3 + 4Jy + 4J5 + 8Js + 8J7 + 4.Js.

Since J(1) > J(0), it follows that

oz, J(u, p) = J(1).

Hence, the maximum is attained at p; = po = 1. Hence,
max J(u1, u2) = J(1,1) = P(p) = J1 + 2(Ja + J3) + 4(Js + J5 + Jg) + 8(Js + J7).

Substituting the expressions for Ji, Jo, J3, Ja, Js, Jg, J7, and Jg yields |A7| < J(p). Since
J(p) is an increasing function of |p| on [0, 2], its maximum is attained at |p| = 2. Therefore,

1 (1-a) (1-a)2—-a) 64(1-a)?*2-a) 32(1-a)?2-a)?® 16a
|47l SO‘<24 T % 4 675 2025 105

64a(1 —a) 1702 N 111103 107303(1 — ) = 255856a°
105 2592 13608 525 1148175 )

Thus, the desired upper bound for |A7| is obtained. O

By specializing the parameter o to 1 in Theorem 1, the bounds for the initial coefficients
reduce to those given in the following corollary.

Corollary 1. Let f(z) given by Eq. (1) be in the class BX(a), then

1079

< Toon’
— 1620
10831

34020’
18557687
|az| <

~ 36741600°

|as|

lag| <

4. Conclusion

In this paper, we established upper bounds for the initial seven coefficients of functions belonging to
the considered subclass of bi-univalent functions. By employing the corresponding subordination
conditions together with coefficient estimates associated with the Carathéodory class, explicit
bounds for the coefficients a9, as, ..., a7 were derived.

Furthermore, analogous estimates were obtained for the first seven coeflicients of the inverse
function. It was shown that the inverse coefficients satisfy the same upper bounds as the
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corresponding coefficients of the original function. These results extend several existing studies
in the literature, which mainly focus on lower-order coefficients, by providing estimates up to the
seventh coeflicient and their inverses.

It is expected that the techniques developed in this work may be useful in investigating
higher-order coefficients, inverse coefficient problems, and related Hankel determinant problems
for other subclasses of bi-univalent functions.
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