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Abstract

Max-min algebra, equipped with maximum and minimum operations, provides a natural
framework for modeling systems with bottleneck constraints, such as logistics and transporta-
tion networks. An algorithm for solving two-sided linear systems of the form AR x = B®
in max-min algebra has been proposed, for which the maximal solution can be constructed
explicitly for the 1 x n case under three conditions—unconstrained, with a given upper bound,
and with a given lower bound—and generalized to the m x n case, terminating after at most
m iterations and producing a unique maximal solution with complexity O(m?n). However,
no implementation has been made available, which limits its use for larger, practically sized
problems: the algorithm may require up to m computational cycles, so the computational
burden grows with the matrix size—particularly the number of rows—and manual calculation
becomes more prone to error. This paper addresses this gap by providing a Python imple-
mentation of the algorithm, along with a numerical application to a logistics distribution
network. The Python implementation makes the algorithm accessible to practitioners, and
the logistics example demonstrates how the model can be used to determine optimal road
capacities. This work provides a practical computational tool for solving capacity planning
problems in logistics and transportation.
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1. Introduction

Max-min algebra is set R = R U {—00,+00} equipped with two binary operations maximum
(®) and minimum (®). This structure forms a commutative idempotent semiring and provides
a natural mathematical framework for modeling systems that involve bottleneck constraints,
where the overall capacity of a system is determined by its smallest component. Such problems
arise in various fields, including logistics and transportation networks. In these contexts, the
minimum operation captures the bottleneck principle, the capacity of a route consisting of
multiple segments is limited by the segment with the smallest capacity, while the maximum
operation represents the optimal choice among available alternatives. The theoretical foundation
of max-min algebra and its applications have been extensively studied since the pioneering work
of Cunningham-Green and Raymond on minimax algebra [1], and later developed by Gondran
and Minoux in the context of dioids and semirings [2].
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Mazximal Solutions of Two-Sided Max-Min Linear Systems

The study of linear systems in max-min algebra has received much attention in recent decades.
Sanchez [3] pioneered the resolution of composite fuzzy relation equations, which are closely
related to max-min systems, and later applied these results to medical diagnosis [4]. Santos [5]
investigated maximin automata, which indirectly use maximum and minimum as composition
operations. Butkovic et al. [6] studied strong linear independence and regularity of matrices in
bottleneck algebra, providing foundational results for matrix theory in this structure. Fiedler et
al. [7] provided a comprehensive treatment of one-sided systems of the form A ® z = b, including
the discussion of the greatest subsolution and various applications in production scheduling
and transportation networks. For two-sided systems of the form A ® r = B ® x, Gavalec and
Zimmermann [8] proposed a polynomial algorithm for solving such systems, establishing the
theoretical feasibility of obtaining solutions in polynomial time. Subsequently, Krbalek and
Pozdilkova [9] presented a simpler and more efficient iterative method, which forms the basis of
the algorithm examined in this paper.

More recently, researchers have explored several extensions of max-min linear systems, such
as optimization with two-sided constraints [10, 11], robustness of interval matrices [12, 13],
and methods for max-plus and tropical algebras [14]. Mufid et al. [15] developed a method
for max-min w systems, which generalizes both max-plus and min-plus systems. While these
works focus on specific extensions, the basic algorithm for finding maximal solutions of two-sided
max-min systems is still an important building block for applications.

As noted above, Gavalec and Zimmermann [8] proposed a polynomial algorithm for two-sided
max-min systems, and Krbalek and Pozdilkovéa [9] later proposed the simpler iterative algorithm
adopted in this paper; both establish theoretical properties but neither provides a computational
implementation. The more recent extensions discussed above [10, 11, 14] likewise remain purely
theoretical. To the best of our knowledge, no publicly available implementation exists for
computing maximal solutions of two-sided max-min systems, which limits their practical adoption
in applied settings such as logistics and transportation planning, especially as problem size grows
and the number of computational cycles required by the algorithm increases.

This paper addresses this gap. Its main contribution is a Python implementation of the
algorithm proposed by [9], which makes the method accessible for larger, practically sized
networks. To demonstrate its practical use, we present a numerical case study on a logistics
distribution network connecting three industrial areas to a distribution center through three
transit points, showing how the maximal solution yields balanced two-way road capacities. In
presenting the theoretical background needed for the implementation, we also establish a new
uniqueness result for the maximal solution produced by the algorithm. The rest of this paper is
organized as follows. Section 2 presents the mathematical setting and methodology. Section 3
contains the main results, including the derivation of the maximal solution for the 1 xn and m xn
cases, Algorithm 1 with its proof of correctness, and a numerical example. Section 4 concludes
the paper. The Python implementation of Algorithm 1 is provided in Listing 1 (Appendix A).

2. Methods

This study adopts a theoretical-computational framework. The theoretical part establishes
the mathematical background and the correctness of the algorithm, while the computational
part provides a Python implementation and a numerical example to demonstrate the practical
applicability of the model. The study is conducted within the framework of max-min algebra,
defined as the structure (R, ®,®), where R = R U {—o00, +00}, equipped with two binary
operations a @ b = max(a, b) and a ® b = min(a, b), for any a,b € R. The operation @ is called
maximum, and ® is called minimum. The structure (R, ®, ®) forms a commutative idempotent
semiring, with e = —co as the neutral element for @ and ¢ = 400 as the identity element for .
The concept of semiring follows from the works of Baccelli et al. [16], Gondran and Minoux [2],
and Subiono [17]. We consider matrices 4, B € R™"" and vectors = € R". The matrix-vector
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product A ® z is defined componentwise as [18]:

n
(A®x); ]6291 aij @ xj) = n%axn(min(aij,:pj)), i=1,...,m.
The relation "<" defined on R by a < b <= a@®b = b is a partial order on R. Moreover, "<" is a
total order on R [18]. The relation "<" is then extended componentwise to vectors and matrices.
The problem is the two-sided system A ® r = B ® z, and the goal is to determine its maximal
solution. A solution z of A ® x = B ® x is called maximal if, for every solution & of the same
system, < Z implies =z [16].

The algorithm used in this paper was proposed by Krbélek and Pozdilkova [9]. It is an
iterative method that finds the maximal solution of A ® * = B ® x. Starting from an upper
bound, the algorithm repeatedly reduces the solution vector until a solution is found. The
algorithm terminates after at most m iterations and produces a unique maximal solution. The
full algorithm, along with its proof of correctness, is presented in Section 3.

To make the algorithm usable in practice, we implement the algorithm in Python 3.9. The im-
plementation utilizes the NumPy library for efficient array manipulation, which is widely available
in the Python ecosystem. The code reads matrices A and B as input and iteratively computes
the maximal solution following the algorithm described in Section 3. The full implementation is
provided in Appendix A.

To show how the model can be applied, we construct a numerical example from a logistics
distribution network. It involves three industrial areas and three transit points, where the system
A®x = B®uis used to determine the optimal capacities of access roads from the transit points
to the main distribution center. The data used in this example are simulated and serve only for
illustrative purposes; they are not based on actual field measurements. The aim of this example
is to show the applicability of the model, rather than to serve as a real-world case study.

3. Results and Discussion

This section presents the theoretical foundations needed for the implementation, followed by
a numerical application. We begin with the 1 X n case, then generalize to m X n matrices.
The theoretical results are then used to develop the Python implementation and the logistics
application. For the 1 x n case, we consider three scenarios: without constraints, with a lower
bound, and with an upper bound.

3.1. Maximal Solutions of A® v = B® x for 1 x n Matrices A, B
This subsection discusses the maximal solution of the system
ARr=B®x (1)

where A, B are of size 1 x n, and z € R”" without constraints, with an upper bound, and with a
lower bound. System (1) can be written as

1 1
T2 x2
(all aip - aln) ® = (511 big --- bln)® )
Tn Tn

or equivalently,
(a1 ®@21)® (a12@x2) B -+ B (a1p @ p) = (b11 @ 1) B (b2 @ x2) B -+ - B (bin, @ Tp).

In other words, we seek the maximal vector x satisfying

n n
@(alj ® SU] @ b1] ® xj
j=1 j=1
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3.1.1. Mazimal Solution of A® x = B® x for 1 x n Matrices A, B with x € R" Without

Constraints
This subsection discusses the maximal solution & = (Z1, Z2, ..., Zy) of System (1) where A, B
are of size 1 X n and Z is given without any constraints. Let N = {1,2,...,n}, and define

n n
a= jlrllaxn(an, ceyQip) = @alj, b= jlrllax (b11, ..., b1p) = @blj.
Ty j:l .

There are three possibilities for the values of ¢ and b: a = b, a < b, or a > b.
Lemma 1 and Lemma 2 discuss the maximal solution for the cases a = b and a > b, respectively.
The case a < b is analogous to the case a > b.

Lemma 1. Ifa =0, then Z = (00,00, ...,00)T is the mazimal solution of the linear system

ARzr=B®zx.

Proof. Substituting z into A ® x = B ® x, we obtain
n n n n
_:@(a1j®oo):@a1j:a and B®§::@(b1j®oo):@b1j:b.
Jj=1 Jj=1 j=1 j=1

Since a = b, we have A ® T = B ® T, which means % is a solution of A ® x = B ® z. Clearly,
Z is the maximal solution. O

Lemma 2. Let Ny = {j € N | a;; > b}. Ifa > b, then T = (Z1,Z2,...,%n)7 is the
mazimal solution of A® x = B ® x, where

_ b, _] € Nl,
By =
! o0, otherwise,

forj=1,2,....n

Proof. Given N1 = {j € N | a1; > b}. Since a > b, we have @j_, a1; > b, so there exists
J € N such that a;; > b; hence Ny # (). Substituting z into A ® © = B ® x, we obtain

ébM@xj (@(bu@b))@( @ (b1j®oo)>.
j=1 JENL JEN\N1

Since b1; ® b = min(byj,b) < b for every j € Ny, we have @jel\h(blj ® b) < b. Moreover,
since b = @) b1, we obtain @ ;cn\n, (b1 ® 00) = Bjen\n, b1; < Bj=1 b1; = b. Hence,

B®iz<b. (2)

On the other hand, there exists £k € N such that b;p = b. Since T = b if k € Ny and
T, = oo otherwise, in either case Zy > b, so by ® T = min(b, zx) = b. Hence,

B®§3:€B(b1j®i‘j)me@fk:b@«fk:b (3)
j=1

From Egs. (2) and (3), we obtain B ® & = b. Next,

A®i=é§(a1j®f]’): (@(a1j®b)>@< @ (a1j®00)>-

JEN1 jEN\Nl
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For j € Ni, we have a;; > b, so a1; ® b = min(ai,b) = b; since N; # 0, it follows
that ®j€N1(a’1j ®b) = b. For j € N\ Ny, we have a;; < b by the definition of Ny, so
a1j ® oo = ay; < b, and thus ®jeN\N1 (a1; ® 00) < b. Therefore

A®$:b@< @ a1j>=b.

JEN\N1

Thus, A® Z = B®Z, so Z = (Z1,Za,...,2Z,)" is a solution of A® 2z = B® 2. We now show
that z is the maximal solution by contradiction. Let z’ be a solution. Suppose Z is not
the maximal solution. Then there exists k € N such that z; < x}. Clearly Zj # oo, which
means k € Ny and a1, > b= Zj. Since b = 7}, < z, we have

n
A®x':@(a1j®a};) Za1k®l’;€ > b.
j=1

On the other hand,
B®Cc’:@(b1j®x;):(@(hj@b))@( &y (b1j®00)>:@b1j§b.
Jj=1 JEN1 JEN\Ny j=1

Hence A® 2’ # B® 2/, so 2’ is not a solution. This contradiction shows that Z must be the
maximal solution. O

3.1.2. Mazimal Solution of A® x = B ® x for 1 x n Matrices A, B with x € R" Given a
Lower Bound

This subsection discusses the maximal solution & = (Z1, Z2, ..., Zy) of System (1) where A, B
are of size 1 X n with the constraint
l= (I, 1o, ..., 0)T < (Z1,Z0,...,20)T =&
Lemma 3. Let T = (T1,%2,...,Zn)’ be the mazimal solution of A® x = B ® x without
constraints.
1. The mazimal solution of A® x = B ® x with lower bound | = (I1,la, ... 1) is T if
1< 7Z.
2. The system A ® x = B ® x with lower bound | = (I1,la,...,1,)T has no solution if
I £ z.

Proof. Let T be the maximal solution of A ® x = B ® x without constraints.

1. If I < z, then Z is a solution of A ® r = B ® x with lower bound [. It remains to
show that Z is the maximal solution. Let 2’ be any solution satisfying [ < z’. Suppose
z < 2/, since 2’ is a solution without constraints and z is the maximal solution without
constraints, we must have 2’ < z. Thus 2’ = Z, which means Z is the maximal solution
of A® x = B ® x with lower bound I.

2. For | £ &, we prove by contradiction. Since I £ Z, there exists k € N such that zy < .
Suppose there exists a solution z’ satisfying [ < z/. Then 2’ is also a solution of
A®zr = B®x without constraints. Since Z is the maximal solution without constraints,
we must have 2’ < z, so x}, < &y, for each k € N. Consequently, | < 2’ < z, which
implies I < z. This contradicts I £ . Therefore, A ® x = B ® x with lower bound !
has no solution. O
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3.1.3. Mazimal Solution of AQ x = B® x for 1 x n Matrices A, B with x € R" Given an
Upper Bound

This subsection discusses the maximal solution z = (Z1,Z2,...,Z,) of System (1) where A =
(a1;), B = (b1j) are of size 1 x n with the constraint
T = (:El,ig,...jfn)T <u= (ul,u2,...,un)T.

Let a = A®u and b = B ® u. There are three possibilities for a and b: a = b, a < b, or a > b.
Lemma 4 and Lemma 5 discuss the maximal solution for the cases a = b and a > b, respectively.
The case a < b is analogous to the case a > b.

T

Lemma 4. Ifa =0b, then u= (uj,ug,...,u,)" s the mazimal solution of AQ v = B®x

with upper bound u.

Proof. Substituting u into A ® x = B ® x, we obtain

Aou=Payou)—a  ad  Bou=Pbyou) b
j=1 i=1

Since a = b, u is a solution of A ® = B ® z, and because u is the upper bound, it is the
maximal solution. O

Lemma 5. Let No = {j € N | a1; @ u; > b}. If a > b, then the mazimal solution of

A®x = B® x with upper bound u is & = (Z1,Ta, ... ,xn)T, where
_ b ] € N27
Tj = .
u; otherwise,

forg=1,....n

Proof. Since a > b, we have @}1:1 a1; ® u; > b, which means there exists j € N such
that a;; ® u; > b. Hence Ny # (. We consider Z; in two cases, for j € N, then
Zj =b<a; ®u; < uy, and for j € N\ No, then z; = u; < uj;. Thus, z; < uj for all j € N.
Substituting z into A ® x = B ® x, we obtain

7= @by @ 7;) < Pbr; @ uy) =b. (4)
j=1 J=1

On the other hand, since b = @;cy(b1; ® u;), there exists k € N such that byx ® uy, = b.
We obtain

@blj®x] > bix ® Ty, = 0. (5)

From Eqs. (4) and (5), we get B®Z = b. Next, since e, (a1;®b) = b and @ ey, (a1, ®
uj) < b, then we obtain

éam R T;) = (@(a1j®b)>@< D (a1j®uj)>—b_

JEN2 JEN\N2

We have A® x = B® I, so z is a solution. It remains to show that z is the maximal
solution. We prove by contradiction. Let x’ be a solution. Suppose Z is not the maximal
solution. Then there exists k € N such that zj < .. Since u is the upper bound, we must

Zakia Nur Ramadhani Putri 2143



Mazximal Solutions of Two-Sided Max-Min Linear Systems

have z}, < ug, so Ty # ui. Thus k € Na, which implies a1 ® uy > b = Ty, so aj, > b and
b= Ty < x},. Substituting z’ into the system, we obtain

n
A®x/:@(a1j®x;-) > ai, ® ), > b.
=1

On the other hand,
n n
Bz =P(b; @) < Plby @ uy) =
j=1 j=1

Thus A ® 2’ # B ® 2/. Hence 2’ is not a solution. Therefore,  must be the maximal
solution. O

The following example illustrates the solution of A®@ x = B® x for A, B € R"™" with the
constraint x < u.

Example 1. Consider the system A ® r = B ® ¢ with « < u, where A = (10 8 10),

B:(9 9 9),andu:(11 11 11)T
We compute

T
a:A®u:(10 8 10)@(11 11 11) =10, and
T
b=Bou=(9 9 9)e (11 11 11) =9
Since a > b, by Lemma 5 we obtain Ny = {j € N | a1; ® u; > 9} = {1, 3}. Thus,

9, je{1,3},
:Cj:{ je{1,3}

Uy, .]:2)

so z = (9,11,9)7 is a solution of A® x = B®x.

3.1.4. Interval Solution of A® x = B® x for 1 x n Matrices A, B with x € R Given an
Upper Bound

Lemma 6 discusses the interval solution of A ® x = B ® x with the constraint z < wu.

Definition 1. An interval vector % is called an interval solution of A ® x = B ® x with
upper bound wu if for every z € &, we have A®Q T = B® .

Lemma 6. Leta>b and No ={j € N | a;; ® uj; > b}. The interval vector T defined by

% [b b] .7 S N27
A [b,u;] otherwise,

for j =1,2,...,n is an interval solution of A ®@ x = B ® x with upper bound wu.

Proof. Note that b < £; < u; for each j € N. Since for j € N3, ai; > b implies a1; ® b =b
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and for j ¢ No, a1; ® T; < a1 ® uj < b, by direct substitution we have

i*:écu]@x] :<@(a1j®b)>@< 4 (a1j®§:j)>:b.

JEN2 jEN\N2

Next, we have B® £ < B ® u = b. On the other hand, since #; > b, there exists k such
that by ® up, = b, giving B® & > b. Hence, B®Z =band A2 =B R So, Tisa
solution. O

3.2. Maximal Solution of A ® x = B ® x for m x n Matrices A, B

In this subsection, we discuss the maximal solution of System (1) where A, B are of size m x n.
The maximal solution for m x n matrices is constructed by repeatedly applying Lemma 5 to each
row, since the system A ® r = B ® = consists of m equations of size 1 x n. Several adjustments
are needed:

1. Identify rows where a;(z) # b;(x).
2. Swap rows where a;(z) < b;(x).
3. Choose the smallest right-hand side to ensure the condition for Ns holds for all rows.

Based on these adjustments, the procedure to determine the maximal solution for m X n matrices
is described as follows.

Let M ={1,...,m}and N = {1,...,n}. Given the system A®z = B®x with A, B e R""",
we begin by initialize k = 0, u = (00,00, ...,00)7
Step 1. Set k = k+ 1. If any equation in the system has not yet satisfied equality, swap the left
and right sides so that

,and 70 = u.

ai(°7) > bi(@" )

holds for every i € M.
Step 2. Determine

My = {r € M| a (2" # b (2" )}

and
I, = {i € My, | b;(Z""1) = min b,(z*"1)}.
reMy
Then choose an index i3 such that iy € I.
Step 3. Determine the maximal solution z* for row 4;, with z~! as the upper bound. The
solution is given by Lemma 5

S

h_{m if j € Jy,

a_:?_l otherwise,
for j =1,2,...,n, where
n
—k— 1
bk - bzk @ 3% ® SZZ
Jj=1
and

Je={j €N |aj; @z " >b}.

Step 4. Check whether z¥ is a solution of A® x = B® x. If yes, z* is the maximal solution and
the process stops. Otherwise, return to Step 1 and repeat until a maximal solution is obtained.
The procedure above is formalized in Algorithm 1 below.
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Algorithm 1: Determination of the maximal solution of A® x = B® x

=mXn

Input :Matrices A, B € R
Output : Maximal solution z € R"
k+0

u <+ (00,00,...,00
70—

while True do
k—k+1

for i < 1 to m do

L if a;(z""1) < b;(z¥71) then

)T

0w N O TR W N

L swap a; and b; for row i // Step 1: swap rows

9 My, + {r e M | a,(z"1) # b.(zF"1)} // Step 2a: identify unsatisfied rows
10 if M;, = () then

11 L return zF ! // solution found

12 I, < {i € My | b;(z*"1) = min,ep, b (ZF71)} // Step 2b: select row with
min RHS

13 choose 1, € I,

14 b < b (ZF 1) = i1 (biy ®:E§?_1) // Step 3a: compute by

15 Jp—{j€eNa;,;® a_c?_l > by} // Step 3b: compute Jj

16 for j <1 tondo

17 if j € J; then

18 L Ef +— by // Step 3c: update solution vector

19 else

20 t i? — i?il

21 if 2% is a solution of A® x = B ® = then
22 L return z" // Step 4: check solution

23 return z*

To prove the validity of Algorithm 1, we first present Lemma 7 through Lemma 10, which
describe the monotonicity and stability of the iterative sequences ZF and by generated by
Algorithm 1. These lemmas, together with Lemma 11 and Lemma 12, establish that Algorithm 1
produces a solution and that this solution is maximal, within at most m cycles.

Lemma 7 discusses the interval solution at each cycle.

Lemma 7. Let z* be the solution for row iy in Step 3 of cycle k. Then ¥ can be replaced
by any value in the interval % defined by

PO AL R AR/
' [bk,ié?_l], otherwise,

k
J

for 7 =1,2,...,n, and we have
Qi (‘%k) = bik (‘%k)

Proof. Given that z* is the maximal solution obtained in Step 3. From Steps 1 and 2, we
have a;, (zF71) > b;, (z¥71). By Lemma 6, setting a = a;, (z*71), b = b;, (z¥~1) = by, and
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Ny = Jj,, we obtain that
.i,k _ [bk?bkL .7 S Jk7
I (b, a_c?_l], otherwise,

for j =1,...,n is a solution of

xr1 x1

T2 €2

(aikl aikQ e aikn> & o — (blkl bik2 bzkn) X 0

Tn Tn

Thus, a;, (2%) = b;, (2%). O

Lemma 8 shows that as the cycle increases, the solution vector becomes smaller or remains
stable.

Lemma 8. Let z* be defined as in Step 3 of cycle k, and let Z*~1 be from cycle (k —1).
Then
* < zFL

Proof. Recall that

g k=1 Gtherwise.

J

For j € Ji, we have JU? b < a;; ® 53?_1 < i'?_l, hence Ef < :E?_l. For j ¢ Jj, we have
:ﬁ? = xf L. Therefore :E < f for all j, so zF < z+-1. 0

Lemma 9 proves that as the cycle increases, the minimum value on the right-hand side
remains stable or increases. Let S1 be the set of rows that have not yet satisfied the equation in
cycle k, and Ss the set of rows that have already satisfied it:

Sl_{SEM\Ik’b(k1)>bk} SQ_{SGM\Ik‘b(k1)<bk}

These sets will be used in the proofs of Lemma 9 and Lemma 11.

Lemma 9. Let b, be defined as in Step 3 of cycle k with upper bound z*~1, and let by,
be defined in cycle k + 1 with upper bound z*. Then

bri1 > by

Proof. By definition, bk = min,ep, b (2571) and a,(2%71) > b.(z*71). From Step 3, a_:k = by,

for j € Ji and ac = 78! otherwise, with b < xk 1 Hence, by, < xk for all j. For any s € 51,

J
we have b,(zF~ 1) > bg. Thus there exists j* such that bgjx ® :L‘ L'> by, implying bs;« > by..
Since xf > by, we obtain mln(bsj*,x] ) > min(bgjx, by) = bk Therefore by(z*) > by, for

every s € S1. Now bi11 = mingeg, bs(Z ) > by, completing the proof. O

Using Lemma 8 and Lemma 9, we now show in Lemma 10 that once a variable is decreased,
its value does not change in subsequent cycles.

Lemma 10. For j € Ji, once :cj is determined in iteration k, its value remains unchanged
for all cycles I withl >k andl < K.
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Proof. Since j € Ji, we have :f;“ = bp. Take any [ > k and suppose, for contradiction,

that fl =£ ik Then by Step 3, j € J; and ié = b;. By Lemma 9, by > bg. If b > by,

then a: = bl > by = xk, contradicting Lemma 8 which states :i‘é < :Z“gf If b, = by, then

_l = bl =b, = xk contradicting the assumption Eé =L Ef Hence a_cé = a‘céC (Il

Lemma 11 states that any row that has already satisfied the equation remains satisfied in
subsequent cycles.

Lemma 11. Let Z* be defined as in Step 3. Then for every s € Sy,

as(ZF) = be(zF).

Proof. Recall that Sy = {s € M \ I | bs(z%71) < by}. Let s € Sy be arbitrary. If s € My,
then by definition of Iy, bs(z*~!) > by, which contradicts s € Sy. Thus s ¢ M}, which
implies row s was already satisfied in cycle (k — 1), i.e

as(ZF71) = by(ZF 1) < by

Consequently, for every j € {1,2,...,n}, we have

asj & 53?71 < by, (6)
and

bs; ® 251 < by (7)

Now consider the update to z*. By Step 3, the components of z* are given by

_k bka lf] € Jka
i = 2k-1 .
T; ", otherwise.

We consider the components j € {1,2,...,n} in two cases. For j ¢ J;, we have ¥ = zF~1.

J J
Therefore,

==l

asj ® :C = a5 @ T; and bs; ® :EI? =bs; ® a?;?*l

Tk—1

For j € Ji, we have :): = b;. By Lemma 8, we have z* < 271, so b, = :E;“ < i?‘l for all

-1

J € Ji. From Eq. (6), we obtain as; < by. Consequently, since ay; < by < :Ef , we obtain

k-1
asj®x —asj®bk—asj—asj®x )

By an identical argument, Eq. (7) yields bs; < by, thus
bej ® T = bsj @ by = by = bs; @5 "
Since as; ® i;“ = a5 @ el

; and bs; ® :E;“ = bs; ® :E?il for all j, taking the maximum over
all j directly yields

= @(asj ® :17 @ asj ® :c as(:ik_l)

and

n
(bsj ® Z5) = P (bs; ® T71) = bs(Z*7).
j=1 j=1

o>
V2l
—
81
bl
S~—
Il
69:

Since as(7*~1) = bs(z¥~1), we obtain as(z*) = bs(z*¥). Hence, row s remains satisfied in
cycle k. O
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Lemma 12 shows that every solution of A ® z = B ® x is bounded above by Z* for any cycle

Lemma 12. Let & be any solution of A® x = B®x. Then & does not exceed Z* from Step
3 for any cycle k.

Proof. Let & be any solution. We prove & % z* by induction. For k = 1, by Lemma 5, ' is
the maximal solution for row 4; with upper bound z°. Since Z is also a solution, we must
have & % z'. Assume the statement holds for cycle k — 1. Suppose & > z¥, then there
exists j € N such that z; > :Z‘f If j ¢ Jg, then 17? = 5:?_1, SO T > ;Eé?_l, contradicting the
induction hypothesis. If j € J, then :Z'f = b;, (z*71), so @; > b;, (z*71). By definition of J,

@i @ if_l > b;, (zF71), which implies a;,; > b;, (z*71). Consequently,

n
Qi (.f) = @aikj X JNZ]' > bik (fkil).
j=1

Since 7 is a solution, b;, (¥) = a;, (%) > b, (z*71), so

n

- k-1

bi; @ T; > @bikj QL; .
1 j=1

J

n

Thus there exists [ € IV such that b;,; ® Z; > b;,; ® :Z‘f_l, implying &; > sif_l. This again
contradicts the induction hypothesis. Hence & % z*, completing the induction. O

Algorithm 1 produces a maximal solution for the linear system A ® © = B ® z, as proved in
Theorem 1.

M Xn

Theorem 1. The maximal solution T of the system AQ x = B® x with A, B € R is
given by Algorithm 1, with & = ¥, where K < m.

Proof. We first show that Algorithm 1 terminates after at most m cycles. At each cycle
k, the pivot row i), selected in Step 2 satisfies, by Lemma 7, a;, (%) = b;, (z*) once Step
3 of that cycle is completed. By Lemma 11, once a row is satisfied it remains satisfied in
every subsequent cycle. Since each row of the system is selected as pivot at most once, the
set M, of unsatisfied rows loses at least one member at every cycle; hence M;, = () after at
most m cycles, so K < m. By Lemma 11, ¥ is a solution of A ® z = B ® z. By Lemma
12, no solution exceeds Z* for any cycle k; in particular, no solution exceeds €. Hence, €
is a maximal solution of A® x = B ® . O

In one cycle, Algorithm 1 computes z* as a solution of A® x = B ® . Since there are m
rows and each row involves operations on n columns, the number of operations per cycle is m x n.
Thus, each cycle has complexity O(mn). By Theorem 1, K < m, so the maximum number of
cycles required is m. Therefore, the total complexity is m x O(mn) = O(m?n).

For the m x n case, the same result as Lemma 3 holds. That is, if Z is the maximal solution
without constraints, then z is the maximal solution with lower bound [ if [ < Z and it has no
solution if [ £ Z. The proof is analogous to the 1 x n case.

From Subsections 3.1 and 3.2, the system A®x = B ® x always has a solution when there are
no constraints or when an upper bound z < u is given. For 1 x n without constraints, Lemma
2 explicitly constructs a solution. For 1 x n with an upper bound, Lemma 5 provides a direct
formula. For m x n, Algorithm 1 converges by Lemma 10 and produces a solution (Theorem 1).

Zakia Nur Ramadhani Putri 2149



Mazximal Solutions of Two-Sided Max-Min Linear Systems

For a lower bound [ < z, the existence of the maximal solution depends on ! (Lemma 3). The
uniqueness of the maximal solution is given in Theorem 2.

Theorem 2. The mazimal solution of A ® x = B ® x produced by Algorithm 1 is unique.

Proof. Let Z,y be two maximal solutions. Define z = max(z,y). Using distributivity,
A®z=(A®1) 0 (A®)) =(Boi)® (BR®YJ)=B® 7

so Z is a solution. Since < z and z is maximal, & = z. Similarly, y = z. Hence, z =y. [

3.3. Application to Logistics Distribution Network Using Python

This section presents an application of maximal solutions of two-sided linear systems in max-min
algebra to the planning of logistics distribution infrastructure.

Consider a transportation system connecting three industrial areas (A, B, and C) as the
origin locations of goods to one main distribution center (7). To reach the distribution center T,
each transport vehicle must pass through one of three transit points or toll gates (X, Y, and 7).
The roads connecting the industrial areas to the toll gates are existing networks, while the roads
connecting the toll gates to the distribution center are special access roads whose capacities are
to be determined. The capacities of the existing roads, for both outward and return flows, may
have different values. The distribution network scheme is shown in Figure 1.

R \ /4, %)

Fig. 1: Schematic diagram of the logistics distribution network

The road capacities (in passenger car units per hour, smp/hour) for each segment are given
in Table 1 below.

Table 1: Forward and return road capacity

Forward road capacity Return road capacity

Symbol Route Capacity (smp/hour) Symbol Route Capacity (smp/hour)

ail A— X 1500 b11 X - A 1000
a1 A=Y 800 b1a Y- A 900
ais A—7Z 1200 b13 Z — A 1300
as1 B—X 900 bo1 X —>B 800
as2 B—>Y 1600 boo Y >+ B 1100
23 B—Z 1100 bos 7B 1200
asi C—-X 1300 b31 X—-C 1400
ase C—-Y 700 b32 Y —=C 1000
ass C—Z 1700 b33 Z —C 1500

We aim to determine the maximal capacity of the special access roads from each toll gate
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to the distribution center, namely z = (x1,x2,x3), where 1,2, z3 respectively denote the
two-way road capacities from X,Y,Z to T in smp/hour. The purpose of determining these
capacities is to ensure that the incoming and outgoing vehicle flows remain balanced. With such
balance achieved, logistics circulation at the distribution center can be supported and the risk of
congestion caused by directional capacity imbalance can be mitigated. Based on Table 1, the
maximal road capacities for each area toward the distribution center are as follows.

1. Area A
(a) Forward capacity = max(min(a11, 1), min(aj2, x2), min(a;s, 3))
(b) Return capacity = max(min(biy, z1), min(bi2, x2), min(bis, z3))
2. Area B
(a) Forward capacity = max(min(asg1, z1), min(agz, x2), min(ags, r3))
(b) Return capacity = max(min(ba;, z1), min(baa, x2), min(bes, z3))
3. Area C
(a) Forward capacity = max(min(asi, z1), min(asz, x2), min(ass, r3))
(b) Return capacity = max(min(bs;, z1), min(bsa, x2), min(bss, z3))

To avoid vehicle congestion at the distribution center 7', the forward and return capacities
must be balanced for each area. Thus, we obtain the following two-sided linear system:

max(min(aii, 1), min(aje, r2), min(ai3, x3)) = max(min(by1, 1), min(bi2, x2), min(b3, x3))
max(min(agi, 1), min(age, r2), min(ags, x3)) = max(min(bay, 1), min(bgg, x2), min(beg, x3))

max(min(asi, 1), min(age, r2), min(ass, x3)) = max(min(bsy, z1), min(bsg, x2), min(bss, x3))

or equivalently, A ® r = B ® x with

ain a2 a3 bir b2 b3 1
A= laxn axp axy|, B=|by bx bs|, and z=|x
asy azz2 ass b31 b3z b33 x3

Applying Algorithm 1 to the system above, we trace the computation step by step. We initialize
k=0, u=(c0,00,00)T
Cyecle k = 1. Since a;(z°) > b;(2°) for every row (a; = 1500 > by = 1300, az = 1600 > by = 1200,
ag = 1700 > bs = 1500), no row is swapped. We obtain M; = {1,2,3}, and since b; = 1300,
by = 1200, b3 = 1500, the minimum is attained at row 2, so Iy = {2} and i; = 2. We compute

,and 70 = u.

by = b;, (#°) = max (min(900, c0), min(1600, 00), min(1100, 0o)) = 1200,
and J1 = {j € N | az; ® :E? > 1200} = {2}, since aze = 1600 > 1200 while as; = 900 and
a3 = 1100 do not exceed 1200. Updating accordingly gives z! = (00, 1200, c0)”.

Cycle k = 2. With 7!, row 2 now satisfies az(7!) = ba(z!) = 1200 and is excluded. Rows 1 and
3 remain unswapped, so My = {1,3}. Since b;(z!) = 1300 < b3(z') = 1500, we have Iy = {1}
and io = 1. We compute

by = bi, (#') = max (min(1000, 0o), min(900, 1200), min(1300, 0o)) = 1300,

and Jp = {j € N | a1; ® Zj > 1300} = {1}, since a1 ® Z} = min(1500,00) = 1500 > 1300,
while ajp ® 3 = min(800, 1200) = 800 and a3 ® Z3 = min(1200, co) = 1200 do not exceed 1300.

Updating gives z2 = (1300, 1200, co0)”".

Cycle k = 3. With 22, rows 1 and 2 already satisfy equality and are excluded, leaving M3z = {3},
so I3 = {3} and i3 = 3. We compute

by = by, (Z2) = max (min(1400, 1300), min (1000, 1200), min(1500, c0)) = 1500,
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and J3 ={j €N |a3 ® i? > 1500} = {3}, since azz ® ¥3 = min (1700, 0c) = 1700 > 1500, while
as1 ® 3 = min (1300, 1300) = 1300 and agy ® 73 = min(700,1200) = 700 do not exceed 1500.
Updating gives 23 = (1300, 1200, 1500)7".

Checking 72 against all three rows confirms equality throughout:

1. Area A:
max(min (1500, 1300), min(800, 1200), min(1200, 1500)) = 1300, and
max(min(1000, 1300), min(900, 1200), min(1300, 1500)) = 1300;

2. Area B:
max(min (900, 1300), min(1600, 1200), min(1100, 1500)) = 1200, and
max(min (800, 1300), min(1100, 1200), min(1200, 1500)) = 1200;

3. Area C:
max(min(1300, 1300), min(700, 1200), min(1700, 1500)) = 1500, and
max(min(1400, 1300), min(1000, 1200), min(1500, 1500)) = 1500.

Since all rows are satisfied, the algorithm terminates after K = 3 cycles, consistent with
K < m = 3 as established in Theorem 1, yielding the maximal solution = = (1300, 1200, 1500)"".

This means that the special access roads from toll gates X, Y, and Z to the distribution
center T should be built with capacities of 1300 smp/hour, 1200 smp/hour, and 1500 smp/hour,
respectively. With these capacities, the forward and return flows for each industrial area are
balanced. Consequently, the incoming and outgoing vehicle flows at each toll gate do not
structurally exceed one another, meaning the capacity design does not inherently favor one
direction over the other.

It should also be noted that the balance criterion used here captures only the bottleneck-
capacity relationship between forward and return flows; it does not account for other operational
factors relevant to real-world logistics planning, such as time-varying demand, travel time,
transportation cost, queueing behavior at the toll gates, or physical and budgetary constraints
on road construction. The numerical example therefore illustrates how the model can be
applied to determine balanced road capacities, rather than serving as a complete operational
recommendation for logistics infrastructure planning.

This maximality also provides a natural basis for comparison with alternative capacity
assignments. Since z = (1300, 1200, 1500)7 is the maximal solution of the system (Theorem
1), any smaller capacity vector satisfying the same balance condition would under-utilize the
available road capacity, while any larger capacity vector would necessarily violate the balance
condition for at least one industrial area. Moreover, by Theorem 2, this maximal solution is
unique, so no other capacity assignment can achieve the same balance at a higher overall capacity.
The proposed solution is therefore never dominated, in terms of capacity, by any other feasible
balanced assignment.

In addition to this worked example, the implementation was further validated against several
edge cases — a row already satisfied at the initial upper bound, a tie among rows for the minimum
right-hand side (Ix) and the degenerate single-row (m = 1) case — all of which reduce correctly
to the theoretical results of Sections 3.1 and 3.2; the corresponding test cases are provided in
Appendix B.

4. Conclusion

This paper provides a Python implementation of the algorithm for determining the maximal
solution of two-sided linear systems in max-min algebra, along with a numerical application
to a logistics distribution network. The theoretical results show that for the 1 x n case, the
maximal solution can be explicitly constructed under three scenarios: without constraints, with
a given upper bound, and with a given lower bound. These results are then generalized to
the m X n case, where the algorithm terminates after at most m iterations and produces a
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unique maximal solution with complexity O(m?n). The implementation makes the algorithm
accessible to practitioners, and the logistics example demonstrates how the model can be used to
determine road capacities. While the example uses simulated data, the approach is applicable to
capacity planning problems in logistics and transportation. Future work may include applying the
algorithm to real-world data or extending the implementation to other programming languages.
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A.

Python Implementation of Algorithm 1

import numpy as np

# Function to print a separator 1line

def

def

print_separator (title=""):
print (£"\n{'="*50}")
if title:
print (£"{titlel}")
print (£"{'="%50}")

solve_two_sided_max_min(A, B, m, n, verbose=True):
# ---- input validation ----
if len(A) != m or len(B) != m:
raise ValueError (
f"A ,and_ B must each have_ {m} rows,_ but_ A has_ {len(A)} rows "
f"and B has_ {len(B)} rows."

)
for i, row in enumerate (A):
if len(row) !'= n:

raise ValueError (f"Rowy {i+,1} of A has_ {len(row)} columns,
expected {n}.")
for i, row in enumerate(B):
if len(row) != n:
raise ValueError (f"Row, {i,+,1}_of Buhas_ {len(row)} columns,
expectedy,{n}.")

# Work on copies so the caller's A, B are never modified by the
# row-swapping in Step 1.

A = [row[:] for row in A]

B = [row[:] for row in B]

k=20

x = [float('inf')] * n

if verbose:
print_separator ("START_ ALGORITHM")

while k < m:
k += 1

# ========== Step 1 (swap sides) ==========
for i in range(m):
a_i = max(min(A[i]J[j], x[j]) for j in range(n))
b_i = max(min(B[i][j], x[j]) for j in range(n))
if a i < b i:
Ali], B[i]l = B[i], A[i]

4 ========== Step 2 (M_k and I _k) ==========

rhs = []

lhs = []

M_k = []

Ik (]

for i in range(m):
a_i = max(min(A[i]1[jl, x[jl) for j in range(n))
b_i = max(min(B[il[j]l, x[jl) for j in range(n))

Zakia Nur Ramadhani Putri 2155




N = O ©

N

w

RS B B BT B BN BN

~

98

99
100
101
102
103
104
105
106
107
108
109
110

111

Mazimal Solutions of Two-Sided Max-Min Linear Systems

if a i != b_i:
M_k.append (i)

rhs.append (b_i)
lhs.append(a_i)

if verbose:
print_separator (f"ITERATION_ {k}")
print (f"A = {np.array(A)}")
print (£"By=_,{np.array(B)}")
print (£"1lhs,(a_i),=,{1lhs}")
print (f"rhs,(b_i),=,{rhs}")
print (£"M_{k}_ = {[i +.1ofor i in M_kI1}")

# Check if M_k is empty (solution found)
if not M_k:
if verbose:
print ("SOLUTION_,FOUND!")
print (f"x, = {np.array(x)}")
return x, k

# Compute b_min and I_k (rows tied at the minimum are all kept

# in I_k; we simply pick the first one as i_k)

b_min = min(rhs[i] for i in M_k)
for i in M_k:
if rhs[i] == b_min:

I_k.append (i)

i_k I_kI[0]
b_k b_min

if verbose:
print (£"I_{k}y=y{lig+uil foryiyin I _kI1}")
print (£"b_{k} =u{b_k}")
print (£"i_{k}y=u{i_ky+,1}")

# ========== Step 3 (J_k and update x) ==========
J_k =[]
for j in range(n):
if min(CA[i_k][j], x[j1) > b_k:
J_k.append (j)

for j in J_k:
x[j]1 = b_k

if verbose:
print (£"J_{k} =u{[ju+tuloforyjuingJ_k1}")
print (f"x = {np.array(x)}")

# ========== Step 4 (Check solution) ==========
ai_new []
bi_new = []

for i in range(m):
a_i max (min (A[i][j], x[j]) for j in range(n))
b_i max (min(B[i]l[j]l, x[jl) for j in range(n))
ai_new.append(a_i)
bi_new.append(b_i)
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if verbose:
print (f"Solution,check:ai, = {ai_newl}, biy=,{bi_new}")

if all(ai_new[i] == bi_new([i] for i in range(m)):
if verbose:
print_separator ("SOLUTION_ FOUND")
print (f£"x,=,{np.array(x)}")
return x, k

return x, k

def read_matrix(name, m, n):
print (f"Enterelements of matrix,{namel}")
return [[float (input (f"{name.lower O} _{i +,1},{ju+ulru=0"))
for j in range(n)] for i in range(m)]

if __name == "_ main__":

print_separator ("TWO-SIDED MAX-MIN_ LINEAR ,SYSTEM, ,SOLVER")

print ("Enter_ the_ number of rows,and, columns")
m = int (input ("Number of rows_ Luu:u"))
n = int (input ("Number of columns,: "))

print (f"\nEnter elementsof matrix A, ({m} x,{n})")

A = read_matrix("A", m, n)

print (f"\nEnter elements of jmatrix B, ({m}yux,{n})")

B = read_matrix("B", m, n)

x, k = solve_two_sided _max_min(A, B, m, n, verbose=True)

print_separator ("RESULT")
print (f"x, =_{x}")
print (£"Number of cyclesyused: Ky=u{k}, (K <=pm,=,{m})")

Listing 1: Python implementation of Algorithm 1

B. Test Cases and Validation Results

Listing 2 presents the companion test suite used to validate the implementation in Appendix A.
It reuses solve_two_sided_max_min from Appendix A (via a standard Python import, so both
files must reside in the same directory) and covers the logistics example from Section 3.3 together
with the edge cases and input-validation check discussed therein.

from two_sided_max_min_solver import solve_two_sided_max_min,
print_separator

def verify_solution(A, B, x, m, n):
for i in range(m):
a_i = max(min(A[i][j], x[j]) for j in range(n))
b_i = max(min(B[ilJ[jl, x[jl) for j in range(mn))
if a_i != b_i:
return False, i + 1, a_i, b_i
return True, None, None, None
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def run_test(title, A, B, m, n, expected=None, verbose=True):

if

__nhame ==

print_separator (title)
x, k = solve_two_sided_max_min(A, B, m, n, verbose=verbose)
print (f"\nResult: x,=,{x},unumber of cycles K =u{k}, (Ku<=gmy=,{m})")
if expected is not None:
status = "MATCH" if x == expected else "MISMATCH"
print (f"Expected: {expected} ->,{status}")

# Validation test: re-substitute x independently of the solver's
# own Step 4 check, to confirm it really is a solution.

ok, bad_row, a_val, b_val = verify_solution(A, B, x, m, n)
if ok:
print ("Validationytest: PASS, (A, (x)ux,=uBu(x)yuxyholds  foreveryy
row)")
else:
print (f"Validationytest: FAIL at, row,{bad_row} (a={a_vall}, b={
b_val})")

return x, k

"__main__":
# Test 1: Main logistics example, Section 3.3 of the paper.
A1 = [[1500, 800, 1200],
[900, 1600, 1100],
[1300, 700, 1700]]
B1 = [[1000, 900, 1300],
[800, 1100, 1200],
[1400, 1000, 1500]]
run_test ("TEST_,1:,Logisticsexample, (Section 3.3)",

A1, B1, 3, 3, expected=[1300, 1200, 1500])

# Edge Case 1: a row is already satisfied from the very first cycle.
A2 = [[10, 6, 8],

[5, 5, 51,
9, 7, 1211
B2 = [[7, 9, 6],
[5, 5, 51,
[11, 8, 6]1]

run_test ("EDGE_ CASE_1:ayrowyalreadysatisfiedat the start",
A2, B2, 3, 3)

# Edge Case 2: a tie in I_k (more than one minimum row).
A3 = [[10, 8, 9],
7

[12, 7, 101,
9, 9, 111]
B3 = [[6, 9, 8],
6, 8, 91,
[7, 10, 911

run_test ("EDGE_CASE_ 2: tie in I _k, ,(more than  one minimum_ row)",
A3, B3, 3, 3)

# Edge Case 3: m = 1 (reduces to the 1xn case)

A4 = [[10, 8, 10]]

B4 = [[9, 9, 9]]

run_test ("EDGE_CASE_ 3: m,=,1,(reduces_ to,the 1xn ,case)",
A4, B4, 1, 3, expected=[9, float('inf'), 9]1)
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print_separator ("ALL,,TESTS,,COMPLETE")

# Demo: input validation catches a malformed matrix.
print_separator ("DEMO: inputyvalidation")
A_bad = [[1500, 800, 1200],

[900, 1600], # <- wrong number of columns on

purpose
[1300, 700, 1700]]
B_bad = [[1000, 900, 13001,
[800, 1100, 12007,
[1400, 1000, 1500]]
try:

solve_two_sided_max_min(A_bad, B_bad, 3, 3, verbose=False)

print ("Unexpected:no error was raised.")
except ValueError as e:

print (f"Validation,correctlycaught,the  problem: {e}")

Listing 2: Test cases and validation checks for the implementation in Appendix A

Table 2 summarizes the results obtained by running Listing 2.

Table 2: Summary of test case and validation results

Test Size (m x n) Expected Result x K Validation
Test 1

(Subsection 3.3) 3% 3 (1300,1200,1500)  (1300,1200,1500) 3  PASS
Edge Case 1

(row satisfied at start) 3x3 (9,00,9) (9,00,9) 2 PASS
Edge Case 2

(tie in 1) 3% 3 (9,9,9) (9,9,9) 3 PASS
Edge Case 3

(m =1) 1%3 (9,0, 9) (9, 00,9) 1 PASS
Malformed input

(row size mismatch) 3 x 3* — ValueError raised — PASS

*Row 2 of A deliberately given only 2 values instead of 3, to test the input validation in Appendix A.
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