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Abstract

Forest resources sustain essential ecological functions, while population pressure and mining
activity can accelerate forest degradation. This study develops an optimal-control extension
of an established forest—population-pressure—mining framework by introducing two bounded
intervention efforts: environmental education and mining restriction. Forest condition, human
population, population pressure, and mining activity are represented as dimensionless model
indices on an arbitrary illustrative scenario scale; therefore, the numerical states are not
obtained from normalized empirical observations. The objective functional rewards the forest
index and penalizes population pressure, mining activity, and quadratic intervention effort.
The analysis establishes local well-posedness, positivity, a valid positively invariant region,
global continuation, a control-dependent equilibrium for constant interventions, and the
existence of an optimal control. A new comparative-statics result shows that, whenever the
positive constant-control equilibrium exists, its forest component increases strictly with either
intervention. Reproducible supplementary code supports the baseline and extended sensitivity
calculations. Three time-grid tests yield stable results, while a four-start direct single-shooting
control-parameterization diagnostic produces objective values differing by approximately
0.074% from the forward-backward sweep candidate. Under the illustrative baseline, the
two-control candidate gives the lowest computed aggregate objective and the highest terminal
forest index, whereas education-only control gives the lowest terminal population-pressure
index. These findings remain model- and weight-dependent, not location-specific causal or
economic policy estimates.

Keywords: Dynamic model; forest resources; mining activities; optimal control; population
pressure.

Copyright © 2026 by Authors, Published by CAUCHY Group. This is an open access article
under the CC BY-SA License (https://creativecommons.org/licenses/by-sa/4.0)

1. Introduction

Forests provide ecological regulation, carbon storage, biodiversity habitat, and livelihood support
[1-3]. Demographic and extractive processes can affect forest condition through several interacting
pathways. Mining is one direct source of forest loss in particular settings, whereas the relative

*Corresponding author. E-mail: fatmawatiQfst.unair.ac.id

Received: June 4, 2026 Revised: August 12, 2026 Accepted: September 1, 2026
DOI: https://doi.org/10.18860/cauchy.v11i2.44782


https://creativecommons.org/licenses/by-sa/4.0
mailto:fatmawati@fst.unair.ac.id
https://doi.org/10.18860/cauchy.v11i2.44782

Optimal Control of a Forest Resource Model Under Population Growth and Mining Activities

importance of mining, agriculture, infrastructure, and other drivers is context dependent [4, 5].
A pantropical assessment has documented substantial direct and indirect forest loss associated
with industrial mining, although its magnitude varies considerably among countries [6]. These
interactions motivate a dynamic model of forest-resource condition, human population, population
pressure, and mining activity [7].

An established four-state nonlinear framework has examined population-induced mining
pressure on forest resources [8]. Recent mathematical studies similarly represent human population
and population pressure as important drivers of forest-biomass dynamics, while emphasizing
the effects of simplifying assumptions and parameter uncertainty [9]. The present study retains
that state structure and formulates a bounded optimal-intervention problem. Environmental
education and mining restriction are represented as stylized channels that increase the removal
rates of population pressure and mining activity, respectively. The study introduces neither a new
empirical forest dataset nor an economic equilibrium model; it gives a mathematically consistent
numerical analysis of a dimensionless-index system. Related recent research has combined a
nonlinear COo—forest-biomass—temperature model with real-data parameter estimation, sensitivity
analysis, reforestation control, and cost-effectiveness analysis. Unlike that climate-oriented study,
which considers private-vehicle access limitation and reforestation, the present study examines
population pressure and mining activity through stylized environmental-education and mining-
restriction channels [10].

The revised formulation makes the boundary between mathematical scenarios and empirical
measurement explicit. First, all state variables are dimensionless indices in the present calcula-
tions, and any empirical interpretation requires separately reported raw variables and reference
scales. Second, forest condition is included directly in the objective functional to represent the
conservation preference. Third, the invariant region is derived from valid comparison bounds.
Fourth, the numerical procedure, sensitivity analysis, and alternative discretization cross-check
are documented without treating the resulting candidate controls as a certificate of global
numerical optimality.

The contribution is model-specific and is stated relative to the uncontrolled framework
of [8]: First, the present study introduces two bounded intervention channels with distinct
mechanisms: environmental education increases the removal rate of population pressure, whereas
mining restriction increases the removal rate of mining activity. Second, it proves positivity,
local well-posedness and global continuation in a valid control-independent bounding region.
Third, for constant admissible interventions, it derives an explicit positive equilibrium and a
control-dependent feasibility threshold. Fourth, it establishes a new model-specific comparative-
statics theorem: wherever that positive equilibrium exists, the equilibrium forest index is strictly
increasing in either constant intervention. Fifth, it provides an executable implementation,
an extended saturation sensitivity analysis, a three-grid convergence check, and a four-start
direct single-shooting control-parameterization diagnostic. These results are new for the present
controlled forest—population-pressure—mining system. They are not claimed as a new general
optimal-control existence theorem or as empirical estimates for a geographical region.

Environmental education and mining restriction are modeled as structural intervention
channels rather than empirically estimated program or legal effects. References [11-15] provide
contextual literature on environmental education, mining, and governance; they are not used
to estimate the intervention multipliers 5 and ur. The numerical results therefore quantify
trade-offs among model indices and effort penalties only. They do not quantify employment,
profit, tax revenue, social welfare, or a causal policy effect in a particular geographical region.

Section 2 defines the state system, the index interpretation, and the calibration boundary.
Section 3 establishes the mathematical properties, constant-control equilibrium result, and
reproducible illustrative numerical experiments. Section 4 states conclusions and limitations that
are consistent with the represented variables and numerical methods.
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2. Methods

Let F(t), N(t), P(t), and M(t) denote dimensionless model indices of forest-resource condition,
human population, population pressure, and mining activity, respectively, at time t. The
word index does not mean that the present numerical values were calculated by dividing
observed variables by reported reference values: no empirical normalization is performed in this
study. For a future calibrated application, raw measures Fiaw, Nyaw, Praw, and M,y could be
nondimensionalized as F = %,N = If\{—z;’, P = %, and M = 1}\%—:‘;:, provided that the study
reports the geographical boundary, observation period, data source, positive reference values, and
the reproducible formula used to construct P,,w. None of those empirical inputs is specified here.
Consequently, F, N, P, M, L, K, and 7 are dimensionless quantities on an arbitrary illustrative
scenario scale, not direct observations in trees ha™!, persons km™2, or km? and not empirically
normalized measurements.

The controls wu;(t) and ug(t) are dimensionless effort fractions constrained to [0,1]. The
multipliers § and g, each with unit year—!, convert those fractions into additional modeled
removal rates for P and M. They are assumed numerical multipliers for the illustrative scenarios
and are not calibrated estimates of the effects of a particular education program or mining

regulation.

g—F(r—T>—71MF—72NF (1)
dd];[:N(S—S;éV)"‘W’YQNF (2)
% — AN — (6o + Ou1) P (3)
% =A+aP — (uo + pruz) M (4)

with the initial conditions,
F(0)=Fp, N(0)=DNo, P(0)=PFy, M(0)= M. (5)

System (1)-(5) encodes the specified structural assumptions: logistic self-limitation, nonlinear
interactions, and control action through the removal channels in (3) and (4). These assumptions
support mathematical analysis; they are not presented as empirically validated causal relationships
for a specific forest region. The illustrative numerical settings are listed in Table 2.

Eq. (1) represents logistic forest-index growth with self-limitation scale parameter L and
modeled losses associated with mining and population indices. Eq. (2) represents logistic
population-index growth with self-limitation scale parameter K and the specified forest-associated
contribution. The positive term 7y, N F' is inherited structurally from the source framework in
[8] and represents a stylized forest-resource support feedback. The interaction vo N F, which
contributes to forest-resource depletion in Eq. (1), is assumed simultaneously to provide a limited
population-support effect through access to land, forest-dependent livelihoods, food, fuelwood,
ecosystem services, or related economic opportunities. The dimensionless coefficient 7 scales
the fraction of this interaction that enters the population-growth equation. Therefore, the
term does not imply that forest degradation generally causes population growth; it represents a
model-specific assumption that access to forest resources can temporarily support population
persistence or growth. In a location-specific application, this coupling would require independent
empirical calibration and could alternatively be represented by a separate coefficient rather than
being constrained to remain proportional to 7. Eq. (3) represents pressure generated by the
population index and removed at a modeled rate. Eq. (4) represents baseline mining activity,
pressure-associated mining activity, and modeled removal. All parameters are positive, while
either intervention effort may be zero. The formulation is illustrative and is not calibrated
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to a specific forest region. Here, the baseline term 0y P represents background attenuation of
population pressure that operates independently of environmental education and aggregates
adjustment processes not separately resolved by the model. Therefore, with u; = 0, P can still
decrease whenever 6y P > AN, education strengthens this existing removal channel. The human
population affects mining activity indirectly through the pathway N — P — M: the term AN
raises population pressure in Eq. (3), and aP then raises mining activity in Eq. (4), N does not
enter the mining equation directly.

Table 1: State variables, units, and calibration status

Model interpreta-

Unit/status in this

Raw proxy and requirements for a

Symbol . . .
ymbot - tion study future calibration
Dimensionless model in- Example raw proxy: tree density [trees
Forest-resource con- .. -1 .
F N dex; not empirically nor- ha™"]; report Fi.f, source, region, and
dition index . . . .
malized period before calibration.
Human-population Dimensionles§ 'model in- Example rawilz)roxy: population density
N index dex; not empirically nor- [persons km™“]; report N,ef source, re-
malized gion, and period.
. Dimensionless model in- .
Population-pressure .. Define a reproducible raw pressure mea-
P index dex; not empirically nor- sure, Pef, source, region, and period
malized s Lrefy , reg ) P .
. .. . Dimensionless model in- Example raw proxy: mine-area footprint
Mining-activity in- . 2 . .
M dox dex; not empirically nor- [km®] in a defined region; report M,
malized source, and period.
v Environmental- Dimensionless fraction in  No direct physical conversion is assigned
! education effort [0,1] in this illustrative model.
" Mining-restriction ef- Dimensionless fraction in  No direct physical conversion is assigned
2

fort

[0,1]

in this illustrative model.

Because all model states are dimensionless scenario variables, every coefficient multiplying a

state or state product is expressed in year—!, whereas L, K, 7, the state variables, and the control
fractions are dimensionless. The figures and tables consequently report model indices rather
than observed tree density, population density, mine area, or measured intervention intensity. A
calibrated application would require the raw variables and reference scales listed in Table 1. The
objective weights have arbitrary objective-score units, so J is reported in objective-score—years,
neither quantity is monetary.

The structural baseline values r,rg, 1, Y2, s, K, S0, 7, A, 0o, A, a, and pg are adapted from the
arbitrary illustrative parameter set reported in [8], they are not empirical estimates. The present
study deliberately uses L = 50 as its baseline scenario scale, whereas [8] used L = 20. To make
that departure transparent, L = 20 is included in the sensitivity analysis. The new intervention
multipliers and objective weights are assumed values introduced by this study.

Table 2: Illustrative baseline parameter values and provenance

No. Symbol Description Value Unit Origin/status
Forest-index scaling Mlustrative scale chosen
1 L parameter in the 50 dimensionless here, [8] used 20, which is
self-limitation term tested in Table 7.
- Adapted from the arbitrary
2 T Intrinsic growth rate of forest 1 year—! illustrative set in [8], not

ind . .
mdex empirically estimated.
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No. Symbol Description Value Unit Origin/status
Adapted from the arbitrary
3 ) Forest self-limitation rate 2 year—! illustrative set in [8], not
empirically estimated.
Mining-associated 1 .Adapted. from t.he arbitrary
4 " : . 0.01 year illustrative set in [8], not
forest-depletion coefficient . .
empirically estimated.
Population-associated 1 Adapteq from t.he arbitrary
5 V2 . . 0.01 year illustrative set in [8], not
forest-depletion coefficient . .
empirically estimated.
Intrinsic growth rate of 1 Adapteq from t.he arbitrary
6 s Lo 1 year illustrative set in [8], not
population index . .
empirically estimated.
Population-index scaling Adapted from the arbitrary
7 K parameter in the 0] dimensionless illustrative set in [8], not
self-limitation term empirically estimated.
Population-index ) Adapteq from t.he arbitrary
8 50 A 2 year illustrative set in [8], not
self-limitation rate . .
empirically estimated.
Forest-associated Adapted from the arbitrary
9 T population-response 0.01 dimensionless illustrative set in [8], not
coeflicient empirically estimated.
Ponulation.pressure Adapted from the arbitrary
10 A pation-p 1 year ! illustrative set in [8], not
generation rate .. .
empirically estimated.
Natural removal rate of 1 Adapted. from t'he arb1trary
11 6o opulation pressure 4 year illustrative set in [8], not
pop P empirically estimated.
. . Source symbol in [§],
12 A i(;lorlllsttz;;l‘tuem1n1ng—act1v1ty 5 year—! renamed to avoid collision
p with A; illustrative.
Pressure-associated 1 Adapted. from t'he grb1trary
13 el minine-activity input rate 0.3 year illustrative set in [8], not
& y mp empirically estimated.
Baseline removal rate applied 1 Adapteq from t'he arbitrary
14 140 L . 0.2 year illustrative set in [8], not
to mining activity .. .
empirically estimated.
Education multiplier for P 1 New .as§umed structural
15 5 1 year multiplier; not a measured
removal
program effect.
Restriction multiplier for M 1 New .as§umed structural
16 LR 1 year multiplier; not a measured
removal .
policy effect.
Relative forest-index reward Assumed relative
17 Aq . 5 score .
weight preference weight.
18 Ay Relative pr.essure—lndex 10 score Assumed rela‘Flve
penalty weight preference weight.
19 As Relative mining-index 10 score Assumed relative

penalty weight

preference weight.
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No. Symbol Description Value Unit Origin/status

20 B, Qu.adratlc education-effort 15 score Assumed rela‘Flve
weight preference weight.

91 B, Qu'adratlc restriction-effort 15 score Assumed rela‘Flve
weight preference weight.

99 u Environmental-education 0,1]  dimensionless Specified admissible-control
control bound.

23 ug * Mining-restriction control [0,1]  dimensionless Specified admissible-control

bound.

For all baseline numerical experiments, the initial state is Xo = (Fo, No, Po, My) = (25, 25,6, 25).
This fully specifies the illustrative numerical scenario, but it does not represent an observed state
in a named location or physical measurement unit.

3. Results and Discussion

To present the findings systematically, this section begins by establishing the fundamental
mathematical properties of the controlled system, followed by the derivation of equilibrium
behavior and the numerical solution of the optimal control problem.

3.1. Results

3.1.1. Existence and uniqueness of solutions

Theorem 1. For each measurable control w = (ui,u2) satisfying 0 < u;(t) < 1 almost
everywhere and for each nonnegative initial state, system (1)-(4) admits a unique maximal
Carathéodory solution on an interval [0, tmax)-

Proof. Let X = (F,N,P,M)T and write the system as X' = f(t,X,u(t)). For a fixed
admissible control, each component of f is continuous in X and polynomial in the state
variables. On every bounded subset of R?*, the Jacobian of f with respect to X is uniformly
bounded for u € [0,1]2. Hence f is locally Lipschitz in X uniformly in ¢ and measurable in
t through u(t). The Carathéodory existence-and-uniqueness theorem yields a unique local
absolutely continuous solution. This establishes local well-posedness only; the subsequent
invariant-region analysis establishes global continuation. O

3.1.2. Positive invariant region

Theorem 2. If X(0) € R, then the solution X(t) remains in RY throughout its interval
of existence.

Proof. At F =0 and N = 0, the first and second right-hand sides equal zero. At P = 0,
the derivative satisfies P/ = AN > 0. At M = 0, the derivative satisfies M’ = A + aP > 0.
Therefore, on each coordinate boundary of the nonnegative orthant, the vector field is tangent
to the boundary or points into the orthant. The variation of constants representations
for P and M contain nonnegative integrands, and the multiplicative forms of the F' and
N equations preserve nonnegativity. Uniqueness consequently prevents any nonnegative
solution from crossing a coordinate boundary into the negative orthant. O
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3.1.3. A walid positively invariant region and global continuation

The conditions F(t) < L and N(t) < K do not follow from (1)-(2) in general because the
interaction terms and logistic coefficients do not make L and K invariant upper bounds. The
following comparison bounds provide valid upper bounds for the controlled system.

Fmax—maX{FmrL}a (6)
To
K Frax
Nmax:maX{NOa (5‘1‘71"}’2 )}a (7)
50
Nmax
Prax = max {P07 A }7 (8)
to
A Prax
Mnax = max {M(), _m} s (9)
Ho
Q= [Ovaax] X [07 Nmax] X [07 Pmax] X [07 Mmax]‘ (]—0)

For a fixed initial condition Xo = (Fp, No, Py, Mp)", the bounds in (6)-(9) and the region in
(10) depend on Xj; write this region as ©(Xg). The order of F, N, P, and M in Q(Xy) matches
the state vector X = (F, N, P, M)".

Theorem 3. Fix a nonnegative initial condition Xo and let Q(Xo) be the region defined
by (6)—(10). The solution that starts at Xy remains in Q(Xo) on its interval of existence.
Consequently, the maximal solution in Theorem 1 extends to every finite interval [0,T].

Proof. Positivity is supplied by Theorem 2. It remains to verify the vector field on every
upper face of Q(Xo). If F = Fpay, then F' < Fiax (7’ - %) < 0. If N = Nyax, then

N' < Npax [s + 79 Fonax — 22max| < 0. If P = Py, then P/ < ANipax — 00Paax < 0.
If M = Muyax, then M' < A + aPpax — 10 Mmax < 0. The lower faces are protected by
positivity. Thus the solution that begins at X cannot leave Q(Xj). Since Q(Xy) is compact,
the standard continuation criterion excludes finite-time blow-up and extends the solution to
every prescribed finite horizon. O

The proof sequence is essential. Theorem 1 establishes local existence and uniqueness,
Theorem 2 establishes positivity, and Theorem 3 establishes a control-independent positively
invariant region (Xy) and global continuation. No theorem relies on a result that is established
later in the analysis.

3.1.4. Constant-control equilibria and control-dependent threshold

The time-varying optimal-control problem need not possess a time-independent equilibrium. To
identify the analytical role of each intervention channel, consider constant admissible controls
u = (1, uz) € [0,1]2. Define,

diy = 0° + Oguq, (11)
d2 = po + pRu, (12)
_ Y1 oz)\Ks] Yo K's
—r— 2 |A — 13
a(a) =r - [ T e o (13)
_ ro  MaAKTyy e Kry
b(u) = — . 14
(u) L * d1d280 + S0 ( )
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Proposition 1. Ifa(u) > 0, the controlled system with u(t) = u has the unique positive

equilibrium F* = %, N* = %’ P* — T’ and M* = %
Proof. At an equilibrium, the P and M equations give P* = AN~ and M* = %_ The
M

positive N equation gives N* = Substitution of these relations into the positive
F equation yields a(u) — b(u)F* = 0. “All coefficients in b(u) are positive, so b(u) > 0; hence
a(u) > 0 is exactly the condition giving the stated unique positive equilibrium. [l

Corollary 1 (model-specific comparative statics). On any part of the constant-control
domain where a(u) > 0, the equilibrium forest component F*(u) is strictly increasing in
each intervention. For interior controls, 2 8‘ > 0, 1 = 1,2, the corresponding one-sided
monotonicity holds at the endpoints.

Oa _ vm1aAKsOg

Proof. Because all parameters are positive, direct differentiation gives; i = Bdysy 0,
1
Y1IBR (A+ oj‘fs)
Oa _ T\ N0 o 0b _ _ M<Oand = —meMKTYRR () Therefore,

Otz dz ) 0y didyso didZsg

b—a( 2L
e W > (0,¢=1,2 because a > 0 and b > 0. This proves the claim. The

ou;
result concerns the model equilibrium and does not estimate the effect of an empirical

policy. O

Education increases d; and therefore directly strengthens removal of population pressure,
while mining restriction increases do and directly strengthens removal of mining activity. The
threshold a(u) > 0 shows how these mechanisms enter feasibility of the positive equilibrium, and
Corollary 1 gives their separate monotonic effects on the equilibrium forest index. Neither result
is an empirical policy-effect estimate.

3.1.5. Optimal control problem

For a prescribed horizon T" > 0, the admissible control set and the objective functional are defined
by,

Ugg = {u = (u1,u2) € L*(0,T;R?) : u(t) € [0,1]? for a.e. t € [0,T]}, (15)
0

The term —ApF rewards a larger forest index because the control problem minimizes J. The
terms ApP and Aj; M penalize population pressure and mining activity, respectively, whereas
B; and Bs penalize intervention intensity. These coefficients express relative mathematical
preferences only. Because the model contains no economic data, they do not represent monetary
costs, profits, or welfare. The optimal-control problem seeks a control u* € U,q such that,

J(u*) = min J(u). (17)

u€U 4

3.1.5.1 Existence of an optimal control

Theorem 4. For each finite horizon T, problem (1)-(4) and (15)-(16) admits at least one
optimal control u* and an associated state trajectory in Q(Xop).
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Proof. Let U = [0,1]? and let ¢(X,u) denote the running integrand. The admissible
set U,q is nonempty, convex, norm closed, and bounded in L?([0, T],R?). Because L? is
reflexive, U,y is weakly sequentially compact. By Theorems 1-3, every admissible control
generates a unique state trajectory in the compact region Q(Xy). The vector field f(X,u)
is Carathéodory in time, continuous and affine in u, and bounded on 2(Xy) x U. The
running integrand ¢ is continuous, bounded below, and convex in u. For each fixed X define
the velocity—cost epigraph E(X) = {(v,2) € R* xR : Ju € U,v = f(X,u),z > {(X,u)}.
It is closed because U is compact and f and ¢ are continuous. It is convex: if (v;, z) is
generated by u; for i = 1,2 and 0 < p <1, choose u, = pu; + (1 — p)ug € U. Affinity gives
f(X,u,) = pv1 + (1 — p)va, while convexity gives (X, u,) < pz1 + (1 — p)zo. Thus E(X)
is closed and convex. The Filippov—Cesari existence theorem now applies and guarantees
an optimal pair [16]. This verifies nonemptiness, compactness of the pointwise control set,
state boundedness, continuity, affinity of the velocity, convexity of the running cost, and
closed convexity of the velocity—cost epigraph required by the cited theorem. [l

3.1.5.2 Pontryagin characterization

Let n = (11,12, m3,n4) denote the adjoint vector. The extremal is normal: if the cost multiplier
were zero, the free-terminal-state condition n(7T') = 0 and the resulting homogeneous adjoint
system would imply n = 0, contradicting the nontriviality condition. The multiplier may therefore
be set to one. The Hamiltonian is,

B B
H=ApP+ AyM — ApF + ?IU% + 72?@ +mufi1 +n2fo +n3f3 + nafa, (18)

The functions f;, i = 1,2,3,4, denote the right-hand sides of (1)-(4). Differentiating H with
respect to u; and ue, together with strict convexity of H in the controls, yields the unconstrained
stationary controls. Projection of those controls onto [0, 1] gives (19)-(20).

x : n30eP

uy = Projjg q ( B, ) , (19)
. . naprM

uy = Projjg g ( B, ) , (20)

Here, Projjg 11(z) = min{1, max{0, z}}. The state equations are (1)-(4) with u = u*. The adjoint

system follows from 1’ = —%—i‘ and is given by (21)-(25).
2roF'
m=Ar —m (7’— 2 —’YlM—’mN) — nemy2 N, (21)
259N
5 = my2F — (8 - % + 7T’Y2F> — M3, (22)
n3 =n3(0o + Opur) — nsa — Ap, (23)
ny = myF 4 na(po + pruz) — Apr, (24)
n(T) =0, i=1,234 (25)

Equations (1)-(4), (21)-(25), and the initial and terminal conditions form the optimality
system used in the numerical calculations. The terminal conditions follow because the terminal
state is free and the objective contains no terminal cost.

3.1.6. Reproducible numerical procedure

The numerical analysis used a forward—backward sweep method with fourth-order Runge-Kutta
integration to compute a stationary candidate satisfying the stated optimality system. At all
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4,001 baseline grid nodes, the active controls were initialized as ugo) (t) = ugo) (t) = 0.5, in a
one-control or no-control scenario, each inactive control was fixed identically at zero. At iteration
k, the state system was integrated forward, the adjoint system was integrated backward from
n(T) = 0, projected candidate controls were computed from (19)-(20), and the relaxed update
(26) was applied. A maximum of 3,000 sweep iterations was imposed. At each RK4 midstage,
state and control inputs are the arithmetic averages of the two adjacent grid-node values.

W () = 0.5 (1) + 0.5u5 (1), k=0,1,... (26)

where @*+1) denotes the unrelaxed candidate computed from (19)-(20). The baseline uses 7" = 40
years and At = 0.01 year, i.e., 4,000 time intervals. Iteration stops when,

max [[u™D (1) — uF ()] < 1077, (27)
t€[0,T
The baseline two-control sweep met the stopping criterion after 25 iterations. The exe-
cutable file Supplementary_Code_Forest_Optimal_Control.py reproduces the baseline, sen-
sitivity, grid-convergence, and multi-start calculations. The reported controls are numerical
stationary candidates; the direct single-shooting control-parameterization check supports local
consistency but does not establish global numerical optimality. The composite trapezoidal rule is
used for J and all reported time-integral or time-mean quantities. The 40-year baseline horizon
was selected as an illustrative long-term interval that allows transient responses to develop and
can be compared with the 20-year and 60-year horizons in the sensitivity analysis, it is not a
location-specific policy period.

Table 3: Numerical implementation settings

Item Baseline setting Purpose

Integrator Fourth-order Runge—Kutta State and costate integration

Time horizon and step T = 40, At = 0.01 4,000 integration intervals (4,001 grid
nodes)

Baseline initial state Xo = (25,25,6,25) Fully specified initial condition

Initial controls u(lo) = u(20) = 0.5 at every node Inactive controls are fixed at zero

Update Relaxation 0.5, projection to [0, 1] Prevents unstable direct updates and
enforces bounds

Stopping rule Maximum control change < 1077  Maximum 3,000 iterations

Observed iterations 25 Baseline two-control case

40 piecewise-constant control
pairs; RK4 0.1-year substeps,

Alternative cross-check SLSQP, variational gradient,
fror = 1078, max 100 iterations,
four starts

Direct single-shooting control
parameterization, local diagnostic only

Table 4: Grid-convergence check for the baseline two-control candidate

At J F(40) P(40) M(40)  Tterations
0.020 1,427.958084 17.362732 5.675394 6.230808 25
0.010 1,427.948807 17.362759 5.675138 6.230188 25
0.005 1,427.946486 17.362762 5.675074 6.230104 25

Across At = 0.02, 0.01 and 0.005 year, the maximum terminal-state difference is below 0.001
and the maximum objective difference is below 0.012. This supports discretization stability of
the baseline sweep candidate at the precision used in the result tables.

All vertical axes display dimensionless model indices; the horizontal axis is time in years. Panel-
specific vertical ranges are used to show within-variable differences; values should be compared
within each panel, not by visual slope across panels. Fig. 2 presents the corresponding numerically
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Fig. 1: State-index profiles under no control and the numerically computed candidate-control scenarios
w1, ug, and (ug + uz).

computed control profiles. The vertical axis is a dimensionless control-effort fraction. The profiles
describe allocation within the specified model, selected weights, bounds, and numerical procedure;
they are not estimated real-world program intensities.
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Fig. 2: Numerically computed candidate-control profiles. The vertical axis is the dimensionless control-
effort fraction and the horizontal axis is time in years.
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3.1.7. Objective function values

Table 5 reports the values of the objective functional in (16) for the four intervention scenarios, as
reproduced using the executable code provided in Supplementary_Code_Forest_Optimal_Control.py.
The no-control value is evaluated with u = (0,0). Under the selected relative weights, the two-
control candidate yields the lowest computed aggregate objective among the four scenarios. This
ranking is conditional on the specified objective functional and does not establish global numerical
optimality or a ranking with respect to every individual endpoint.

Table 5: Objective functional values under the illustrative baseline

Scenario J Reduction relative to no control
Without control 13, 585.205 -

Up 12,657.053 6.832%

Us 1,768.848 86.980%

Uy + U 1,427.949 89.489%

3.1.8. Terminal state values and effectiveness

Table 6 reports terminal values at ¢ = 40, and Table 7 reports changes relative to the uncontrolled
baseline. Among the four reported scenarios, the two-control candidate has the largest F'(40), the
smallest M (40), and the lowest computed J. The education-only candidate has the smallest P(40)
among these scenarios. These endpoint comparisons must not be conflated with a separately
posed terminal-state optimization problem or interpreted as an empirical policy ranking.

Table 6: State variables at the end of the simulation (¢ = 40)

Variable No control Uy Us UL + Us
F(40) 10.1491 10.6136 17.2946 17.3628
N (40) 25.0254 25.0265 25.0433 25.0434
P(40) 6.2563 5.6692 6.2608 5.6751
M (40) 34.3814 32.5897  6.4763 6.2302

Table 7: Effectiveness relative to the uncontrolled baseline

Measure UuUq Uo u1 + ue Interpretation

Increase in F'(40) 4.577% 70.406% 71.077% Highest F'(40) among the four reported scenarios.
Reduction in P(40) 9.384% —0.071% 9.290% Lowest P(40) among the four reported scenarios.
Reduction in M (40) 5.211% 81.163% 81.879% Lowest M (40) among the four reported scenarios.
Reduction in J 6.832% 86.980% 89.489% Lowest computed J among the four reported scenarios.

3.1.9. Sensitivity analysis and alternative-method check

The sensitivity analysis examines the illustrative baseline weights, horizon, initial state, and
forest self-limitation scale parameter for the two-control numerical candidate. For the rows with
T = 20 and T = 60, the state columns in Table 8 report the corresponding terminal values
F(T), P(T), and M(T), rather than values evaluated at ¢t = 40. The row L = 20 reproduces the
value of L used in the source model [8], thereby making the selection of L = 50 in the present
study transparent. Table 8 reports the terminal outcomes and mean control levels, whereas
Table 9 presents the unweighted time averages of the state terms and squared-control terms
common to all scenarios. Because changing an objective weight also changes the definition of the
objective functional J and J / T are not used for comparisons across different sensitivity rOwWS.
HereIF—fO dt IP—fO dt IM fO dtIz— Oul()dt andfz— ouz()dt
every mean in 8 11 is the corresponding comp081te trapezmdal integral divided by T.
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Table 8: Sensitivity of the two-control numerical candidate

Test F(T) P(T) M(T) Mean u; Mean us
By =By=175 17.381 5.376 5.801 0.998 0.998
By = By =15 (baseline) 17.363 5.675 6.230 0.886 0.996
B, =B =30 17.300 5.916 7.056 0.518 0.993
T =20 17.363 5.675 6.230 0.879 0.993
T =60 17.363 5.675 6.230 0.888 0.998
Xo = (20, 20, 4, 20) 17.363 5.675 6.230 0.881 0.996
Xo = (30, 30,8, 30) 17.363 5.675 6.230 0.889 0.996
L =20 6.948 5.670 6.233 0.876 0.996
L =40 13.892 5.673 6.231 0.883 0.996
L =60 20.833 5.677 6.229 0.889 0.996

Table 9: Objective-independent time-average components for Table 8 scenarios

Test Ip/T  Ip/T In/T I,2/T I,z/T
Bi=By,=175 17.509 5.014 5828 0.997 0.998
By = By = 15 (bascline)  17.503 5.127 5.857 0.788  0.995
By = By =30 17.478 5543 5965 0.269  0.990
T =20 17.628 5137 6.268 0.777  0.990
T = 60 17461 5124 5720 0.791  0.997
X, = (20, 20,4, 20) 17.427 5.093 5744 0.779  0.995
Xo = (30,30,8,30) 17.560 5.157 5.969 0.793  0.995
L =20 7233 5132 5858 0.771  0.995
L =40 14.115 5129 5857 0.782  0.995
L = 60 20.865 5.126 5.856 0.793  0.995

Table 10 varies one objective weight at a time and reports terminal states, time-mean controls,
and the saturation fraction, Sy = % fOT W fus(t)>0.99) dt. Table 11 reports the corresponding
unweighted time-average components ITF, ITP, ITM, %%, and %%, whose definitions remain consistent
across all rows. The extended values By = 60 and By = 150 are included to examine whether the
near-unity baseline value of wug is structurally forced or results from the selected intervention-cost
weight. The objective values J and J/T are not compared across rows because changing an

objective weight also changes the definition of the objective functional.

Table 10: One-at-a-time sensitivity to objective-function weights

Test F(40) P(40) M(40) Mean u; Mean us  So

Ap =25 17362 5.675 6.234 0.879 0.996 0.992
Arp=10 17364 5.675 6.224 0.901 0.996 0.992
Ap=5 17.343 5.903 6.311 0.606 0.996 0.992
Ap=20 17372 5380 6.171 0.998 0.996 0.992
Ay =5 17.323 5.684  6.948 0.822 0.993 0.982
Ay =20 17378 5.658  5.843 0.991 0.998 0.996
By =75 17372 5376 6.171 0.998 0.996 0.992
By =30 17337 5917 6.325 0.518 0.997 0.992
By, =75 17.372 5.676  5.860 0.886 0.998 0.996
By =30 17.324 5.674  6.962 0.886 0.992 0.981
B, =60 17.124 5.674  8.335 0.894 0.930 0.070
By =150 16.577 5.673 10.775 0.939 0.658 0.020
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Table 11: Objective-independent time-average components for Table 10 scenarios
Test Ip/T Ip/T In/T qu/T Iug/T

Ap =25 17.502 5.135 5.859 0.774 0.995
Ap =10 17.504 5.112 5.853 0.815 0.995
Ap=5 17.485 5.438 5.933 0.368  0.995
Ap=20 17.509 5.014 5.830 0.997 0.995
Ay =5 17499 5.195 5.880 0.678  0.990
Ay =20 17.509 5.020 5.829 0.985 0.998
By =75 17509 5.014 5.830 0.997 0.995
By =30 17478 5.544 5959 0.269  0.995
By =75 17503 5.127 5.856 0.788  0.998
By =30 17.503 5.127 5.863 0.788  0.989
By =60 17.440 5.119 6.145 0.801 0.872
By =150 17.012 5.072 7938 0.885 0.441

At By = 30, mean uo is 0.992 and Sy = 0.981. Increasing By to 60 and 150 lowers mean uo to
0.930 and 0.658 and lowers Sy to 0.070 and 0.020, respectively. Thus the upper-bound behavior
is not hard-wired into the algorithm: it relaxes when mining-restriction effort is penalized more
strongly. The associated increase in M (40) makes the effort-state trade-off explicit.

As a multi-start cross-check with an alternative discretization, the baseline two-control problem
was solved by direct control parameterization with single shooting: 40 piecewise-constant control
pairs were optimized while the states were integrated with 0.1-year RK4 substeps. SLSQP used a
variational-equation gradient, fi,; = 1078, and at most 100 iterations. Four deterministic initial
vectors were used: a downsampled sweep solution, all zeros, all ones, and a pseudo-random vector
with seed 20260731. All four runs converged to J = 1,429.007 (to three decimals), compared
with J = 1,427.949 for the sweep; the relative difference is 0.074%. The starts required 14,
22, 20, and 24 iterations, respectively. This demonstrates local agreement across the reported
discretizations and starts, but it is not evidence of a global numerical optimum.

Table 12: Multi-start direct single-shooting control-parameterization cross-check

Method Objective J Iterations Difference from sweep
Forward-backward sweep (RK4) 1,427.949 25 Reference

Single shooting: sweep-downsampled start  1,429.007 14 0.074%

Single shooting: zero start 1,429.007 22 0.074%

Single shooting: one start 1,429.007 20 0.074%

Single shooting: pseudo-random start (seed  1,429.007 24 0.074%
20260731)

3.2. Discussion

Within the specified model, mining restriction has the strongest direct pathway to the forest
index because us increases the removal rate of M and M appears directly in the forest-depletion
term v M F. Environmental education acts through P and hence affects F' indirectly. These
statements describe the model structure, not an empirical estimate of the relative effectiveness of
actual education and mining-regulation policies.

The population index remains close to 25 in all scenarios. The controls enter the population
equation only indirectly through the forest index, and the coupling coefficient 7y, = 1074 is
small under the illustrative baseline. Because the population-support coefficient is specified as
Y2, the present model assumes that the forest-associated population response is proportional to
the population-associated forest-depletion interaction. This coupling is inherited from [8] and
may be relaxed in future work by introducing an independently estimated forest-to-population
response coefficient. This model-specific result does not demonstrate that real populations are
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unaffected by environmental policies. Population pressure follows a different mechanism because
uy acts directly on its removal rate and substantially reduces P. Mining restriction alone does
not reduce P. The small negative value in Table 7 indicates that the terminal pressure index is
marginally higher than the no-control value rather than an improvement.

The endpoint comparison requires a qualified interpretation. Among the four reported
scenarios, the two-control candidate yields the lowest computed integral objective and improves
the forest and mining endpoints, whereas the education-only candidate yields the smallest
terminal pressure index. This does not imply that either strategy is optimal for a separately
formulated terminal-pressure objective, for a different objective weight set, or for a real-world
decision maker. The objective includes time-path and effort components that a single endpoint
omits.

Fig. 2 and the baseline rows in Tables 8-11 show that us remains close to one during most of
the illustrative horizon. The extended By analysis demonstrates that this saturation is weight-
dependent: stronger effort penalties move uy decisively into the interior. Accordingly, the baseline
profile is a property of the selected coefficients, weights, bounds, and numerical candidate; it is
not a recommendation that a real regulator impose maximal mining restrictions.

The present model excludes revenue, employment, mining profit, enforcement budgets,
household welfare, spatial heterogeneity, and observations from a specific forest region. It
therefore cannot quantify a balance between forest conservation and economic growth or support
a calibrated real-world policy recommendation. Its conclusions are restricted to internally
consistent behavior of the dimensionless dynamic system and associated optimal-control problem.
Calibration, uncertainty quantification, and explicit socioeconomic state variables are necessary
extensions for location-specific policy analysis. Comparable forest—-human interaction models
have shown that uncertainty and sensitivity analyses can identify the parameters that most
strongly influence conservation outcomes [17]. The mining-restriction control uy represents only
a reduction in ongoing mining activity through the modeled removal term. It does not explicitly
represent post-mining reclamation or reforestation, introducing a restoration state or a separate
restoration control is a possible extension.

4. Conclusion

Based on the mathematical analysis and illustrative numerical scenarios, the following conclusions
are supported:

a) This study formulates and analyzes a four-dimensional optimal-control model for dimensionless
indices of forest condition, population, population pressure, and mining activity. The
numerical values lie on an arbitrary illustrative scale and are not empirically normalized
measurements. A future calibration would have to report the raw variables, reference values,
study area, observation period, and data sources.

b) The analysis establishes local existence and uniqueness, positivity, a valid control-independent
positively invariant region 2(Xj), global continuation, and optimal-control existence. It
also derives an explicit positive equilibrium and control-dependent feasibility threshold for
constant admissible interventions. The new comparative-statics result proves that the positive
equilibrium forest component is strictly increasing in either constant intervention wherever
the equilibrium exists.

¢) The formulation states the invariant-set order, terminal conditions, admissible-control space,
normality of the Pontryagin extremal, and a closed convex velocity—cost epigraph for the
Filippov—Cesari argument. Executable Supplementary Material S1 reproduces the exper-
iments. Three time grids are consistent at the reported precision, and four direct single-
shooting starts agree locally with the sweep candidate; neither check establishes global
numerical optimality.

d) Under the illustrative baseline and among the four reported scenarios, mining restriction is
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the modeled direct pathway for reducing the mining index and improving the forest index.
The two-control candidate yields the lowest computed weighted objective, the largest terminal
forest index, and the smallest terminal mining index; the education-only candidate yields the
smallest terminal pressure index. Extended sensitivity shows that near-unity wuo is reduced
when B, is increased. These findings remain conditional on the model structure, selected
weights, and numerical method and are not calibrated economic, causal, or location-specific
policy estimates.
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