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Abstract

This study investigates the local dynamics of a discrete-time host–parasitoid model incorpo-
rating a proportional host refuge mechanism. The objective is to clarify how host growth and
refuge fraction govern the transitions among extinction, stable coexistence, and oscillatory
dynamics. Linearization, stability conditions, discriminant analysis, and local normal-form
calculations are used to determine the existence and stability of the extinction and coexistence
fixed points and to characterize their local behavior. The boundary between extinction and
coexistence is identified as a nonhyperbolic threshold supporting a continuum of boundary
fixed points. Within the stable coexistence region, the discriminant separates node-type
convergence from damped spiral convergence. Variation in the refuge fraction is shown to
induce a supercritical Neimark–Sacker bifurcation, producing a stable invariant closed curve
and bounded oscillations on the weak-refuge side near the critical threshold. Numerical phase
portraits, time series, bifurcation diagrams, and a two-parameter map support the analytical
findings. These results provide a unified description of extinction, stable coexistence, and
oscillatory behavior in the refuge model.
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1. Introduction
Discrete mathematical models describe systems that evolve through distinct time intervals and
are useful across various fields, including fast-food consumption [1] and information diffusion [2].
In ecology, discrete-time formulations have been used to investigate predator–prey interactions
and other population processes governed by generation-to-generation updates [3–5]. Such a
framework is particularly appropriate for host–parasitoid interactions involving insects, because
many species have seasonal life cycles with synchronized and non-overlapping generations.

The Nicholson–Bailey model is a classical discrete-time framework for describing host–
parasitoid interactions across successive generations [6]. Although the model provides a simple
representation of host reproduction and parasitoid attack through an escape probability, the
coexistence fixed point can be unstable under the original assumptions. This limitation has
motivated modified discrete host–parasitoid models involving alternative functional responses,
host growth functions, and threshold mechanisms [7–9].
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One biologically relevant extension is the refuge mechanism, in which a portion of the host
population is protected from parasitoid attack because of habitat structure, behavior, or limited
accessibility [10, 11]. A spatial refuge is one example of this mechanism. The searching efficiency
of the pupal parasitoid Dirhinus giffardii against the oriental fruit fly Bactrocera dorsalis is
affected by the age of host pupae and their depth within plant debris [12]. Mathematical studies
have shown that refuge mechanisms can alter the existence and local stability of fixed points and
can substantially change the long-term behavior of host–parasitoid systems [13, 14].

The qualitative study of discrete ecological models commonly begins with the existence and
local stability of fixed points, followed by bifurcation analysis when parameter variation changes
the local dynamics. Neimark–Sacker bifurcation has been used to explain the onset of sustained
oscillations in discrete predator–prey and related ecological models [15–17], while related analyses
have examined invariant closed curves and bifurcation phenomena in host–parasitoid and other
discrete population models [18–20]. Among these studies, Bešo et al. [18] considered refuge-based
host–parasitoid models with Beverton–Holt density regulation and a general escape function.
They derived coexistence stability conditions and Neimark–Sacker bifurcation criteria for this
density-regulated class. Thus, Neimark–Sacker bifurcation is already known in refuge-based
host–parasitoid models, but under assumptions that differ from the no-self-limitation setting
considered here.

Among the formulations studied by Singh [21], the proportional-refuge Nicholson–Bailey
model without intrinsic host self-limitation corresponds to the system analyzed here. Singh
identified the coexistence fixed point and its stability threshold, with locally stable coexistence
for µ∗ < µ < 1

r , bounded oscillations under weaker refuge, and unbounded growth for refuge
levels above 1

r . Therefore, the coexistence stability condition is not claimed as new. The
present analysis instead refines the stable region by distinguishing node-type from damped spiral
convergence, characterizes the fixed-point structure at the extinction–coexistence boundary, and
determines how E1 loses stability at the critical refuge value. The main result establishes a
supercritical Neimark–Sacker bifurcation, with a stable invariant closed curve emerging locally on
the weak-refuge side of the threshold. Numerical simulations and a two-parameter map illustrate
these analytical results.

2. Methods
The mathematical formulation considered in this study, together with the theoretical framework
required for its analysis, is presented in the following subsection.

2.1. Mathematical Model Formulation
The discrete-time host–parasitoid system analyzed in this paper is the proportional-refuge
Nicholson–Bailey formulation considered by Singh [21] in the absence of intrinsic host self-
limitation. Accordingly, no carrying-capacity term is included in the host growth process. Let
Ht and Pt denote the host and parasitoid population densities, respectively, at generation
t = 0, 1, 2, . . ..

In the absence of parasitism, the host population reproduces with intrinsic reproduction rate
r. The host–parasitoid interaction is represented by the escape function S(Pt) = µ+ (1 −µ)e−cPt ,
which gives the fraction of hosts escaping parasitism. Here, µ is the protected host fraction,
while e−cPt is the escape probability under the random-search assumption, with c denoting the
parasitoid search efficiency or attack rate. The model is therefore given by

Ht+1 = rHtS(Pt)
Pt+1 = krHt(1 − S(Pt))

(1)

The parameter k denotes the average number of new parasitoids emerging from one parasitized
host. The first equation describes the host population surviving parasitism, while the second
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describes parasitoid production from parasitized hosts. Throughout this paper, the biologically
admissible parameter region is r > 0, k ≥ 1, c > 0, 0 ≤ µ < 1, with nonnegative initial
conditions. Since 0 < S(Pt) ≤ 1 for all Pt ≥ 0, system (1) maps the nonnegative state space into
itself, and every nonnegative initial condition generates a nonnegative solution.

2.2. Review of Stability Analysis Theory

Definition 1. [22] A steady-state fixed point of the nonlinear system of difference equations
xt+1 = ϕ(xt) is a vector x̄ ∈ Rn such that x̄ = ϕ(x̄).

Referring to Galor [22], the local behavior around a fixed point is analyzed using linearization.
Let yt = xt − x̄. The local dynamics are determined by yt+1 = Jyt, where J is the Jacobian
matrix evaluated at the fixed point. Since system (1) is two-dimensional, J is a 2 × 2 matrix,
and local stability is determined by the moduli of its eigenvalues.

Definition 2. [22] Consider the map ϕ : Rn → Rn and let Dϕ(x̄) be the Jacobian matrix
of ϕ(x) evaluated at a fixed point x̄. The fixed point x̄ is called a hyperbolic fixed point if
Dϕ(x̄) has no eigenvalues of modulus one.

If at least one eigenvalue of J lies on the unit circle, the corresponding fixed point is
nonhyperbolic by Definition 2 and requires separate local analysis. The eigenvalues λ of J are
determined from det (J − λI) = 0. In this study, the characteristic equation yields

λ2 − τλ+ ∆ = 0 (2)

where τ = tr (J) is the trace and ∆ = det (J) is the determinant of the matrix J .

Theorem 1. [23] Let J be a 2 × 2 matrix. Then |λ1,2| < 1 if and only if |τ | − 1 < ∆ < 1.

Corollary 1. [23] A fixed point is asymptotically stable if the Jacobian matrix J evaluated
at the fixed point satisfies the stability condition in Theorem 1, which is equivalent to the
following three stability bounds: (1) 1 − τ + ∆ > 0, (2) 1 + τ + ∆ > 0, (3) ∆ < 1.

Theorem 2. [23] The following statements hold for any 2 × 2 matrix J .
1. If 1 − τ + ∆ = 0, then the eigenvalues of J are λ1 = 1 and λ2 = ∆.
2. If 1 + τ + ∆ = 0, then the eigenvalues of J are λ1 = −1 and λ2 = −∆.
3. If |τ | < 2 and ∆ = 1, then the eigenvalues of J are e±iθ, where θ = cos−1 (︁ τ

2
)︁
.

From the characteristic equation (2), the discriminant is defined by

D = τ2 − 4∆ (3)

The sign of D determines the local eigenvalue types and the convergence behavior within the
stable region. If D > 0, the eigenvalues are real and distinct, whereas D = 0 gives repeated real
eigenvalues. Thus, D ≥ 0 corresponds to real eigenvalues and node-type convergence within the
stable region. If D < 0, the eigenvalues form a complex conjugate pair,

λ1,2 = α± iβ (4)

where α, β ∈ R and β ̸= 0, corresponding to spiral-type convergence with damped oscillations
within the stable region. When these eigenvalues lie on the unit circle, Theorem 2 gives λ1,2 = e±iθ.
By Euler’s formula, this form is equivalent to (4), with α = cos θ and β = sin θ.
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3. Results and Discussion
The dynamical behavior of the system is examined by first considering the existence and
characterization of its fixed points.

3.1. Existence of Fixed Points

Proposition 1. The host–parasitoid system (1) admits the trivial fixed point E0 = (0, 0),
representing population extinction, which always exists for all admissible parameter values.
The nontrivial fixed point E1 = (H̄, P̄ ), representing host–parasitoid coexistence, is given by

H̄ = L

kc(r − 1) , P̄ = L

c

where L = ln
(︂

r(1−µ)
1−rµ

)︂
. This fixed point exists and both population densities are positive if

the parameter conditions r > 1 and 0 ≤ µ < 1
r are satisfied.

Proof. At a fixed point, the first equation gives H̄ = 0 or rS(P̄ ) = 1. The first possibility
yields the extinction fixed point E0 = (0, 0). For a coexistence fixed point, S(P̄ ) = 1

r ,

which gives P̄ =
ln
(︁

r(1−µ)
1−rµ

)︁
c . The second fixed-point equation gives P̄ = k(r − 1)H̄. Let

L = ln
(︂

r(1−µ)
1−rµ

)︂
. Then, H̄ = L

kc(r−1) and P̄ = L
c . For 0 ≤ µ < 1, the numerator r(1 − µ) in

L is positive. Therefore, L is real only when 1 − rµ > 0, which gives µ < 1
r . Under this

condition, r(1−µ)
1−rµ > 1 if r > 1. Hence, L > 0, and consequently P̄ > 0 and H̄ > 0 precisely

when r > 1 and 0 ≤ µ < 1
r . Therefore, the coexistence fixed point exists under the stated

conditions. □

3.2. Stability Analysis of Fixed Points

Theorem 3. The trivial fixed point E0 = (0, 0) is locally asymptotically stable if and only
if 0 < r < 1. In this parameter range, E0 is a stable node.

Proof. Evaluating the Jacobian matrix at the fixed point E0 = (0, 0) gives

J =

⎛⎝ r
(︂
µ+ (1 − µ)e−cP̄

)︂
−crH̄ (1 − µ) e−cP̄

kr (1 − µ)
(︂
1 − e−cP̄

)︂
ckrH̄ (1 − µ) e−cP̄

⎞⎠⃓⃓⃓⃓⃓⃓
(0,0)

=
(︄
r 0
0 0

)︄

Thus τ = r and ∆ = 0. By Corollary 1, local asymptotic stability is determined by three
inequalities. The first inequality gives r < 1, while the other two hold since r > 0 and
∆ = 0. Hence, E0 is locally asymptotically stable if and only if 0 < r < 1. For the local
eigenvalue classification, equation (3) gives D = r2 > 0. Therefore, the eigenvalues are real
and distinct. In the stability region, this corresponds to node-type convergence, so E0 is a
stable node. □

Theorem 4. Based on Proposition 1, assume r > 1 and 0 ≤ µ < 1
r so that the nontrivial

fixed point E1 =
(︂
H̄, P̄

)︂
exists. With L = ln

(︂
r(1−µ)
1−rµ

)︂
, the coexistence fixed point E1 =
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(︂
H̄, P̄

)︂
is locally asymptotically stable if and only if

rL (1 − rµ)
r − 1 < 1 (5)

Proof. Evaluating the Jacobian matrix at the fixed point E1 = (H̄, P̄ ) in Proposition 1
yields

J =

⎛⎝ r
(︂
µ+ (1 − µ)e−cP̄

)︂
−crH̄ (1 − µ) e−cP̄

kr (1 − µ)
(︂
1 − e−cP̄

)︂
ckrH̄ (1 − µ) e−cP̄

⎞⎠⃓⃓⃓⃓⃓⃓
(H̄,P̄ )

=

⎛⎝ 1 − (1−rµ)L
k(r−1)

k (r − 1) (1−rµ)L
r−1

⎞⎠
with H̄ as given in Proposition 1. Thus, the trace and determinant are

τ = 1 + (1 − rµ)L
r − 1 and ∆ = rL (1 − rµ)

r − 1 (6)

which imply the relation
τ = 1 + ∆

r
(7)

By Corollary 1, the local asymptotic stability of E1 is determined by the three stability
inequalities. Since r > 1 and 0 ≤ µ < 1

r , it follows that L > 0, 1 − rµ > 0, and ∆ > 0. Using
(7), the first two stability bounds are automatically satisfied. Therefore, the remaining
condition ∆ < 1, equivalently (5), is necessary and sufficient for the local asymptotic
stability of E1. □

The local classification of E1 within the stable region can be further refined using the
discriminant, as stated in the following theorem.

Theorem 5. Assume that the coexistence fixed point E1 exists and is locally asymptotically
stable as stated in Theorem 4. Then the local classification of the stable coexistence fixed
point E1 is determined by the oscillation threshold

∆osc = 2r2 − r − 2r
√︂
r(r − 1) (8)

with the following local classification:
1. If 0 < ∆ < ∆osc, D > 0, so the eigenvalues are real and E1 is a stable node.
2. If ∆osc < ∆ < 1, D < 0, so the eigenvalues are complex conjugates and E1 is a spiral

sink.
3. If ∆ = ∆osc, D = 0, so the repeated real eigenvalue yields non-oscillatory convergence.

Proof. Within the stability region 0 < ∆ < 1, the local classification of E1 is determined
by the sign of D. Using (7), equation (3) becomes D(∆) = ψ(∆)/r2, where ψ(∆) =
∆2 + (2r − 4r2)∆ + r2. Since r > 1, D(∆) and ψ(∆) have the same sign. Solving ψ(∆) = 0
gives

∆1,2 = r (2r − 1) ± 2r
√︂
r (r − 1).

Of these roots, only ∆osc defined in (8) lies in 0 < ∆ < 1, while the other lies outside the
stability interval. Since ψ is an upward-opening quadratic, ψ(∆) > 0 for 0 < ∆ < ∆osc,
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ψ(∆) = 0 at ∆ = ∆osc, and ψ(∆) < 0 for ∆osc < ∆ < 1. Accordingly, these sign cases
establish the eigenvalue and local stability classifications stated in the theorem. □

3.3. Dynamics Near the Extinction Threshold
The coexistence fixed point E1 exists only for r > 1. Therefore, the boundary case r = 1 is
considered separately by examining the extinction fixed point E0 and the corresponding fixed-
point equations. This analysis characterizes the fixed-point structure at the boundary between
extinction and coexistence. At r = 1, the Jacobian at E0 has τ = 1 and ∆ = 0, so 1 − τ + ∆ = 0.
By Theorem 2, its eigenvalues are λ1 = 1 and λ2 = 0; hence, E0 is nonhyperbolic by Definition 2.

Since r = 1, the fixed-point equations reduce to H̄ = H̄S(P̄ ) and P̄ = kH̄
(︂
1 − S(P̄ )

)︂
. If

H̄ = 0, then P̄ = 0, yielding E0. If H̄ > 0, the first equation requires S(P̄ ) = 1, which for
0 ≤ µ < 1 implies P̄ = 0. Thus, the system admits the continuum of boundary fixed points
{(H̄, 0) | H̄ ≥ 0}. Local asymptotic stability requires an isolated fixed point [22]. Since every
neighborhood of E0 contains another fixed point (H̄, 0) whose trajectory remains stationary, E0
is not locally asymptotically stable at r = 1. Therefore, r = 1 is a nonhyperbolic extinction
threshold rather than a classical transcritical bifurcation, as it produces a continuum of boundary
fixed points instead of an intersection of two isolated fixed-point branches.

3.4. Neimark–Sacker Bifurcation Analysis
From Theorem 4, the local stability of E1 is governed by the condition ∆ < 1. Thus, a loss of
stability may occur at ∆ = 1, where the complex-conjugate eigenvalues may reach the unit circle.

Lemma 1. [24] The appearance of a topologically nonequivalent phase portrait under
variation of parameters is called a bifurcation.

Lemma 2. [24] The bifurcation corresponding to the presence of λ1,2 = e±iθ0, 0 < θ0 < π,
is called a Neimark–Sacker bifurcation.

Before verifying the Neimark–Sacker conditions, it is necessary to establish that, for every
r > 1, the equation ∆(µ) = 1 has exactly one admissible critical value µ∗, as shown in the
following proposition.

Proposition 2. Assume r > 1 and 0 ≤ µ < 1
r . Let ∆(µ) be the determinant of the

Jacobian matrix at E1 given in (6). Then ∆ is continuous on [0, 1
r ), with ∆(0) > 1 and

limµ→( 1
r

)− ∆(µ) = 0. Moreover, ∆′(µ) < 0 for 0 < µ < 1
r , so ∆ is strictly decreasing on

[0, 1
r ). Consequently, for every r > 1, there exists a unique critical refuge value µ∗ ∈ (0, 1

r )
such that ∆(µ∗) = 1.

Proof. For 0 ≤ µ < 1
r , 1 − rµ > 0 and 1 − µ > 0. Hence, the logarithmic term in ∆(µ) is

well-defined and continuous, so ∆ is continuous on [0, 1
r ). Let q = 1 − rµ. Then 0 < q ≤ 1

and r(1 − µ) = r − 1 + q, so

∆(µ) = rq

r − 1 ln
(︃
r − 1 + q

q

)︃
.

At µ = 0, q = 1 and ∆(0) = r ln r
r−1 . Consider g(z) = z ln z − z + 1 for z ≥ 1. Since g(1) = 0

and g′(z) = ln z > 0 for z > 1, it follows that g(z) > 0, equivalently ln z > 1 − 1
z for z > 1.

Taking z = r > 1 gives ln r > r−1
r , and hence ∆(0) > 1.

As µ → (1
r )−, q → 0+ and ∆(µ) = r

r−1 [q ln(r − 1 + q) − q ln q]. Since ln(r−1+q) → ln(r−1),

Ardianto Ramadhan 2013



Neimark–Sacker Bifurcation in a Discrete Host–Parasitoid System

it follows that q ln(r − 1 + q) → 0. Moreover, −q ln q = ln(1/q)
1/q , and L’Hôpital’s rule gives

limq→0+
ln(1/q)

1/q = limq→0+ q = 0. Therefore, limµ→( 1
r

)− ∆(µ) = 0.

To establish strict monotonicity, recall that L = ln
(︂

r(1−µ)
1−rµ

)︂
. Differentiating gives L′(µ) =

r−1
(1−µ)(1−rµ) , and hence

∆′(µ) = r2

r − 1

[︃
−L+ r − 1

r(1 − µ)

]︃
.

For 0 ≤ µ < 1
r , r(1 − µ) − (1 − rµ) = r − 1 > 0, so r(1−µ)

1−rµ > 1. Applying the logarithmic
inequality above with z = r(1−µ)

1−rµ gives

L > 1 − 1 − rµ

r(1 − µ) = r − 1
r(1 − µ) .

Thus, −L+ r−1
r(1−µ) < 0. Since r2

r−1 > 0 for r > 1, it follows that ∆′(µ) < 0 for 0 < µ < 1
r ,

and therefore ∆ is strictly decreasing on [0, 1
r ).

Finally, since ∆(0) > 1 and limµ→( 1
r

)− ∆(µ) = 0, ∆(µ) < 1 for µ sufficiently close to 1
r

from the left. By continuity, the Intermediate Value Theorem guarantees the existence
of µ∗ ∈ (0, 1

r ) such that ∆(µ∗) = 1. Since ∆ is strictly decreasing on [0, 1
r ), this value is

unique. □

Theorem 6. Assume the coexistence fixed point E1 exists as stated in Theorem 4. Let
µ∗ denote the unique critical refuge value given by Proposition 2, satisfying ∆(µ∗) = 1,
equivalently

rL∗(1 − rµ∗)
r − 1 = 1, L∗ = ln

(︃
r(1 − µ∗)
1 − rµ∗

)︃
(9)

Then the trace and determinant of the Jacobian matrix at E1 satisfy the third statement of
Theorem 2. Consequently, at µ = µ∗, the eigenvalues satisfy the Neimark–Sacker condition
in Lemma 2.

Proof. The Jacobian determinant at E1 is given by (6). Since ∆(µ∗) = 1, relation (7) gives
τ(µ∗) = 1 + 1

r . Since r > 1, |τ(µ∗)| < 2; hence, the third statement of Theorem 2 is satisfied
at µ = µ∗. The eigenvalues can therefore be written as λ1,2 = e±iθ, where θ = cos−1 (︁ τ

2
)︁
.

At µ = µ∗, this gives θ0 = θ(µ∗) = cos−1
(︂

r+1
2r

)︂
and λ1,2 = e±iθ0 . Since r > 1, 1

2 <
r+1
2r < 1,

implying 0 < θ0 <
π
3 < π. Thus, the Neimark–Sacker condition in Lemma 2 is satisfied. □

By Proposition 2 and Theorem 6, under the admissibility condition for E1 in Theorem 4,
the parameter values at which the coexistence fixed point reaches the Neimark–Sacker critical
boundary form the set

HNS =
{︄

(r, k, c, µ∗) : r > 1, k ≥ 1, c > 0, 0 < µ∗ <
1
r
,

rL∗(1 − rµ∗)
r − 1 = 1

}︄
. (10)

The Neimark–Sacker bifurcation analysis follows the bifurcation theory of Kuznetsov [24] and
Guckenheimer–Holmes [25], as used in related discrete ecological models [15–18, 20]. The refuge
fraction is chosen as the bifurcation parameter because it directly controls the protected host
proportion. Let ˜︁µ be a small perturbation such that µ = µ∗ + ˜︁µ, where |˜︁µ| ≪ 1. Thus, ˜︁µ = 0
corresponds to the critical value µ = µ∗. Define L(˜︁µ) = ln

(︂
r(1−µ∗−˜︁µ)
1−r(µ∗+˜︁µ)

)︂
. Then, the trace and
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determinant of the Jacobian matrix at the perturbed coexistence fixed point are

τ(˜︁µ) = 1 + (1 − r(µ∗ + ˜︁µ))L(˜︁µ)
r − 1 and ∆(˜︁µ) = r(1 − r(µ∗ + ˜︁µ))L(˜︁µ)

r − 1
At zero perturbation, ˜︁µ = 0, the critical condition gives ∆(0) = 1, and the relation in (7)

gives τ(0) = 1 + 1
r . Since τ2(0) − 4∆(0) < 0, the eigenvalues remain complex for sufficiently

small |˜︁µ| and satisfy

λ1,2(˜︁µ) = α(˜︁µ) ± iβ(˜︁µ) = τ(˜︁µ)
2 ± i

2

√︂
4∆(˜︁µ) − τ2(˜︁µ)

In particular, λ1,2(0) = α0 ± iβ0, where

α0 = α(0) = r + 1
2r , β0 = β(0) =

√︁
(r − 1)(3r + 1)

2r > 0 (11)

Since the eigenvalues’ product equals the determinant, |λ1,2(˜︁µ)| =
√︁

∆(˜︁µ), so |λ1,2(0)| = 1. The
transversality condition is verified by differentiating the eigenvalue modulus at ˜︁µ = 0, which gives

d|λ1,2(˜︁µ)|
d˜︁µ

⃓⃓⃓⃓
˜︁µ=0

= 1
2∆′(0) = − r(r − 1)µ∗

2(1 − µ∗)(1 − rµ∗) < 0 (12)

Thus, the transversality condition holds; in particular, the eigenvalues move outside the unit
circle for µ < µ∗ sufficiently close to µ∗. This loss of local stability indicates the occurrence of a
local bifurcation, from which an invariant closed curve may arise.

The additional nonresonance requirement is the absence of strong resonance. From (11), it
follows that 1

2 < α0 < 1 and β0 > 0. Therefore, the critical eigenvalues cannot be roots of unity
of order 1, 2, 3, or 4. Consequently, the nonresonance condition is verified as

(λ1,2(0))m ̸= 1, m = 1, 2, 3, 4 (13)

The stability of the bifurcating invariant closed curve is determined through the normal-form
coefficient [25]. For this purpose, the coexistence fixed point is shifted to the origin and the
system is expanded near the critical value. At µ = µ∗, recall that L∗ = ln

(︂
r(1−µ∗)
1−rµ∗

)︂
. The critical

coexistence fixed point is
E∗

1 = (H∗, P ∗) =
(︃

L∗

kc(r − 1) ,
L∗

c

)︃
(14)

Let ut = Ht −H∗, vt = Pt − P ∗, and Zt = (ut, vt)T , so that E∗
1 is translated to the origin. Set

ε = 1 − rµ∗. The critical condition in (9) and the expression for H∗ in (14) give cH∗ε = 1
kr and

ckH∗ε = 1
r . At µ = µ∗, the third-order expansion of the shifted system about the origin gives

ut+1 = a10ut + a01vt + a20u
2
t + a11utvt + a02v

2
t + a30u

3
t + a21u

2
t vt + a12utv

2
t + a03v

3
t +O(∥Zt∥4)

vt+1 = b10ut + b01vt + b20u
2
t + b11utvt + b02v

2
t + b30u

3
t + b21u

2
t vt + b12utv

2
t + b03v

3
t +O(∥Zt∥4)

(15)

In (15), the only nonzero coefficients are

a10 = 1, a01 = − 1
kr
, a11 = −cε, a02 = c

2kr , a12 = c2ε

2 , a03 = − c2

6kr

b10 = k(r − 1), b01 = 1
r
, b11 = kcε, b02 = − c

2r , b12 = −kc2ε

2 , b03 = c2

6r
The first-order terms in (15) form the linear part, while the higher-order terms form the

nonlinear remainder. Hence, Zt+1 = MZt +N(Zt), where

M =
(︄
a10 a01
b10 b01

)︄
=
(︄

1 − 1
kr

k(r − 1) 1
r

)︄
, N(Zt) =

(︄
F (ut, vt)
G(ut, vt)

)︄
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where F and G denote the nonlinear terms in the respective components. Up to third order,

F (ut, vt) = − cεutvt + c

2krv
2
t + c2ε

2 utv
2
t − c2

6krv
3
t +O(∥Zt∥4)

G(ut, vt) = kcεutvt − c

2rv
2
t − kc2ε

2 utv
2
t + c2

6rv
3
t +O(∥Zt∥4)

The relation G(ut, vt) = −kF (ut, vt) simplifies the transformation to normal form. The matrix M
has the critical complex-conjugate eigenvalues, where α0 and β0 are given in (11). Since a01 ̸= 0
and β0 > 0, the standard real transformation may be used. Moreover, det(T ) = −a01β0 =
β0/(kr) > 0; thus, T is invertible. The transformation matrix and its inverse are

T =
(︄

a01 0
α0 − a10 −β0

)︄
=
(︄

− 1
kr 0

1−r
2r −β0

)︄
, T−1 =

(︄
−kr 0

−k(1−r)
2β0

− 1
β0

)︄
Introduce Wt = (Xt, Yt)T and set Zt = TWt. Thus, ut = − 1

krXt and vt = 1−r
2r Xt − β0Yt. For the

nonlinear part, substituting these coordinate expressions into F (ut, vt) gives

F (TWt) = f20X
2
t + f11XtYt + f02Y

2
t + f30X

3
t + f21X

2
t Yt + f12XtY

2
t + f03Y

3
t +O(∥Wt∥4)

where

f20 = cε(1 − r)
2kr2 + c(1 − r)2

8kr3 , f11 = −cεβ0
kr

− c(1 − r)β0
2kr2 , f02 = cβ2

0
2kr ,

f30 = −c2ε(1 − r)2

8kr3 − c2(1 − r)3

48kr4 , f21 = c2ε(1 − r)β0
2kr2 + c2(1 − r)2β0

8kr3 ,

f12 = −c2εβ2
0

2kr − c2(1 − r)β2
0

4kr2 , f03 = c2β3
0

6kr
The relation G(ut, vt) = −kF (ut, vt) holds for all (ut, vt) near the origin. Evaluating it at

(ut, vt) = TWt therefore gives G(TWt) = −kF (TWt).
Substituting Zt = TWt into Zt+1 = MZt + N(Zt) gives TWt+1 = MTWt + N(TWt).

Multiplication by T−1 then yields Wt+1 = T−1MTWt + T−1N(TWt). Using the matrices above,
direct multiplication puts the linear part into real rotational form. Moreover, using the relation
between F (TWt) and G(TWt), the nonlinear vector becomes N(TWt) = (F (TWt),−kF (TWt))T .
Applying T−1 to the vector N(TWt) then gives

Wt+1 =
(︄
α0 −β0
β0 α0

)︄
Wt +

⎛⎝ −krF (TWt)
k(r + 1)

2β0
F (TWt)

⎞⎠
Define F(Xt, Yt) = −krF (TWt) and G(Xt, Yt) = k(r+1)

2β0
F (TWt). The transformed system is

therefore written componentwise as
Xt+1 = α0Xt − β0Yt + F(Xt, Yt)
Yt+1 = β0Xt + α0Yt + G(Xt, Yt)

The transformed nonlinear components can be expressed as
F(Xt, Yt) = A20X

2
t +A11XtYt +A02Y

2
t +A30X

3
t +A21X

2
t Yt +A12XtY

2
t +A03Y

3
t +O(∥Wt∥4)

G(Xt, Yt) = B20X
2
t +B11XtYt +B02Y

2
t +B30X

3
t +B21X

2
t Yt +B12XtY

2
t +B03Y

3
t +O(∥Wt∥4)

The corresponding coefficients satisfy Aij = −krfij and Bij = k(r+1)
2β0

fij . In particular, the
coefficients of F are

A20 = −cε(1 − r)
2r − c(1 − r)2

8r2 , A11 = cεβ0 + c(1 − r)β0
2r , A02 = −cβ2

0
2

A30 = c2ε(1 − r)2

8r2 + c2(1 − r)3

48r3 , A21 = −c2ε(1 − r)β0
2r − c2(1 − r)2β0

8r2

A12 = c2εβ2
0

2 + c2(1 − r)β2
0

4r , A03 = −c2β3
0

6
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Meanwhile, the coefficients of G are

B20 = c(r + 1)ε(1 − r)
4β0r2 + c(r + 1)(1 − r)2

16β0r3 , B11 = −c(r + 1)ε
2r − c(r + 1)(1 − r)

4r2

B02 = c(r + 1)β0
4r , B30 = −c2(r + 1)ε(1 − r)2

16β0r3 − c2(r + 1)(1 − r)3

96β0r4

B21 = c2(r + 1)ε(1 − r)
4r2 + c2(r + 1)(1 − r)2

16r3

B12 = −c2(r + 1)εβ0
4r − c2(r + 1)(1 − r)β0

8r2 , B03 = c2(r + 1)β2
0

12r
Therefore, at µ = µ∗, the shifted system is expressed in standard real rotational form, with its
nonlinear terms represented by the coefficients Aij and Bij . The required partial derivatives of
the transformed nonlinear components at the origin are obtained directly from F(Xt, Yt) and
G(Xt, Yt). All derivatives in this part are evaluated at the origin (X,Y ) = (0, 0). Thus,

FXX = 2A20, FXY = A11, FY Y = 2A02,

FXXX = 6A30, FXXY = 2A21, FXY Y = 2A12, FY Y Y = 6A03

Similarly, the required derivatives of G are

GXX = 2B20, GXY = B11, GY Y = 2B02,

GXXX = 6B30, GXXY = 2B21, GXY Y = 2B12, GY Y Y = 6B03

To determine the stability of the invariant closed curve bifurcating from the Neimark–Sacker
bifurcation, the normal-form coefficient is computed following Guckenheimer and Holmes [25].
Let λ1 = α0 + iβ0 and λ2 = α0 − iβ0. The determining coefficient is given by

Ω = − Re
[︄

(1 − 2λ1)λ2
2

1 − λ1
ξ11ξ20

]︄
− 1

2 |ξ11|2 − |ξ02|2 + Re(λ2ξ21) (16)

where

ξ20 = 1
8 [(FXX − FY Y + 2GXY ) + i(GXX − GY Y − 2FXY )]

ξ11 = 1
4 [(FXX + FY Y ) + i(GXX + GY Y )]

ξ02 = 1
8 [(FXX − FY Y − 2GXY ) + i(GXX − GY Y + 2FXY )]

ξ21 = 1
16 [(FXXX + FXY Y + GXXY + GY Y Y ) + i(GXXX + GXY Y − FXXY − FY Y Y )]

Using the partial derivatives above, straightforward computation yields

ξ20 = −c (4rε− r + 1 + 2irβ0)
(︁
4rβ0 + i(4r2β2

0 + r2 − 1)
)︁

64r3β0

ξ11 = c (i(r + 1) − 2rβ0)
(︁
4r2β2

0 + 4rε(1 − r) + (r − 1)2)︁
32r3β0

ξ02 = −c
(︁
4r2β0 + i(4r2β2

0 − r2 + 1)
)︁

(r − 4rε− 1 + 2irβ0)
64r3β0

ξ21 = c2 (︁4rβ0 + i(4r2β2
0 + r2 − 1)

)︁ (︁
4r2β2

0 + (r − 1)2 + 6rε(1 − r) − 4ir2β0ε
)︁

256r4β0

Substituting these coefficients into (16) gives

Ω = − c2

16r
(︂
r + ε− 2rε+ 2rε2 − 1

)︂
(17)
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Let PΩ = r + ε− 2rε+ 2rε2 − 1; then Ω = −c2PΩ/(16r). Since c > 0 and r > 1, the sign of Ω
is opposite to that of PΩ. From ε = 1 − rµ∗, one obtains µ∗ = (1 − ε)/r. Substitution into the
critical condition (9) gives ε ln

(︂
r−1+ε

ε

)︂
= r−1

r . Now set s = (r − 1)/ε and h = ln(1 + s). Then
s, h > 0, and this equation yields

r = s

h
, ε = s− h

sh
, PΩ = (s− h)K

sh3

where K = sh2 − 2sh+ 2s+ h2 − 2h. Since s = eh − 1 and h > 0, the Maclaurin expansion gives
eh > 1 + h + h2

2 ; hence, s − h > 0. Moreover, h2 − 2h + 2 = (h − 1)2 + 1 > 0, and the same
inequality gives

K = eh(h2 − 2h+ 2) − 2

>

(︄
1 + h+ h2

2

)︄
(h2 − 2h+ 2) − 2 = h4

2 > 0

Since PΩ > 0, the nondegeneracy condition Ω ̸= 0 follows from

Ω < 0 (18)

The preceding results verify the unit-circle crossing, transversality, nonresonance, and normal-
form nondegeneracy conditions. These results are summarized in the following theorem.

Theorem 7. Assume that (r, k, c, µ∗) ∈ HNS in (10). Then system (1) undergoes a Neimark–
Sacker bifurcation at the critical coexistence fixed point E∗

1 = (H∗, P ∗) in (14) as µ varies
through µ∗. Since Ω < 0, the bifurcation is supercritical. Consequently, a stable invariant
closed curve bifurcates from E∗

1 for µ < µ∗ sufficiently close to µ∗.

Proof. By Theorem 6, at µ = µ∗, the eigenvalues of the Jacobian matrix at E∗
1 are complex

conjugates and lie on the unit circle. The transversality condition follows from (12), while
the nonresonance condition is verified in (13). Furthermore, the normal-form coefficient
satisfies Ω < 0 by (18). Hence, the Neimark–Sacker bifurcation is supercritical and the
bifurcating invariant closed curve is stable. Based on Theorem 4, the coexistence fixed
point E1 is locally asymptotically stable whenever ∆ < 1. As µ decreases through µ∗, the
transversality condition shows that E1 loses its stability. Since Ω < 0, a stable invariant
closed curve bifurcates for µ < µ∗ sufficiently close to µ∗. Therefore, the system undergoes
a supercritical Neimark–Sacker bifurcation at µ = µ∗. □

3.5. Numerical Simulations
The numerical simulations presented below corroborate and illustrate the analytical results
obtained previously. All numerical computations were performed using MATLAB. Figures 1,
2, and 3 were generated by direct iteration of system (1), whereas Figure 4 was constructed
by numerically evaluating the analytical existence and local-stability conditions over the (r, µ)
parameter plane. Unless otherwise stated, k = 1 and c = 1 are used as reference parameter
values. Under the rescaling Hsc

t = kcHt and P sc
t = cPt, the system becomes independent of k and

c, showing that these parameters affect the population scales but not the qualitative dynamics
determined by r and µ. In particular, the local-stability conditions, the node–spiral classification,
and the critical Neimark–Sacker condition ∆ = 1 are independent of k and c, while the sign of
the normal-form coefficient Ω is also unaffected by these parameters.

The parameter choices also have a biological interpretation. The values r = 0.95, 1, 1.5, and 2
represent host reproduction below, at, and above the replacement threshold, while µ denotes the
protected host fraction and its selected values represent different levels of protection, including the
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transition near µ∗. Habib et al. [12] reported an overall negative relationship between the depth
of Bactrocera dorsalis pupae in plant debris and parasitism by Dirhinus giffardii, illustrating how
spatial concealment can reduce parasitoid access. This comparison is qualitative; the selected
values are not species-specific estimates.
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(a) Phase portrait: r = 0:95, 7 = 0:50
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(b) Time series: r = 0:95, 7 = 0:50
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(c) Phase portrait: r = 1:00, 7 = 0:50
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(d) Time series: r = 1:00, 7 = 0:50
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(e) Phase portrait: r = 1:50, 7 = 0:50
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(f) Time series: r = 1:50, 7 = 0:50
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(g) Phase portrait: r = 1:50, 7 = 0:63
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(h) Time series: r = 1:50, 7 = 0:63
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Fig. 1: Panels (a)–(b) show stable extinction, panels (c)–(d) show the threshold with a continuum
of boundary fixed points, panels (e)–(f) show spiral convergence, and panels (g)–(h) show node-type
convergence. IC denotes the initial condition.

For Figure 1, system (1) was directly iterated with four parameter cases: (r, µ) = (0.95, 0.50),
(1.00, 0.50), (1.50, 0.50), and (1.50, 0.63). The first two cases kept µ = 0.50 fixed while varying r,
whereas the last two kept r = 1.50 fixed while varying µ. Each phase portrait was generated from
(H0, P0) = (5, 3), (1, 1), and (3, 5), while the corresponding time series used (H0, P0) = (5, 3).
Each orbit was iterated over t = 0, . . . , 200 without transient removal. The logarithmic quantity
L and the coexistence fixed point E1, when it exists, were evaluated from Proposition 1, while ∆,
∆osc, and D shown in the coexistence panels were computed from (6), (8), and (3), respectively.

The resulting trajectories are consistent with the local fixed-point results obtained analytically.
In panels (a)–(b), both populations approach extinction, in agreement with Theorem 3. Panels
(c)–(d) illustrate the threshold r = 1, where the parasitoid population tends to zero while the
limiting host density depends on the initial condition, consistent with the continuum of boundary
fixed points in Section 3.3. For the coexistence cases, panels (e)–(f) show damped oscillatory
convergence to E1, corresponding to the spiral-sink behavior established in Theorems 4 and 5,
whereas panels (g)–(h) show node-type convergence. These coexistence patterns are consistent
with the node–spiral classification determined by the threshold ∆osc in (8).

For Figure 2, r = 2 is fixed and the determinant ∆(µ) was evaluated from (6). The critical
refuge value was computed as the root of ∆(µ) − 1 = 0 using the MATLAB fzero routine on
the bracket

[︂
10−10, 1

r − 10−10
]︂
, giving µ∗ ≈ 0.3010237263. A descending grid of 800 equally

spaced refuge values from µ = 0.499 to µ = 0.20 was generated using linspace. Starting from
(H0, P0) = (1, 1), system (1) was directly iterated sequentially over this grid, with the final state
at each refuge value used as the initial condition for the next. For each value of µ, the first 24, 000
iterations were discarded as transients and the subsequent 300 states were retained. For µ > µ∗,
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(a) Host bifurcation diagram
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(b) Parasitoid bifurcation diagram

Oscillatory states
Stable coexistence E1

7$ : 0:3010
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Fig. 2: Host and parasitoid bifurcation diagrams for r = 2.

the mean of the retained states was used to represent the stable-coexistence branch, whereas for
µ < µ∗, the retained states were used to represent the post-bifurcation oscillatory behavior.

The resulting diagram is consistent with the local stability and bifurcation results established
analytically. For µ∗ < µ < 1

r , the retained states converge to a single density pair corresponding
to the locally asymptotically stable coexistence fixed point E1, in agreement with Theorem 4.
As µ decreases through µ∗, E1 loses local stability when ∆(µ∗) = 1. On the weak-refuge side, for
µ < µ∗ sufficiently close to µ∗, the retained states form persistent oscillatory bands around E1,
consistent with the stable invariant closed curve generated by the supercritical Neimark–Sacker
bifurcation established in Theorem 7.

(a) Phase portrait: r = 2, 7 = 0:305 > 7$
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(b) Host dynamics: r = 2, 7 = 0:305
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(c) Parasitoid dynamics: r = 2, 7 = 0:305
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(d) Phase portrait: r = 2, 7 = 0:295 < 7$
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(e) Host dynamics: r = 2, 7 = 0:295
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(f) Parasitoid dynamics: r = 2, 7 = 0:295
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Fig. 3: Panels (a)–(c) show damped convergence toward the coexistence fixed point, whereas panels
(d)–(f) show sustained bounded oscillations around the unstable coexistence fixed point.

For Figure 3, r = 2 and the critical refuge value was obtained by solving ∆(µ) − 1 = 0, with
∆(µ) evaluated from (6), using the MATLAB fzero routine on the bracket

[︂
10−10, 1

r − 10−10
]︂
.

This calculation gave µ∗ ≈ 0.3010237263, and two refuge values were selected: µ = 0.305 and
µ = 0.295. For each value, system (1) was initialized independently at (H0, P0) = (1, 1) and
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directly iterated over t = 0, . . . , 1000 without transient removal. The coexistence fixed point E1
shown in each phase portrait was evaluated from Proposition 1.

The numerical results illustrate the local dynamical transition established analytically. For
µ = 0.305 > µ∗, panels (a)–(c) show trajectories spiraling toward E1, with oscillations of
progressively decreasing amplitude, consistent with the local asymptotic stability condition in
Theorem 4. For µ = 0.295 < µ∗, panels (d)–(f) show that the trajectory is no longer attracted
to E1 but approaches a closed curve surrounding it, while the host and parasitoid populations
exhibit sustained bounded oscillations. Since this refuge value lies on the weak-refuge side
sufficiently close to µ∗, the observed behavior is consistent with the stable invariant closed curve
established locally by the supercritical Neimark–Sacker bifurcation in Theorem 7.

Fig. 4: Existence and local-stability map in the (r, µ) parameter plane.

Figure 4 was constructed from 1, 200 equally spaced values over 0.001 ≤ r ≤ 10 and 800
equally spaced values over 0 ≤ µ ≤ 1 − 10−6, generated using linspace and combined into
a rectangular parameter grid using meshgrid. Grid points with r < 1 were assigned to the
stable-extinction region, while those with r > 1 and µ > 1

r were assigned to the region where E1
does not exist. For r > 1 and 0 < µ < 1

r , L was evaluated from Proposition 1, ∆ from (6), and
∆osc from (8); the points were then classified as stable nodes when 0 < ∆ < ∆osc, spiral sinks
when ∆osc < ∆ < 1, and unstable coexistence fixed points when ∆ > 1. The explicit boundaries
r = 1 and µ = 1

r , together with the segment µ = 0 for 1 ≤ r ≤ 10, were plotted directly, whereas
the implicit boundary curves ∆ = ∆osc and ∆ = 1 were traced from the computed grid using the
MATLAB contour routine. Because the map was obtained by evaluating analytical expressions
rather than by iterating system (1), no transient processing was required.

The map first separates the parameter regions according to fixed-point existence. For
0 < r < 1, the extinction fixed point E0 is locally asymptotically stable, as established in
Theorem 3. The line r = 1 marks the nonhyperbolic extinction threshold at which the model
admits the continuum of boundary fixed points {(H̄, 0) | H̄ ≥ 0} described in Section 3.3. For
r > 1, the coexistence fixed point E1 exists only when 0 ≤ µ < 1

r , and the curve µ = 1
r therefore

forms its existence boundary. Above this boundary, E1 does not exist, although the extinction
fixed point E0 continues to exist and is unstable. Accordingly, the region above µ = 1

r indicates
only that the coexistence fixed point E1 does not exist and does not provide a classification of
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the resulting trajectories.
Within the existence region r > 1 and 0 < µ < 1

r , the map displays the local classifications
of E1 determined by Theorems 4 and 5. The region 0 < ∆ < ∆osc corresponds to a stable
coexistence fixed point of node type, the curve ∆ = ∆osc marks the repeated-real-eigenvalue
threshold, and the region ∆osc < ∆ < 1 corresponds to a stable coexistence fixed point of
spiral-sink type. At ∆ = 1, the complex-conjugate eigenvalues reach the unit circle, defining the
Neimark–Sacker boundary established in Theorem 7. The region ∆ > 1 corresponds analytically
to an unstable coexistence fixed point E1. For µ < µ∗ sufficiently close to µ∗, Theorem 7 further
establishes the existence of a stable invariant closed curve surrounding E1. The line µ = 0 is
displayed separately as the Nicholson–Bailey boundary, where the refuge mechanism is absent
and E1 is unstable for r > 1.

3.6. Discussion
The results obtained in this study show that a Neimark–Sacker transition can also occur when
intrinsic host self-limitation is absent. This complements the analysis of Bešo et al. [18], which
established Neimark–Sacker bifurcation for refuge models with Beverton–Holt host growth and a
general escape response. Thus, although the two formulations use different assumptions, both
demonstrate that variation in host protection can change the local stability of coexistence.

The present analysis adopts the proportional-refuge formulation considered by Singh [21],
specifically the case without intrinsic host self-limitation. Singh examined this case within a
broader investigation of the limits of parasitoid-driven host suppression and its implications
for biological control, identifying the coexistence stability boundary and reporting bounded
oscillations under weak refuge. The present study focuses on the local dynamical structure of the
same formulation. Theorem 5 distinguishes non-oscillatory node-type convergence from damped
spiral convergence within the stable region, while Section 3.3 characterizes the continuum of
boundary fixed points at r = 1. As a supporting result, Proposition 2 establishes the existence
and uniqueness of µ∗ in the admissible interval for every r > 1, providing the critical value used
in the main bifurcation theorem. Theorem 7 then verifies the unit-circle condition, transversality,
nonresonance, and normal-form nondegeneracy conditions, proves that Ω < 0, and establishes a
supercritical Neimark–Sacker bifurcation with a stable invariant closed curve arising for µ < µ∗

sufficiently close to µ∗.
These local analytical results are organized in the (r, µ) parameter map in Figure 4. The

map combines the fixed-point existence boundaries with the node–spiral and Neimark–Sacker
thresholds, thereby organizing the locally stable extinction region together with the existence
and local-stability classifications of the coexistence fixed point. Its scope is limited to fixed-point
existence and local stability rather than a global classification of all possible trajectories, while the
stable invariant closed curve is established only for µ < µ∗ sufficiently close to the Neimark–Sacker
threshold.

4. Conclusion
This study examined the local dynamics of a discrete-time host–parasitoid model with a pro-
portional refuge mechanism. The extinction fixed point is locally asymptotically stable for low
intrinsic host growth, whereas the boundary between extinction and coexistence is a nonhy-
perbolic threshold at which the model admits a continuum of boundary fixed points. For the
coexistence fixed point, an explicit local-stability condition was obtained, and the stable regime
was further separated into node-type and spiral-sink convergence by a discriminant threshold.

Variation in the refuge fraction can produce a supercritical Neimark–Sacker bifurcation: as
the coexistence fixed point loses local stability, a stable invariant closed curve arises on the
weak-refuge side sufficiently close to the critical threshold. The numerical simulations corroborate
the fixed-point classifications and the local bifurcation behavior, while the (r, µ) map organizes
the fixed-point existence and local-stability regions and displays the boundaries r = 1, µ = 1

r ,
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∆ = ∆osc, and ∆ = 1. Thus, the analysis complements the existing regime description by
clarifying the local transitions within the refuge model. In the refuge-free limit, the model
recovers Nicholson–Bailey-type boom-and-bust dynamics.
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