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Abstract

Binary regional classification of food security is often complicated by class imbalance and
spatially heterogeneous predictor–outcome relationships. This study applies Firth Penalized
Class-Weighted Geographically Weighted Logistic Regression (Firth CW-GWLR), which
combines geographically weighted estimation, class weighting, and Firth’s penalty on each
local likelihood to reduce small-sample bias and protect against separation. The model is
applied to the 2025 food security status of the 22 regencies/cities of East Nusa Tenggara
(NTT), Indonesia (18 food insecure and 4 food secure), using the open unemployment rate
(X1), the share of agricultural workers (X2), and the number of markets (X3). VIF values
(1.12–2.03) indicate no multicollinearity. The Breusch–Pagan test (p = 0.0375) and Moran’s
I of the global-model residuals (I = 0.2025, p = 0.0248) suggest that the global model is
misspecified and motivate local modelling, but they do not by themselves show that the
regression coefficients vary spatially. An adaptive Gaussian kernel with 21 nearest neighbours
was selected (AICc = 21.170). GWLR, CW-GWLR, Firth-GWLR, and Firth CW-GWLR
were compared by leave-one-out cross-validation (LOOCV), in which the class weights,
bandwidth, and coefficients were re-estimated in each training fold; because the kernel type
was selected on the full data, the LOOCV results are conditional on that choice. All local
estimates converged. CW-GWLR achieved the highest balanced accuracy (0.764) and F1
(0.545), Firth-GWLR the highest specificity (0.944), and Firth CW-GWLR identified three of
the four food-secure regencies (recall 0.750) but classified five food-insecure regencies as food
secure. The fully local model had a slightly lower LOOCV Brier score than models with one
global coefficient, which is descriptive rather than formal evidence of spatial variation. With
only four food-secure regencies, these results are indicative rather than conclusive.
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1. Introduction
Food security is a multidimensional condition in which every individual has physical, social, and
economic access to sufficient, safe, and nutritious food [1]. In Indonesia, it is monitored at the
regency/city level through the Food Security Index (Indeks Ketahanan Pangan, IKP) of the
National Food Agency [2].
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The IKP is a composite index of 12 indicators grouped into three aspects. Availability covers
the ratio of normative consumption to net carbohydrate production, energy and animal-protein
availability, and regional rice reserves. Affordability covers the poverty rate, food price variability,
and the prevalence of undernourishment. Utilization covers women’s mean years of schooling,
households without access to clean water, food safety, the Desirable Dietary Pattern score,
and stunting prevalence. The indicators are normalized, weighted by expert judgement, and
combined into a score on a 0–100 scale, which classifies each regency/city into six priority
groups: Priority 1 (< 45.59, highly vulnerable), Priority 2 (45.60–53.42, vulnerable), Priority 3
(53.43–61.47, slightly vulnerable), Priority 4 (61.48–69.52, slightly secure), Priority 5 (69.53–77.35,
secure), and Priority 6 (> 77.35, highly secure). Priorities 1–3 are designated as food insecure
and Priorities 4–6 as food secure [2]. Treating this official dichotomy as a spatial classification
problem raises two difficulties at once: class imbalance and spatial heterogeneity.

East Nusa Tenggara (Nusa Tenggara Timur, NTT) is frequently identified as food insecure [1,
3] and is the province with the largest number of food-insecure regencies/cities in Indonesia; only
four of its 22 regencies/cities are food secure in the 2025 IKP (imbalance ratio 4.5 : 1) [2]. Under
such imbalance, ordinary logistic regression favours the majority class, yielding high accuracy
but poor minority-class sensitivity [4, 5], and the problem worsens as imbalance increases [6,
7]. Weighted Logistic Regression (WLR) compensates by re-weighting observations by class
proportions [8, 9], although such corrections can distort predicted probabilities [10], and it still
assumes spatially constant effects. Geographically Weighted Logistic Regression (GWLR) [11]
relaxes this assumption and has been applied to regional binary outcomes such as COVID-19
status [12], underdevelopment [13], human development [14], malaria [15], illiteracy [16], stunting
[17], and food security in East Java [18]. In these applications, the local likelihoods are not
weighted by class, so the majority-class dominance of the global likelihood carries over to each
local likelihood.

Local likelihoods estimated from small, rare-event samples are also prone to quasi-complete
separation, under which the maximum likelihood estimates diverge [19]. Firth’s penalized
likelihood [20, 21] reduces small-sample bias and yields finite estimates under separation [22],
but its behaviour when combined with both spatial and class weights in GWLR has not been
examined for regional food security data.

This study therefore applies and evaluates Firth Penalized Class-Weighted GWLR (Firth
CW-GWLR), which combines three components: (i) geographically weighted estimation, allowing
predictor effects to vary locally; (ii) class weighting, giving the minority class greater influence
in each local likelihood; and (iii) Firth penalization, reducing small-sample bias and protecting
against separation. Its contributions are a formulation of the weighted penalized local likelihood
and its score function that handles zero weights directly, and a LOOCV comparison of GWLR,
CW-GWLR, Firth-GWLR, and Firth CW-GWLR that separates the effects of class weighting
and Firth’s penalty. The model is applied to the 22 regencies/cities of NTT using three predictors
that are not IKP indicators: the open unemployment rate (X1), the share of workers in the
agricultural sector (X2), and the number of markets (X3). Section 2 presents the data and
methods, Section 3 the results, and Section 4 the conclusions.

2. Methods
Section 2.1 describes the data and Section 2.2 the analytical procedure. Sections 2.3–2.5 review
logistic, weighted logistic, and geographically weighted logistic regression with the associated
diagnostic tests, and Sections 2.6–2.9 present Firth’s penalized likelihood, the imbalance ratio,
the performance measures, and leave-one-out cross-validation.

2.1. Data and Variables
This study uses secondary cross-sectional data for all 22 regencies/cities in East Nusa Tenggara
(NTT), Indonesia. The response is the 2025 regency/city IKP [23], coded as Y = 0 for food-
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insecure (groups 1–3) and Y = 1 for food-secure (groups 4–6) regencies/cities (Section 1). The
predictors are the open unemployment rate (X1) and the share of agricultural workers (X2) from
the August 2025 Sakernas, and the number of markets (X3) in 2025, all from BPS (Table 1). None
of them is an IKP indicator or a component of one, so there is no mechanical predictor–response
circularity; because they are still conceptually related to the IKP aspects, their coefficients are
interpreted as associations rather than causal effects.

Table 1: Description of Variables Used in the Study

Variable Description Scale

Y Food security status (1 = food secure, 0 = food insecure) Binary
X1 Open unemployment rate (%) Ratio
X2 Share of workers in the agricultural sector (%) Ratio
X3 Number of markets Ratio

Each observation i = 1, 2, . . . , n (n = 22) is associated with the centroid coordinates of its
regency/city, recorded as WGS84 longitude–latitude and projected onto UTM Zone 51S (in
metres) before any distance-based computation.

2.2. Analytical Procedure
The predictors were first described and checked for multicollinearity with the VIF in Eq. (15),
and class imbalance was quantified by the imbalance ratio in Eq. (20). The Breusch–Pagan
statistic in Eq. (16) and Moran’s I in Eq. (17), with a k-nearest-neighbour weight matrix (k = 4),
were computed from the residuals of the global models (Sections 2.5.2–2.5.3) as indicative, not
confirmatory, evidence for local modelling.

Spatial weights were derived from the distances in Eq. (8) between UTM-projected centroids,
and the adaptive kernels in Eqs. (9)–(11) were compared on the full data, each with k∗ selected
by minimum AICc in Eq. (12). With the selected kernel, GWLR, CW-GWLR, Firth-GWLR, and
Firth CW-GWLR were estimated at every location, the penalized models by Fisher scoring with
the score in Eq. (39), and the local coefficients were tested with the Wald statistic in Eq. (41)
and the Benjamini–Hochberg adjustment.

The models were compared using the LOOCV scheme in Eq. (26) using the measures in
Eqs. (21)–(24), with a held-out regency/city classified as food secure when p̂i ≥ 0.5. The class
weights, k∗, and all coefficients were re-estimated in each fold, whereas the kernel type was fixed
at the full-data choice, so the LOOCV results are conditional on it (Section 2.9). Finally, the
fully local Firth CW-GWLR was compared by the LOOCV Brier score in Eq. (25) with mixed
models in which one coefficient is fixed at a global value.

2.3. Logistic Regression
Logistic regression models a binary response Yi ∼ Bernoulli(πi), with πi = P (Yi = 1 | xi) related
to the predictors through the logistic function [24, 25]

π(xi) =
exp

(︂∑︁p
j=0 βjxij

)︂
1 + exp

(︂∑︁p
j=0 βjxij

)︂ , xi0 ≡ 1. (1)

Given n independent observations, the log-likelihood is

ℓ(β) =
n∑︂

i=1

[︁
yi ln π(xi) + (1 − yi) ln

(︁
1 − π(xi)

)︁]︁
, (2)

and setting its derivative to zero gives the score equations

∂ℓ

∂βj
=

n∑︂
i=1

xij(yi − πi) = 0, j = 0, 1, . . . , p, (3)

Zheryl Zabrina Hibatullah 2706



Firth Penalized CW-GWLR

which are solved iteratively by Newton–Raphson with gradient XT (y − π) and Hessian −XT VX,
V = diag[πi(1 − πi)], yielding the maximum likelihood estimate (MLE) β̂ [24].

2.4. Weighted Logistic Regression (WLR)
Under class imbalance, the ordinary MLE is biased toward the majority class [4]. WLR corrects
this by assigning each observation i a class weight

Ci =

⎧⎪⎪⎨⎪⎪⎩
τ

ȳ
, yi = 1

1 − τ

1 − ȳ
, yi = 0,

(4)

where ȳ is the observed proportion of the minority class and τ = 0.5, so that both classes
contribute equally to the likelihood [4, 8]. The weighted log-likelihood is

ℓC(β) =
n∑︂

i=1
Ci [yi ln(πi) + (1 − yi) ln(1 − πi)] , (5)

whose weighted score equations ∑︁n
i=1 Cixij(yi − πi) = 0 are solved by the IRLS update

β(t+1) = β(t) +
(︂
XT CV(t)X

)︂−1
XT C

(︂
y − π(t)

)︂
, (6)

with C = diag(C1, . . . , Cn), yielding the class-weighted estimate β̂C .

2.5. Geographically Weighted Logistic Regression (GWLR)
GWLR relaxes the spatial-constancy assumption in Eq. (1) by giving each location i, with
coordinates (ui, vi), its own parameter vector β(ui, vi):

π(xi) = exp
(︁∑︁p

k=0 βk(ui, vi)xik

)︁
1 + exp

(︁∑︁p
k=0 βk(ui, vi)xik

)︁ . (7)

The weight of observation j in the local fit at i depends on the Euclidean distance

dij =
√︂

(ui − uj)2 + (vi − vj)2, (8)

where (ui, vi) are UTM Zone 51S-projected centroids, so dij in Eq. (8) is in metres. Each location
uses an adaptive bandwidth bi, the distance to its k∗-th nearest neighbour (including itself),
in the Gaussian, bisquare, or tricube kernel of Eqs. (9)–(11); the Gaussian kernel gives every
observation a positive weight, whereas the other two assign zero weight beyond bi:

wij = exp
[︂
−1

2 (dij/bi)2
]︂

for all j, (9)

wij =

⎧⎨⎩
[︂
1 − (dij/bi)2

]︂2
, dij ≤ bi

0, dij > bi,
(10)

wij =

⎧⎨⎩
[︂
1 − (dij/bi)3

]︂3
, dij ≤ bi

0, dij > bi.
(11)

The kernel and k∗ are chosen by minimum AICc [11],

AIC = 2ν − 2 ln(L̂), AICc = AIC + 2ν(ν + 1)
n − ν − 1 , (12)

Zheryl Zabrina Hibatullah 2707



Firth Penalized CW-GWLR

where L̂ is the maximized weighted likelihood and ν the effective number of parameters.
With Wi = diag(wi1, . . . , win), the local log-likelihood

ℓ
(︁
β(ui, vi)

)︁
=

n∑︂
j=1

wij [yj ln(πj) + (1 − yj) ln(1 − πj)] (13)

has the form of Eq. (5) with wij in place of Ci, so Eq. (13) is maximized by the local IRLS
update

β(m+1)(ui, vi) = β(m)(ui, vi) +
[︂
XT WiV(m)X

]︂−1
XT Wi

(︂
y − π(m)

)︂
, (14)

and Eq. (14) is solved independently at each i = 1, . . . , n.

2.5.1. Multicollinearity Test
Multicollinearity inflates coefficient variance [26] and was assessed via the VIF in Eq. (15),

V IFk = 1
1 − R2

k

, (15)

with R2
k from regressing Xk on the remaining predictors; V IFk > 10 indicates serious multi-

collinearity [26, 27].

2.5.2. Spatial Heterogeneity Test
The studentized Breusch–Pagan test (H0 : σ2

1 = · · · = σ2
n) checks whether the residual variance

is constant across observations. With ei the residuals of the linear regression of Y on X1–X3,
the auxiliary regression of e2

i on the same predictors gives

BP = nR2
e2 , (16)

where R2
e2 is its coefficient of determination; under H0, the statistic in Eq. (16) follows χ2

p,
with p = 3. A significant BP indicates heteroscedastic residuals, an indirect signal of possible
global-model misspecification; because the variance of a binary response depends on the predictors
by construction, it does not by itself demonstrate spatially varying coefficients [11].

2.5.3. Spatial Autocorrelation Test
Moran’s I in Eq. (17) measures spatial dependence in a variable e (Pearson residuals of the global
logistic regression, so that autocorrelation already explained by X1, X2, X3 is not conflated with
unexplained spatial structure),

I = n∑︁
i

∑︁
j wij

·
∑︁

i

∑︁
j wij(ei − ē)(ej − ē)∑︁

i(ei − ē)2 , (17)

with values near +1, −1, and 0 indicating positive, negative, and no spatial autocorrelation,
respectively. The spatial weight matrix W = (wij) is a row-standardized k-nearest-neighbour
matrix with k = 4, and significance is assessed with a two-sided normal approximation.

2.6. Firth’s Penalized Likelihood
Under small samples or severe imbalance, the MLE in Eq. (3) may fail to exist: near-perfect
separation drives ∥β∥ → ∞, and even when it exists it is finite-sample biased [19, 20].

Firth [20] reduces this bias to O(n−1) by maximizing the penalized log-likelihood in Eq. (18),

ℓ∗(β) = ℓ(β) + 1
2 ln |I(β)| , (18)

with ℓ(β) from Eq. (2) and I(β) = XT V(β)X, V(β) = diag[πi(1 − πi)]; the penalty is equivalent
to a Jeffreys prior shrinking extreme estimates toward zero [20, 21].
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Differentiating Eq. (18) gives the penalized score

∂ℓ∗

∂βj
=

n∑︂
i=1

xij(yi − πi) + 1
2

n∑︂
i=1

xij(1 − 2πi)hi, (19)

where hi is the leverage (diagonal of H = V1/2X(XT VX)−1XT V1/2), equivalent to replacing yi

with y∗
i = yi + hi(1

2 − πi), which keeps the estimates finite under separation [20, 21]. Setting
Eq. (19) to zero gives the penalized score equations, which are solved iteratively by a modified
Newton–Raphson (IRLS) algorithm.

2.7. Imbalance Ratio
Class imbalance was quantified by

IR = Nmaj

Nmin
, (20)

where IR ≈ 1 indicates balance and large IR indicates severe imbalance, biasing classifiers
toward the majority class [9].

2.8. Confusion Matrix and Classification Performance Measures
Performance was evaluated via the confusion matrix (TP, TN, FP, FN) [28], shown in Table 2.

Table 2: Confusion Matrix for Binary Classification

Actual Value

Predicted Value Positive (Y = 1) Negative (Y = 0)

Positive (Ŷ = 1) True Positive (TP) False Positive (FP)
Negative (Ŷ = 0) False Negative (FN) True Negative (TN)

Since accuracy is misleading under imbalance, precision, recall, F1, G-mean, and balanced
accuracy were used instead:

Precision = TP

TP + FP
, Recall = TP

TP + FN
, Specificity = TN

TN + FP
, (21)

F1 = 2 TP

2 TP + FP + FN
, (22)

G-mean =
√︁

Recall · Specificity, (23)

Balanced Accuracy = 1
2 (Recall + Specificity) . (24)

The accuracy of the predicted probabilities p̂i was evaluated by the Brier score,

B = 1
n

n∑︂
i=1

(p̂i − yi)2 , (25)

where smaller values indicate more accurate probabilities; it is used to compare the fully local
and mixed Firth CW-GWLR specifications (Section 3.8).

2.9. Leave-One-Out Cross-Validation (LOOCV)
Given the small sample size, all performance measures and the Brier score were computed via
LOOCV [29]. For each regency/city i, the model is refitted without observation i, and the
held-out predicted probability is

p̂i = π
(︂
xi; β̂(−i)(ui, vi)

)︂
, i = 1, . . . , n, (26)
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where β̂(−i)(ui, vi) is the local coefficient vector at location i estimated from the remaining n − 1
observations. The held-out regency/city is classified as food secure (ŷi = 1) when p̂i ≥ 0.5, and
the n held-out predictions from Eq. (26) are used to compute the measures in Eqs. (21)–(25).

Within each training fold, the class weights in Eq. (4), the bandwidth k∗ in Eq. (12), the
global coefficients of the mixed models (Section 3.8), and all local coefficients are estimated from
the n − 1 training observations only. The kernel type, however, was selected once on the full data
and held fixed in every fold, so the held-out response entered the kernel choice. The reported
LOOCV performance is therefore conditional on this full-data kernel selection, is not a fully
nested estimate, and may be slightly optimistic; a fully nested scheme would repeat the kernel
selection within each fold.

All analyses used R: car (VIF), lmtest (Breusch–Pagan), spdep (Moran’s I), and GWmodel
[30] for kernel and bandwidth selection by AICc. The four local models were estimated with a
purpose-written R routine.

3. Results and Discussion
Section 3.1 derives the Firth CW-GWLR estimator, its estimation algorithm, and its local
significance test. Sections 3.2–3.5 present the descriptive statistics, the multicollinearity and
spatial tests, and the kernel selection for the NTT data; Section 3.6 verifies convergence, Section 3.7
compares the local coefficients, Section 3.8 assesses spatially varying effects out of sample, and
Section 3.9 compares the LOOCV classification performance.

3.1. Firth Penalized Class-Weighted Geographically Weighted Logistic Regres-
sion Estimation

3.1.1. Combined Spatial-and-Class Weighted Likelihood
Class-Weighted GWLR (CW-GWLR) combines the class weighting of WLR with the spatial
weighting of GWLR: ordinary GWLR still lets the majority class dominate each local likelihood,
whereas WLR assumes a spatially constant relationship. Each observation j therefore receives a
combined weight reflecting its proximity to location i and its class,

ωij = Cj wij(ui, vi), (27)

where Cj is the class weight from Eq. (4) and wij(ui, vi) is the spatial weight from Section 2.5.
Collecting the combined weights in Eq. (27) into Ωi = diag(ωi1, . . . , ωin), the local likelihood at
location i is formed, analogous to Eq. (5), by raising the contribution of each observation j to
the power of its combined weight ωij ,

L
(︁
β(ui, vi)

)︁
=

n∏︂
j=1

π
ωijyj

j (1 − πj)ωij(1−yj) , (28)

with πj evaluated at β(ui, vi) as in Eq. (7). Taking the logarithm of Eq. (28) gives the local
weighted log-likelihood,

ℓi(β) =
n∑︂

j=1
ωij [yj ln(πj) + (1 − yj) ln(1 − πj)] . (29)

Differentiating Eq. (29) with respect to βk, exactly as in the derivation of Eq. (6), gives the
ordinary local score function,

∂ℓi

∂βk
=

n∑︂
j=1

ωijxjk(yj − πj), k = 0, 1, . . . , p, (30)
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and setting Eq. (30) to zero for every k gives the local likelihood equations,
n∑︂

j=1
ωijxjk(yj − πj) = 0, k = 0, 1, . . . , p. (31)

The p + 1 equations in Eq. (31) can be written in matrix form as
qi = XT Ωi(y − π) = 0, (32)

and the Hessian of ℓi is
∇2ℓi(β) = −XT ΩiVX, V = diag [πj(1 − πj)] , (33)

Combining the score in Eq. (32) with the Hessian in Eq. (33) in a Newton–Raphson step gives
the ordinary IRLS update

β(m+1)(ui, vi) = β(m)(ui, vi) +
[︂
XT ΩiV(m)X

]︂−1
XT Ωi

(︂
y − π(m)

)︂
. (34)

Eq. (34) defines the unpenalized CW-GWLR estimator, to which Firth’s penalty is added below.

3.1.2. Penalized Log-Likelihood and Score Function
Because each local subsample is weighted by both distance and class, the effective number of
minority-class observations, neff,i = ∑︁

j ωijyj , can be very small. If the local predictors then
(nearly) separate the weighted classes, the ordinary MLE solving Eq. (30) diverges, ∥β(ui, vi)∥ →
∞ [19]. Firth [20] showed that this non-existence and the finite-sample bias of the MLE are
removed by adding one half the log-determinant of the Fisher information to the log-likelihood,
equivalent to a Jeffreys prior on β.

Applying this penalty to Eq. (29) gives the Firth Penalized CW-GWLR log-likelihood at
location (ui, vi),

ℓ∗
i (β) = ℓi(β) + 1

2 ln |Ii(β)| , (35)

where Ii(β) = XT ΩiV(β)X is the combined spatial-and-class-weighted Fisher information
matrix, whose diagonal weight ωijπj(1 − πj) combines the spatial weight, the class weight, and
the Bernoulli variance. Differentiating Eq. (35) with respect to βk gives

∂ℓ∗
i

∂βk
= ∂ℓi

∂βk
+ 1

2 tr
[︃
Ii(β)−1 ∂Ii(β)

∂βk

]︃
, (36)

where the first term is the ordinary score in Eq. (30). Since ∂πj(1−πj)/∂βk = xjkπj(1−πj)(1−2πj)
for the logistic link,

∂Ii(β)
∂βk

= XT diag [ωijxjkπj(1 − πj)(1 − 2πj)] X. (37)

Substituting Eq. (37) into Eq. (36) and writing vj = πj(1 − πj), the trace term becomes∑︁
j xjkhij(1

2 − πj), where
hij = ωij vj xT

j

(︂
XT ΩiVX

)︂−1
xj (38)

is the weighted leverage, i.e., the j-th diagonal element of Hi = Ω1/2
i V1/2X

(︁
XT ΩiVX

)︁−1 XT V1/2Ω1/2
i .

The penalized score function is therefore

U∗
k (β) =

n∑︂
j=1

xjk

[︂
ωij(yj − πj) + hij

(︂
1
2 − πj

)︂]︂
, k = 0, 1, . . . , p, (39)

in which the combined weight enters the data term explicitly and the penalty term only through
hij , so it is not applied twice. Because Eq. (39) involves no division by ωij , zero weights are
handled directly: if ωij = 0, then hij = 0 by Eq. (38), and observation j contributes nothing to
the log-likelihood, the information matrix, or the penalized score, which is equivalent to excluding
it from the local sample. The penalty term pulls the fitted probabilities towards 1

2 in proportion
to hij , which keeps the local coefficients finite when the weighted sub-sample is (quasi-)separated.
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3.1.3. Estimation Algorithm and Local Significance Testing
Setting U∗(β) = 0 and solving by Fisher scoring, using the combined-weighted information
matrix as the working Hessian, gives the update

β(t+1)(ui, vi) = β(t)(ui, vi)+λt

[︂
XT ΩiV(t)X

]︂−1
XT

{︂
Ωi

(︂
y − π(t)

)︂
+ h(t)

i ⊙
(︂

1
21 − π(t)

)︂}︂
, (40)

where ⊙ is the element-wise product, h(t)
i is the vector of weighted leverages hij evaluated at

β(t), and the step length λt ∈ {1, 1
2 , 1

4 , . . . } is halved until the penalized log-likelihood does not
decrease. Because Eq. (40) uses hij directly, no division by ωij is required. Eq. (40) is solved
independently at every location, and an estimate is accepted only when the maximum absolute
penalized score satisfies maxk |U∗

k | < 10−6.
Local significance is assessed using the Wald statistic in Eq. (41),

Zk(ui, vi) = β̂k(ui, vi)
SE

(︂
β̂k(ui, vi)

)︂ , (41)

where SE
(︂
β̂k(ui, vi)

)︂
is obtained from the square root of the diagonal of

[︂
XT ΩiV(β̂)X

]︂−1

at convergence, and H0 : βk(ui, vi) = 0 is rejected at level α when the statistic in Eq. (41)
satisfies |Zk(ui, vi)| > Zα/2. For each coefficient, the 22 local p-values are adjusted using the
Benjamini–Hochberg false discovery rate procedure [31].

3.2. Descriptive Statistics
The dataset covers 22 regencies/cities in NTT, of which only 4 (Sikka, Ende, Ngada, and
Manggarai) are classified as food secure (Y = 1) and the remaining 18 as food insecure (Y = 0).
Figure 1 shows the resulting class distribution.

Fig. 1: Spatial Distribution of Observed Food Security Status Across NTT Regencies/Cities

Substituting Nmaj = 18 and Nmin = 4 into Eq. (20) gives Eq. (42),

IR = Nmaj

Nmin
= 18

4 = 4.5, (42)
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which confirms severe imbalance, with food-insecure regencies/cities outnumbering food-secure
ones by a factor of 4.5. Table 3 summarizes the predictors.

Table 3: Descriptive Statistics of the Predictors (n = 22)

Variable Min. Q1 Median Mean Q3 Max. SD

X1 1.24 2.07 2.61 3.05 3.35 8.61 1.75
X2 6.72 38.36 43.25 44.19 52.82 72.64 12.85
X3 51 112.75 159.00 154.73 192.25 276 66.17

Kota Kupang is an outlier on two predictors, with the highest unemployment rate (8.61%) and
the lowest agricultural share (6.72%), whereas Manggarai Timur has the lowest unemployment
rate (1.24%) and the highest agricultural share (72.64%). The food-secure regencies have, on
average, more markets than the food-insecure ones (mean 221.5 vs. 139.9) and slightly lower
unemployment (2.43% vs. 3.18%) and agricultural shares (41.6% vs. 44.8%).

3.3. Multicollinearity Test
The VIF for each predictor is reported in Table 4.

Table 4: Variance Inflation Factors

X1 X2 X3

VIF 2.0274 1.1169 1.8909

All VIF values are well below the conventional threshold of 10 [26], indicating no serious
multicollinearity, so all three predictors are retained.

3.4. Spatial Heterogeneity and Spatial Autocorrelation Tests
Table 5 reports the studentized Breusch–Pagan test on the residuals of the linear regression of Y
on X1–X3 and Moran’s I of the Pearson residuals of the global logistic regression (GLR) with a
k-nearest-neighbour weight matrix (k = 4) (Sections 2.5.2–2.5.3).

Table 5: Spatial Heterogeneity and Spatial Autocorrelation Tests

Test Statistic p-value

Breusch–Pagan BP = 8.4555 0.0375

Moran’s I (KNN, k = 4) I = 0.2025
Z = 2.2442 0.0248

Table 5 shows that the Breusch–Pagan test rejects homoscedasticity (BP = 8.4555, p =
0.0375), although for a binary response non-constant variance is expected even when the
coefficients are constant, so this result is only supporting evidence. The GLR residuals are
positively autocorrelated (I = 0.2025; p = 0.0248): neighbouring regencies tend to have residuals
of the same sign, in line with the Flores cluster of food-secure regencies in Figure 1. Taken
together, these tests motivate examining local models; they do not establish that the regression
coefficients themselves vary significantly across regencies.

3.5. Kernel and Bandwidth Selection
Three adaptive kernels were compared using AICc on the UTM-projected coordinates; results
are shown in Table 6.
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Table 6: Comparison of Adaptive Kernels for GWLR

Kernel Bandwidth k∗ AICc

Adaptive Gaussian 21 21.1697
Adaptive Tricube 21 21.2927
Adaptive Bisquare 21 22.6561

The adaptive Gaussian kernel with k = 21 had the lowest AICc (Table 6) and was used for
all local models. A bandwidth of k = 21 means that each location uses its 21 nearest neighbours,
including itself; because the Gaussian kernel is untruncated, all 22 observations still receive a
positive weight that decreases with distance. In each LOOCV fold (n = 21), the bandwidth was
reselected by AICc from the training data, giving k = 20, whereas the kernel type was kept fixed
at the adaptive Gaussian kernel selected on the full data (Section 2.9). The adaptive kernel is
compatible with Firth CW-GWLR because the estimator only requires a non-negative weight
ωij = Cjwij for each observation.

3.6. Convergence and Numerical Verification
All four models converged at all 22 locations on the full data, requiring 7 iterations for GWLR
and CW-GWLR, 15–18 for Firth-GWLR, and 27–167 for Firth CW-GWLR, and all produced
valid held-out predictions in the 22 LOOCV folds without any fallback. For Firth CW-GWLR,
the maximum absolute penalized score over the 22 local fits was 9.89 × 10−7, below the tolerance
of 10−6. Because convergence alone does not verify that an estimator is implemented correctly,
the estimates were also reproduced by an independent implementation of Eq. (40), which gave the
same local coefficients (maximum absolute difference 1.5 × 10−6) and the same LOOCV predicted
probabilities (maximum absolute difference 1.3 × 10−8). In the fold that holds out Ngada, the
unpenalized GWLR and CW-GWLR met the convergence criterion, but their local coefficients
were very large (|β̂| ≈ 103), indicating quasi-complete separation, whereas the Firth-penalized
models remained finite in every fold (|β̂| ≤ 4.0).

3.7. Comparison of Local Coefficients Across Models
To examine how class weighting and Firth penalization affect the local estimates, the local
coefficients of GWLR, CW-GWLR, Firth-GWLR, and Firth CW-GWLR were summarized across
the 22 locations using their mean, minimum, maximum, and standard deviation (Table 7).

Table 7: Summary of Local Coefficients Across the Four Models (Full Data, 22 Locations)

Model Term Mean Min. Max. SD

GWLR Intercept −0.5080 −0.8329 0.0174 0.2260
X1 −1.5666 −1.6779 −1.4313 0.0842
X2 −0.0940 −0.0994 −0.0882 0.0042
X3 0.0392 0.0372 0.0411 0.0016

CW-GWLR Intercept −1.7025 −2.4082 −0.7374 0.6065
X1 −1.4742 −1.5596 −1.3880 0.0737
X2 −0.0945 −0.1045 −0.0828 0.0095
X3 0.0529 0.0442 0.0611 0.0073

Firth-GWLR Intercept 0.8542 0.6982 0.9746 0.1166
X1 −0.3564 −0.3914 −0.3185 0.0304
X2 −0.0873 −0.0909 −0.0835 0.0032
X3 0.0167 0.0151 0.0183 0.0014

Firth CW-GWLR Intercept 1.2472 0.6686 1.7316 0.3495
X1 −0.5837 −0.7241 −0.4802 0.0994
X2 −0.0866 −0.0946 −0.0807 0.0038
X3 0.0235 0.0200 0.0280 0.0033
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Table 7 compares the four estimators. The SDs of the local coefficients (0.0994, 0.0038, and
0.0033 for X1–X3 under Firth CW-GWLR) depend on the units of the predictors and should
not be compared directly across predictors. Firth penalization shrinks the slopes towards zero
relative to the corresponding unpenalized models (for example, the mean X1 coefficient is −0.356
under Firth-GWLR compared with −1.567 under GWLR), as expected of a Jeffreys-prior penalty
with only four events [20, 22]. Smaller coefficients are not necessarily more accurate or less
biased; the benefit of the penalty has to be judged by out-of-sample performance (Section 3.9),
not by coefficient magnitude.

Fig. 2: Spatial Distribution of the Local Coefficients of Firth CW-GWLR: (a) Intercept, (b) Open
Unemployment Rate (X1), (c) Agricultural-Sector Workers (X2), and (d) Number of Markets (X3)

The local coefficients of Firth CW-GWLR, the proposed model (Figure 2), keep the same sign
at all 22 locations but vary smoothly from west to east. The X1 coefficient is negative everywhere
(−0.7241 to −0.4802); it is most negative in western and central Flores (Ngada, Manggarai Timur,
Nagekeo, and Manggarai) and least negative on Timor and Rote (Malaka, Rote Ndao, and Belu).
The X2 coefficient is also negative everywhere (−0.0946 to −0.0807), most strongly in Sabu
Raijua, Sikka, and Sumba Barat Daya and least strongly in western Flores. The X3 coefficient is
positive everywhere (0.0200 to 0.0280), largest in western Flores and smallest on Timor and Rote.
The intercept ranges from 0.6686 (Manggarai Timur) to 1.7316 (Sabu Raijua). Thus, higher
unemployment and a larger share of agricultural workers are associated with lower odds of food
security, whereas more markets are associated with higher odds, with the strongest associations
for X1 and X3 in western Flores. However, none of these local coefficients remains significant
after the Benjamini–Hochberg adjustment (Section 3.1.3), so the patterns are descriptive.

3.8. Out-of-Sample Assessment of Spatially Varying Effects
Because the classical F -test of Leung et al. [32] has no established extension to a class-weighted,
Firth-penalized local likelihood, an out-of-sample comparison is used instead. For each term k, a
mixed model is fitted in which βk is fixed at a global value γ̂k (entered as an offset) while the
other coefficients remain local. In each LOOCV fold, γ̂k is estimated from the training data only
by a global Firth class-weighted logistic regression, and the mixed model is compared with the
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fully local Firth CW-GWLR on the LOOCV Brier score in Eq. (25), with the kernel type fixed
at the full-data choice as in Section 2.9. A positive difference (mixed minus fully local) indicates
that allowing βk to vary improves out-of-sample prediction.

Table 8: Out-of-Sample Comparison of Mixed and Full Local Firth CW-GWLR (LOOCV Brier Score)

Variable γ̄k Brier (Mixed) Brier (Full Local) Difference

Intercept 0.2480 0.1881 0.1820 +0.0061
X1 −0.6807 0.1858 0.1820 +0.0038
X2 −0.0789 0.1872 0.1820 +0.0052
X3 0.0279 0.1897 0.1820 +0.0077

The fully local model has a lower Brier score than all four mixed specifications, so allowing
each coefficient to vary gives slightly better out-of-sample predictions than fixing it at a global
value. The differences are small (0.0038–0.0077), and γ̄k is the average of the 22 training-fold
estimates rather than a pooled full-data coefficient. With n = 22 and only four food-secure
regencies, this comparison is descriptive evidence consistent with some spatial variation, not a
formal test that the coefficients vary significantly across regencies.

3.9. Classification Performance
To separate the contributions of class weighting and Firth’s penalty, GWLR, CW-GWLR, Firth-
GWLR, and Firth CW-GWLR were compared by LOOCV. In every fold, the bandwidth, class
weights, and coefficients were recomputed from the training data only, and a held-out regency/city
was classified as food secure when p̂i ≥ 0.5. Because the kernel type was selected once on the
full data, the results in Table 9 are conditional on that choice (Section 2.9). Table 9 reports the
results.

Table 9: LOOCV Performance Comparison of the Four Models
Model TP TN FP FN Precision Recall Specificity F1 G-mean Bal. Acc.

GWLR 2 16 2 2 0.5000 0.5000 0.8889 0.5000 0.6667 0.6944
CW-GWLR 3 14 4 1 0.4286 0.7500 0.7778 0.5455 0.7638 0.7639
Firth-GWLR 1 17 1 3 0.5000 0.2500 0.9444 0.3333 0.4859 0.5972
Firth CW-GWLR 3 13 5 1 0.3750 0.7500 0.7222 0.5000 0.7360 0.7361

No model is best on all criteria. Class weighting raises recall from 0.50 (GWLR) to 0.75
(CW-GWLR) and from 0.25 (Firth-GWLR) to 0.75 (Firth CW-GWLR), but lowers specificity;
CW-GWLR achieves the highest balanced accuracy (0.7639), F1 (0.5455), and G-mean (0.7638).
Firth-GWLR has the highest specificity (0.9444) but the lowest recall (0.25). Firth CW-GWLR
identifies three of the four food-secure regencies (recall 0.75), but it misclassifies five food-insecure
regencies (Timor Tengah Selatan, Timor Tengah Utara, Alor, Lembata, and Flores Timur) as
food secure. Since Y = 1 denotes food security, these false positives are the more consequential
error for policy, because food-insecure regencies could be omitted from intervention. With only
four food-secure regencies, a single misclassification changes recall by 0.25, so these differences
are indicative rather than conclusive.

4. Conclusion
This study applied Firth Penalized CW-GWLR, which combines geographically weighted esti-
mation, class weighting, and Firth penalization, to classify the food security status of the 22
regencies/cities of NTT based on the 2025 IKP. All four local models converged, and the Firth
penalty kept the local estimates finite in a LOOCV fold where the unpenalized models showed
quasi-complete separation. Under LOOCV, which is conditional on the full-data kernel choice, no
model was best on all criteria: CW-GWLR achieved the highest balanced accuracy (0.7639) and
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F1 (0.5455), Firth-GWLR the highest specificity (0.9444), and Firth CW-GWLR identified three
of the four food-secure regencies (recall 0.7500) but misclassified five food-insecure regencies as
food secure. The fully local Firth CW-GWLR had a slightly lower Brier score than each mixed
specification (0.1820 against 0.1858–0.1897), which is descriptive rather than formal evidence
of spatial variation. These findings are limited by the small sample (n = 22, with only four
food-secure regencies), the binary collapse of the six-category IKP, the full-data kernel selection,
which may make the LOOCV results slightly optimistic, and the absence of a formal test of
spatial nonstationarity for penalized weighted local likelihoods. Future work should extend the
approach to an ordinal response that preserves the six IKP categories, apply it to larger samples
or multiple years, perform the kernel selection within each cross-validation fold, and develop a
formal test of nonstationarity for this class of models.
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