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Abstract

Poor nutritional status, particularly stunting, increases susceptibility to tuberculosis (TB)
infection, while TB can further worsen nutritional status and contribute to the progression of
stunting, indicating a bidirectional relationship between TB and nutritional status. Among
mathematical epidemiological studies on TB and stunting, none has simultaneously integrated
a population of children, the progression of stunting from moderate to severe, and an
environmental disease reservoir within a single model. Therefore, this study aims to develop
a mathematical epidemiological model that integrates these three aspects, conduct dynamical
and stability analyses, perform sensitivity analysis, and conduct numerical simulations
to illustrate the dynamics. Two equilibrium points are obtained, namely the disease-free
equilibrium (DFE) and the endemic equilibrium (EE), along with the basic reproduction
number Ry. The Jacobian matrix is used to establish the local stability of the DFE when
Ro < 1, while the Center Manifold Theorem shows that the model undergoes a forward
bifurcation at Ry = 1, indicating a threshold between the disease-free state and TB persistence,
with the EE being locally asymptotically stable for Ry > 1 sufficiently close to 1. Global
sensitivity analysis using the Latin Hypercube Sampling—Partial Rank Correlation Coefficient
(LHS-PRCC) method identifies (up — 7p), B, ¢, e, and ¢ as the most influential parameters
on Rg. Numerical simulations show that reducing e or increasing ¢ and 7 can decrease
the infected population, suggesting that limiting TB exposure, improving ventilation, and
promoting early diagnosis and effective treatment may help reduce TB transmission.
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1. Introduction

Tuberculosis (TB) is an infectious disease caused by Mycobacterium tuberculosis (Mtb) and
is transmitted via inhalation of droplet nuclei generated by individuals with active TB [1].
Approximately 10.7 million people developed TB worldwide in 2024, and an estimated 1.23
million died from the disease [2]. Although studies have examined the spectrum of TB infection
[3, 4], the classical approach generally classifies TB infection into latent TB and active TB

*Corresponding author. E-mail: ranti20004@mail.unpad.ac.id

Received: September 9, 2026 Revised: November 3, 2026 Accepted: November 15, 2026
DOI: https://doi.org/10.18860/cauchy.v11i2.46004


https://ejournal.uin-malang.ac.id/index.php/Math
https://creativecommons.org/licenses/by-sa/4.0
mailto:ranti20004@mail.unpad.ac.id
https://doi.org/10.18860/cauchy.v11i2.46004

Dynamic Analysis of Tuberculosis and Stunting in Children

[4]. TB in children is often difficult to diagnose due to its paucibacillary nature and atypical
clinical manifestations [5, 6]. Infection risk is influenced by factors such as cigarette smoke,
indoor air pollution, and malnutrition [7]. Poor ventilation increases airborne droplet nuclei
concentrations [1], while household contact with TB patients increases children’s infection risk
6.2-fold [8]. Studies have reported that Mtb can remain viable in environments for months to
years [9], with high concentrations detected in environments occupied by TB patients [10-12].

Stunting is a form of chronic undernutrition characterized by low height-for-age, affecting
approximately 149 million children worldwide in 2022 [13]. The global prevalence among children
under five was estimated at 22% in 2020 [14]. Based on the Height-for-Age Z-score (HAZ), stunting
is classified as moderate (—3 < HAZ < —2 SD) or severe (HAZ < —3 SD) [15]. Longitudinal
studies in India and Nairobi have documented progression from moderate to severe stunting
[16, 17], with 23% of children experienced this progression in Nairobi [17]. Since nutritional
deficiencies can begin early in life, the first 1,000 days are critical for physical and mental
development [18]. Furthermore, stunting can hinder physical growth and brain development [14]
and impair immune function, increase susceptibility to infections including TB [19]

Poor nutritional status can increase the risk of TB by two to three times due to impaired
immune function [19-21] and may also increase the risk of mortality [22]. Conversely, TB infection
can further worsen nutritional status through inflammatory responses, increased metabolic
demands, decreased appetite, and impaired nutrient absorption, creating a bidirectional cycle
between the two conditions [19, 23]. If this deterioration in nutritional status persists chronically,
it may further aggravate existing stunting or hinder nutritional recovery in children [14, 17, 24].

Some mathematical models have incorporated nutritional factors, particularly focusing on
stunting in children [25], while others have considered TB-related factors such as co-infections
with malaria and HIV/AIDS [26], mask use [27], education [28], or an environmental TB reservoir
[29]. Amelia et al. [30] also incorporated stunting into a TB model, but considered the general
population rather than children, who are vulnerable to the combined effects of TB and stunting
[19, 21, 23, 24]. Although existing studies have addressed nutritional factors and environmental
reservoirs, the progression from moderate to severe stunting has not been incorporated into a
model of TB in children. This gap is important because TB and poor nutritional status can
adversely affect each other [19, 21, 24]. Therefore, a model incorporating stunting severity
progression is needed to represent the interaction between TB and nutritional status in children.

To address this limitation, this study develops a mathematical model of TB in children
that incorporates nutritional status, progression from moderate to severe stunting, and an
environmental reservoir. This framework provides a more integrated representation by conducting
a comprehensive dynamical analysis, sensitivity analysis, and numerical simulations to investigate
the effects of these factors on TB transmission in children.

The remainder of this paper is organized as follows: (1) Introduction; (2) Methods; (3) Model
Formulation; (4) Dynamical Analysis; (5) Numerical Simulations; (6) Sensitivity Analysis and
Parameter Variation; and (7) Conclusion and Discussion.

2. Methods

This study uses a mathematical model of TB in children while accounting for progression from
moderate to severe stunting. The research procedures are as follows: (1) formulating the model
based on assumptions, a schematic diagram, and parameter values; (2) determining the disease-
free equilibrium (DFE), endemic equilibrium (EE), and basic reproduction number using the
Neat Generation Matrix (NGM) method; (3) analyzing the local stability of the DFE using
Jacobian eigenvalues and investigating bifurcation behavior and EE stability using the Center
Manifold Theorem; (4) performing numerical simulations to illustrate population dynamics
and validate the analytical results; and (5) conducting global sensitivity analysis using Latin
Hypercube Sampling—Partial Rank Correlation Coefficient (LHS-PRCC) to identify influential
parameters and assess how uncertainty in parameter values affects the system dynamics.
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3. Model Formulation

This study employs an SEIR model to describe the dynamics of TB in children, with compartments
representing susceptible (5), latent TB (E), active TB (I), and recovered (R). Nutritional status
is also classified as normal (indexed by N), moderate stunting (indexed by M), or severe stunting
(indexed by S). An environmental reservoir of viable Mtb (B) is also incorporated. Thus, the
model consists of eleven compartments: Sy, En, In, Ry, Sy, Ear, Iy, Rar, Is, Rg, and B.

The model considers children aged 0-60 months (0-5 years), during which nutritional status
may still change [17, 31, 32]. Children enter the model at a birth rate of 7, with proportions p
and 1 — p born with normal nutritional status and moderate stunting, respectively, based on a
report that 13% of children experienced stunting at birth [33]. The birth rate 7 is estimated
using the Crude Birth Rate (CBR) [34]. The estimated annual number of births in Indonesia is
scaled to the model population based on the ratio of its initial size to the national population.

The population of children is assumed to be closed, with individuals leaving the population
upon reaching 60 months of age or through natural mortality, at rates p, and pq, respectively.
Assuming an average residence time of five years, the aging-out rate u, is calculated as the
reciprocal of this duration. The natural mortality rate p4 is estimated from the under-five
mortality rate (USMR) [34], assuming a constant mortality hazard over the five-year period
and converting the reported rate into an annual rate based on the corresponding survival
probability. To simplify the analytical analysis, these two rates are combined into a single exit
rate, U = g + Uq-

Children with normal nutritional status may progress to moderate stunting at rate w,
while children with moderate stunting may recover at rate n. Both rates are assumed, with
w > 1, reflecting the assumption that nutritional deterioration occurs faster than recovery. For
simplicity, nutritional transitions are restricted to children who have not been infected with
TB. TB transmission is characterized by the force of infection, £ = Cf%,
assumed due to limited empirical data. The force of infection is £ for children with normal
nutritional status and ¢ for those with moderate stunting, where ¢ > 1 reflecting their increased
susceptibility to TB [20, 21, 24]. Latent TB infection is assumed to be non-transmissible.

Progression from latent to active TB occurs at rates oy and Taps in children with normal
nutritional status and moderate stunting, respectively. These rates are estimated from the
age-specific risks of progression from latent to active TB as reported by Arregui et al. [35]. The
reported cumulative progression probabilities are converted into continuous transition rates and
averaged across age groups to obtain estimates for children aged 0-5 years. Due to limited data
stratified by nutritional status, equal baseline rates are assumed. The multiplier 7 > 1 accounts
for the increased risk of TB progression in children with moderate stunting [20].

Severe stunting is assumed to develop in children with moderate stunting and active TB at
rate §. This transition represents the potential worsening of nutritional status due to TB, which
may exacerbate nutritional deterioration [19-21]. This simplifying assumption does not imply
that severe stunting develops exclusively in children with active TB, excluding other progression
pathways is a limitation of the model. The value of ¢ is adopted from Oduro et al. [17], based on
the estimated baseline transition intensity from moderate to severe stunting without covariates,
and converted from months™! to years™!. For simplicity, children who recover from TB are
assumed to remain in their respective nutritional status throughout the modeling period.

TB-related mortality occurs at rates d, eprd, and egd in children with normal nutritional
status, moderate stunting, and severe stunting, respectively. The factors €); and g are introduced
as risk multipliers to account for increased mortality associated with poorer nutritional status
[36, 37], with eg > epr > 1. TB recovery occurs at rates vy, oapyar, and ogvyg in the respective
nutritional statuses, with the same baseline recovery rates assumed [38]. The factors oj; and
og account for potentially lower recovery rates among children with poorer nutritional status
[36], with 0 < opr < 1. For simplicity, permanent immunity following TB recovery is assumed,
and reinfection is excluded from the model. This assumption is adopted to simplify the model

where e and ¢ are
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structure and does not imply that recovered children are biologically immune to reinfection.

The compartment B represents viable Mtb in the environmental reservoir that may contribute
to TB transmission. Children with active TB contribute to this reservoir through bacterial
shedding at rate 8. Given that children have a lower capacity to generate infectious aerosols
than adults [39], their contribution is assumed to be relatively small. The reservoir dynamics are
represented by the difference between the bacterial growth rate and the rate of loss of viability,
following the approach of Codeco [40]. The net rate, up — 7, is assumed due to limited empirical
data on the dynamics of viable Mtb in the environmental reservoir and represents a modeling
assumption rather than a direct empirical estimate. Furthermore, g > 7 is imposed to ensure a
positive net bacterial loss rate, preventing unbounded reservoir growth in the absence of bacterial
input from infected individuals. The schematic diagram is presented in Fig. 1.

Susceptible arent Active Recovered
R B TB TB

Severe Stunting

|7 || .= |

Moderate Stunting

&,

Normal
Nutritional Status

Fig. 1: Schematic diagram of the mathematical model of TB in children considering the progression of
stunting from moderate to severe

Based on the schematic diagram in Fig. 1, the system is formulated as follows:

ds
Tf =pr+ 1Sy — (w+ &+ p)Sn,
dFE
—r = €5y — (aw + wEy,
dl
dfé\f =anEn — (W +p+d)In,
dRpy
O vy — uR
ds
— = (L= p)mHwSy — 1+ 0E + p)Sur,
dE
TtM = ¢§Sm — (Tan + p)Enr, (1)
dl
dii” =tapmEr — (ovym + 0+ o+ epd) g,
dR
TtM = omymIn — pR,
dl
d—ts = Iy — (0575 + 1 +esd)Ig,
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dRg
ans Teo —
7 = 0sVsls uRs,
dB
o BUn + Iy + Is) — (B — 7B)B.
eB

The force of infection § = 75 represents saturation in TB exposure from the environmental
reservoir. The total exit rate from each compartment is defined as u = ug + pq. The variables
and parameters, along with their descriptions, units, values, and sources, are presented in Table 1.
Unless otherwise specified, all rates in Table 1 refer to the population of children. This is omitted
from the parameter descriptions for brevity.

Table 1: Variables and parameters of the system (1)

Parameter Description Unit Value Source
7T Recruitment rate child /year 1377 [(;;chulated based on
D Proportion born without stunting - 0.87 [33]
L Natural mortality rate year ! 0.0033 [ngjﬁculated based on
La Aging-out rate year ! 0.2 Calculated
PR Net' loss rate of Vlable'Mtb in the vear—1 0121  Assumed
environmental reservoir
w Progression rate to moderate stunting year~! 0.2 Assumed
n Progression rate to normal nutrition year ! 0.1 Assumed
6 Progression rate to severe stunting year—! 1.7628  [17]
é Force.—of—infection multiplier for moderate B 936 [21]
stunting
- TB activation rfite multiplier for B 1.96 [20]
moderate stunting
an o TB activation rates in normal nutrition car—L 0.318 Calculated based on
Ny S and moderate stunting Y ' [35]
TB recovery rates in normal nutrition, 1 .
INSIM TS o derate stunting, and severe stunting year 0.231 [38]
oar TB recovery multiplier for moderate B 0.8 Assumed
stunting
s TB recovery multiplier for severe B 0.6 Assumed
stunting
d TB-induced mortality rate year~! 0.389  [38]
car TB mprtahty rate multiplier in moderate B 999 136]
stunting
cq TB n}ortality rate multiplier in severe B 999 136]
stunting
Rate of bacterial contribution to cell/(child
b reservoir with active TB X year) 0-1 Assumed
Half-saturation constant of Mtb
c concentration in the environmental cell 2500 Assumed
reservoir
Contribution rate of active TB
e individuals to the environmental Mtb year—! 0.7 Assumed
concentration

Since System (1) represents both the population of children and the environmental bacterial
population, it is necessary to show that all solution variables remain nonnegative.

Lemma 1. Let x(0) > 0, where

X(t) = (a:l(t), xg(t), coo ,xn(t))T. (2)
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Then, the solutions x(t) remain nonnegative for all t > 0.

Proof. Consider the last equation of System (1). Since S(In(t) + In(t) + Ig(t)) > 0, it
follows that: 4B(1)
—g 2 (B —mB)B().

With the assumption up > 7p, by integrating and substituting initial condition, we obtain:

B(t) = B(0) exp[—(up — 7B)t] = 0. (3)

Thus, B(t) > 0 for t > 0. Since e > 0, ¢ > 0, and B(t) > 0, it follows that { = CiBB > 0.
Using the same approach, it can be shown that:

Sx(t) 2 Sx@ exp |- [ (w+e+mat] 20
En(t) > En(0) exp[—(an + p)t] > 0,
In(t) > In(0) exp[—(yv + p+ d)t] > 0,
Ry(t) = Rn(0) exp[—pt] = 0,
Su(t) 2 Su©)exp [ [ +06 -+ wae] >0, @
En(t) > En(0) exp[—(Tan + p)t] > 0,
In(t) > Ing(0) exp[—(onyar + 6 + p+epd)t] > 0,
Ry (t) = R (0) exp[—pt] > 0,
Is(t) > Is(0) exp[—(osvs + pu + esd)t] > 0,
Rgs(t) > Rg(0) exp[—put] > 0.

Since all initial conditions are nonnegative, all terms on the right-hand sides of Eq. (3)—
Eq. (4) are nonnegative. Therefore, all solutions of System (1) remain nonnegative for every
t > 0. This ensures that all state variables remain biologically meaningful. O

Next, we establish a positively invariant region to ensure that the model solutions remain
biologically meaningful and bounded for all ¢ > 0. Let N¢(t) denote the total population of
children, given by N¢o(t) = Sy + En + In + Ry + Sy + Enr + Ing + Ry + Is + Rg, with xo(t)
denote the corresponding vector of children population compartments. The feasible regions for
the population of children and the environmental Mtb reservoir are denoted by A¢ and Ap,

respectively.

under the assumption up > mp.

NG (t)
dt

:W—uNc—d(IN—I—{-:MIM—{—aSI,g).

Since all compartments and parameters are nonnegative,

Lemma 2. The feasible region of System (1) is defined as A = Ag X Ap C RE, where
Ac = {x¢ € R : No(t) < N9} and A = {B € Ry : B(t) <

is positively invariant, where NA** = max {N(;(O), %} and B™a* —=

B™ax1 - This region
max {B(O)

’ pB—TB }’

Proof. By summing all equations governing the population of children in System (1) yields:

that
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d(In +enmIpy +esls) > 0. Therefore:

dNg(t
C;()‘F,LLchﬂ’.

Using an integrating factor, we obtain:
Ne(t) < =+ (NC(O) - ”) e,
2 K

Thus, for t > 0, the total population of children satisfies the following bounds:

Ne(t) < max {NC(O), ﬂ} =: NG, lim sup N¢(t) <

1% t—o0

(5)

==

—~

Next, the viable Mtb in the environmental reservoir equation in System (1) equivalent to:

dfh@ + (15 — 75)B = B(Iy + It + Is).

Since In + Iy + Ig < NA* along from Eq. (5), it follows that:

dB(t
o) (up — )8 < BN

Under the assumption up > 7, applying an integrating factor gives:

B < 204 (B(0) - LX) enma
UB — TR KB —TB

Thus, for ¢t > 0, the viable Mtb in the environmental reservoir satisfies the following bounds:

NmaX NmaX
B(#) < max {B(O), 50} _ B limsup B(t) < 2N (6)
UB — TR t—o00 B — TR

On the boundaries No = N&** and B = B™*, the corresponding derivatives satisfy:

dN, dB
—C <m—pNE™ <0, — <ANE™ —(up—np5)B™™* <0.
dt dt
Hence, the solutions remain bounded and nonnegative for all ¢ > 0. Therefore, A = A¢c X Ap

is a positively invariant region of System (1). O

4. Dynamical Analysis

The System (1) has two equilibrium points, namely the DFE and EE. The DFE represents the
condition in which TB does not spread within the population and is obtained explicitly. The
EE represents the condition in which TB persists within the population, is obtained implicitly,
and depends on £*. The basic reproduction number Ry is derived using the NGM approach.
The local stability of the DFE is analyzed using Jacobian eigenvalues along with the theory of
Metzler matrices, while the bifurcation behavior and local stability of the EE near Ry = 1 are
investigated using the Center Manifold Theorem.

4.1. Disease-free equilibrium

The DFE is obtained by setting all derivatives in System (1) to zero. Thus, the DFE point,
denoted by XY, is given by:
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X0 = {S?V,EJ%,IJ%,RO .S, B9 19, RO ,Ig,RO,BO}
(7)

:{ m(pp + 1) ™ (p(1—p) +w)
p+p+w) 77 p(n+p+w)

The DFE point X° indicates that in the absence of TB infection, all infected compartments
and the environmental TB reservoir are zero, while the population is distributed only among the
susceptible compartments. Since all parameters are assumed to be positive and 0 < p < 1, all
components of X° are nonnegative. Therefore, X exists and belongs to the feasible region A.

,0,0,0,0,0,0}.

4.2. Basic reproduction number

The basic reproduction number, Ry, is derived using the NGM approach of van den Driess-
che and Watmough [41]. Following this approach, the infected subsystem, which comprises
En,In,En, Iy, Is, and B, as defined in System (1), is decomposed into the vector of new
infection rates F and the vector of net transition rates between infected compartments V. These
vectors can then be expressed as:

eB 0
[fEN] c+ BN
i i’ ]g
M| _ | 220 0o
F= fIM N C+BSM ’ (8)
f1s 0
L /B | 0
0
[VEy ] (an +p)EN
VI —anEn + (yw+p+d)ly
V— VEy _ (TCkM—I—/L)EM <9)
VI —TopEn + (omym + 90+ p+epd) I
Vrg —0Iy + (0575 + p+esd) s
| vB | —BIn+ In+ Is) + (up — 7B)B

The Jacobian matrices F' and V are obtained by evaluating the partial derivatives of 7 and V
from Eq. (8) and Eq. (9), with respect to the infected-state variables x = (En, In, Ear, Iy, Is, B)T
at the DFE X9, Substituting X° from Eq. (7) gives:

00000 Tt
cp(n + p+w)
00000 0
. 1—
Fo |9 o000 TP T (10)
925 | vo cpu(n + p+w)
00000 0
00000 0
00000 0
by 0 0 0 0 0
— QN bQ 0 0 0 0
ol | 0o o0 bs 0 0 0
V= laxj]XO - 0 0 —TO )N b4 0 0 (11)
0 0 0 -6 bs 0
L 0 -5 0 -8 —B pup—TmgB]
Ranti Rivani Aisyah 2747



Dynamic Analysis of Tuberculosis and Stunting in Children

where by = ay +p, bp = v +p+d, b3 = Tay + p, by = oyym + 0+ p+ eyd, and
bs = 05vs + 1 + egd. The basic reproduction number is defined as Rg = p(FVfl), where p
denotes the spectral radius. Evaluating F' and V at X yields:

_ Bem [anbsbabs (up + 1) + Tanbibad(osys + 6 + p+ e5d) (u(1 — p) + w)]

R
0 c(n + w4 w)brbabsbabs(up — 7RB)

, o (12)

Equation (12) expresses the basic reproduction number as the sum of two contributions, namely
those from children with normal nutritional status and those with moderate stunting. Thus, it
can be written as Rg = Ron + Roar, where:

Ron = ayfBer(up +n)
cu(n+p+w)(an +p)(yw +p+d)(up — 7B)’ 13)
Ronr — TayBend(osys + 6 4 pu+ esd)(u(l — p) + w)

cu(n + p+w)(Tan + p)(opym + 6+ p+end)(osys + p+esd)(pp — T8)
Since all parameters are positive and 0 < p < 1, it follows that Ry > 0. The basic reproduction
number serves as a threshold for determining the potential for TB to persist in the population.

Specifically, TB transmission tends to die out when Rg < 1, whereas TB may persist when
Ro > 1.

4.3. Local stability analysis of disease-free equilibrium

The local stability of the DFE is analyzed by examining the eigenvalues of the Jacobian matrix
evaluated at the DFE. Owing to the structure of the Jacobian matrix from System (1), five
eigenvalues are determined directly. The stability of the remaining eigenvalues is then investigated
using the theory of Metzler matrices, following the approach by Kamgang and Sallet [42].

Theorem 1. The DFE, denoted by X°, is locally asymptotically stable in the feasible region
A if Rog < 1, and unstable if Rg > 1.

Proof. Evaluating the Jacobian matrix of System (1) at the DFE yields five eigenvalues
directly, namely:

AM234 = —L, As = —(n+p+w). (14)

Since u, 17, and w are positive, these five eigenvalues are strictly negative. The remaining
part of the Jacobian is associated with the compartments En, In, En, Iy, Is, and B. The
corresponding reduced Jacobian is

b 0 0 0 0 Zs?v
N —b2 0 0 0 0

~bg 0 0 %534

0 0
0 0

0O 0 0 & —bs O
o 58 0 B B  —b

where by, ..., bs are defined as in Eq. (11) and bg = pup — 7p. Since all off-diagonal entries of
J, are nonnegative, J, is a Metzler matrix. According to Proposition 3.1 in Kamgang and
Sallet [42], the matrix J, can be partitioned as:

A B
ol (10
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where A is a 5 x 5 matrix, B is a 5 x 1 matrix, C' is a 1 x 5 matrix, and D is a scalar. The
Metzler matrix J, is stable if and only if both A and its Schur complement D — CA~'B are
stable. Since A is lower triangular, its eigenvalues are A\¢ 789,10 = —b1, —b2, —b3, —bs, —bs.
Given that b; > 0 for i = 1,...,5, A is a stable Metzler matrix. Hence, it remains to
establish the Schur complement, D — CA~'B < 0. A direct calculation using the definition
of Ry from Eq. (12) yields:

D —CA™'B =bg(Ro —1).

With the assumption up > mp, yield bg > 0, and it follows that:
D-CA'B<0 +—= TRoy<l (17)

From Eq. (17) we can conclude that .J, is stable if and only if Rg < 1. Since the other five
eigenvalues of J are negative, as shown in Eq. (14), and the reduced Jacobian matrix J,
is stable when R < 1, all eigenvalues of the Jacobian matrix evaluated at the DFE have
negative real parts. Hence, the DFE is locally asymptotically stable in the feasible region A
if Ry < 1. Conversely, if Rg > 1, then D — CA~'B > 0, implying that J, and, consequently,
the DFE are unstable. Thus, Rg = 1 represents the threshold between the local stability of
the DFE for Ry < 1 and its instability for Ry > 1. O

4.4. Endemic equilibrium

The EE represents a state of persistent TB infection and is obtained by setting all derivatives in
System (1) to zero, with I, I3, 1%, B* > 0. The EE, denoted by X*, is given by:

X*={Sv, En,In, RN, Sy Engs Ing, Roy, 15, Rg, B} (18)
with
P _ m((£¢+ wp +n)
N (e ) (&bt )+ (&
B Em((€o+mp+n)
N7 (w+ e+ w)(€d+p) + (& +wn) (ay +p)’
7 an&* m ((§ ¢+ pu)p +1)
N7 (wt & +p)(Eo+p) + (€ +wn) (ay +m)(w +p+d)
R = wang T ((§7¢ + pp +n)
N (wH e+ o+ u)+ (€ +mn) (an +m)(yy + p+dp’
g _ m (& + )1 —p)+w)
M7 (w+ &+ p)(Ed+p)+ (& +pn’
o b7 (€ + p)(1L—p) +)
M7 (w+ & +p)(€o+p) + (€ + wn) (tay +p)’
. raré* (€ + (1~ p) + )
M7 (w+ &+ p)(€d+p) + (& + @) (tam + p)(omym + 90+ p+ epd)’
RY, = omymTam S (€ +p)(1 —p) +w)

C (wHEH (D4 p) + (€ + p)n) (Tan + p)(omym + 6 + p+ epd)p’

L Grawdem (€ +p)(1-p) +w)
(W& +p)(E o+ p) + (& + wn) (tanr + p)’
X (oMM + 0+ p+end)(osys + p + esd)
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pr_ _ 0YsTaNGE T (€ + p)(1—p) +w)
T (WA E W) (E S+ p) + (€ + ) (o +p)]
X (opym + 90+ p+epd)(osys + p+ egd) i

B — Eepln + p+w)
e((w+& + )&+ p) + (€ + )

. po I—p )}
« 1Ro+ & (R Y Roy———P
{ o+e ( Nup+n MU =p)

The EE point is determined implicitly since B* depends on &*, while £* is determined by B*

through the following relationship £* = ciBg*.

4.5. Existence analysis of the endemic equilibrium

In Eq. (18), since B* appears implicitly in the components of the EE, its value is determined by
substituting X™* into the definition of the force of infection, &£*, yielding the following polynomial
equation:

'3 (525*2 + 818" + So) =0, (19)
where
so = — [l —p)(up +n)(n + p+w)Rom + ppd(u(l — p) + w)(n + p + w)Ron
+ed(up +n)(p(1 — p) +w))],
s1= — p(up +n)(p(l —p) + w)(n+ p+w)Ro + pe(l — p)(up + n)(n + 1+ w)Rom

+eppd(u(l —p) +w)(n + p+ w)Ron — e(up +n)(1(1 — p) + w) [@(p +w) + 1+,
so = ep(up +n)(u(l —p) +w)(n + p+ w)(Ro — 1).

Since &* represents the force of infection, the root £&* = 0 from Eq. (19) corresponds to
the DFE. Hence, only roots satisfying &* > 0 are considered for the existence of biologically
meaningful EE points. The corresponding positive roots are obtained from:

325*2 + 518" + 590 = 0. (20)

From Eq. (19), the sign of sy depends on Ry. Moreover, sy < 0. Thus, the number of
biologically meaningful EE points can be determined by analyzing the positive roots of Eq. (20)
based on R¢ and the sign of s;.

Theorem 2. The existence and number of biologically meaningful EE points of System (1)
are determined by the positive real roots of Eq. (20). Specifically:

(i) If Ro < 1 and s1 > 0, System (1) may have one, two, or no biologically meaningful EE
points according to the sign of D, where D = s — 4sy50. The existence of biologically
meaningful EE points indicates the possibility of a backward bifurcation.

(ii) If Ro < 1 and s; < 0, System (1) has no biologically meaningful EE point.
(iii) If Ro =1 and s; > 0, System (1) has one biologically meaningful EE point.
(iv) If Ry > 1, System (1) has exactly one biologically meaningful EE point.

Proof. The nonzero roots of Eq. (20) are given by:

e —s1 =+ \/s% — 4895

N 282

Since &* > 0 is required for a root to be biologically meaningful, the signs of the roots are

Ranti Rivani Aisyah 2750



Dynamic Analysis of Tuberculosis and Stunting in Children

subsequently analyzed based on the value of Ry.

Case 1. If Ry < 1, then sy < 0. For s; > 0, the roots of Eq. (20) have a positive sum
and product. Thus, depending on discriminant D = s? — 45550, there are two
distinct positive roots if D > 0, one positive double root if D = 0, or no real
roots if D < 0. The positive real roots indicate the possibility of a backward
bifurcation. Conversely, if s; < 0, the roots have a nonpositive sum and a
positive product. Hence, no positive real roots exist.

Case 2. If Rg = 1, then sy = 0 and Eq. (20) becomes £*(s2£* + s1) = 0. One root is
&* = 0, while the nonzero root is given by:

* S1
et
Since sy < 0, the nonzero root is positive if s; > 0. Thus, one biologically
meaningful EE point exists only when s; > 0. No biologically meaningful EE
point exists if 51 < 0.
Case 3. If Rg > 1, then sg > 0. For s; > 0, Eq. (20) becomes s2*2 + s1£* + s9 = 0,
whereas for s; < 0, it becomes —s$26*2 — 516* 4+ 59 = 0. In both cases, the
polynomial has exactly one positive real root. Moreover, since

S0
§16 =— <0,
52

the two roots have opposite signs. Hence, there is exactly one biologically
meaningful EE point. O

4.6. Bifurcation analysis

The existence of EE points in the first case of Theorem 2 suggests possible backward bifurcation
for Ry < 1. To investigate this at Rg = 1, we apply the Center Manifold Theorem of Castillo-
Chavez and Song [43]. The bifurcation direction is determined by coefficients a and b, derived
from the system’s state-variable and bifurcation-parameter derivatives.

Theorem 3. The EFE point X* exists and is locally asymptotically stable for Ry > 1
sufficiently close to 1. Furthermore, System (1) exhibits a forward bifurcation at Ro = 1.

Proof. Let x be the state vector defined in Eq. (2). The parameter e is selected as the
bifurcation parameter. Setting Rg = 1 yields the critical value e = e*, given by:
" cp(n + p 4 w)bibobsbybs(up — 7B)

= b 21
© T Br[owbsbabs(up + 1) + Tonrdbiba(csys + 0 + i+ esd)(u(l — p) + w)] (1)

where by, ..., b5 are defined in Eq. (11). The Jacobian matrix of System (1) is evaluated
at the DFE with e = ¢*. The corresponding right eigenvector w associated with the zero
eigenvalue is then determined as follows:

w=[w ws ws wy ws we wy wg wy wip wu] , (22)

where
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e*m (nuo(l — )+nup+nw¢+u p+n* +np) Wi

o 12 (n + p+ w)?
ws = _ T (200 = p) & po(p + 6(1 —p) +¢) + w6+ mw) win
cu?(n+ p+ w)?
wo = @7 ws = 91041\/7 = glaN’YN7
by b1b2 b1bap
we = @7 wy = gaToM wa = G20MYMTOM
b3 b3by4 b3bap
wo = 9257041\4’ wio = g205Ys0TOM wiy >0,
b3b4bs5 b3babs
and
_e'm(pp + nwn _e'm(p(l = p) +w)dwn
T alirptw P T T amtptw)

Next, the corresponding left eigenvector v associated with the zero eigenvalue is given by:

vl = [v ve w3 vy U5 Vg Yy Vg Vg9 Vi V11), (23)
where
o — anpui e Bt o — TopB(bs + 0)v11
27 hiby T by 0 bsbibs
_ B(bs + d)vn1 _ P I
=—, vg = , v] =v4 = vs = vg = v10 = 0,
babs bs

v11 = v11 > 0.

To impose the normalization condition in the Center Manifold Theorem, the inner product
vl'w is evaluated, yielding a nonnegative term. Accordingly, the normalization constants
v11 and wq; are chosen such that vI'w = 1. The bifurcation coefficients a and b, calculated

from the second-order partial derivatives of f(x) evaluated at X? and e = e*, are given by:

0? “ 0?
a= Zl vszwj(?mg;j (XO7 e*) : b= ; VLW axl‘}:;e (XU’ e*) i (24)
7,7 i,k=1
k=

Using the nonzero components of v and w and the corresponding second-order partial
derivatives, the coefficient a in Eq. (24) simplifies to:

 2efmwh oy [ & (n19(L = p) +nup + s + Wt tnn) o pptn
2p p(n + p+ w)? n+p+w

+ vgh 6*(u2¢(1—p)+uw(p+¢>(1—p)+¢>)+w2¢+nw)+u(1—p)+w
‘ u(n + p+w)? ntut+w /|

(25)
Since all parameters are positive and 0 < p < 1, we have wi; > 0, va > 0, vg > 0,
e* > 0, implying positivity of all bracketed terms. Hence, the negative factor preceding the
expression implies that a < 0. Next, using the same approach, the coefficient b in Eq. (24)

simplifies to:
TWw11
b= ————— va(up+1n) +v6d((l —p) +w)|. 26
by [ )+ w61 —p) + )] (26)
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Since all parameters are positive and 0 < p < 1, we obtain wi; > 0, v > 0, vg > 0, ensuring
that all terms inside the brackets are positive. Hence, b > 0.

Since a < 0 and b > 0, the model exhibits a forward bifurcation at e = e*, where Rg = 1.
Consequently, a positive, locally asymptotically stable EE exists for Ry > 1 sufficiently
close to 1, whereas the DFE is locally asymptotically stable for Rg < 1. Thus, Rg = 1 is

the bifurcation threshold. The bifurcation diagram is shown in Fig. 2. O

1
0.16 - i
i
1
0.14 - :
1
1
0.12 - :
1
#* :
" 0.10 - :
I
0.08 - i
|
I
0.06 - i
I
]
0.04 - :
i
I
0.02 - :
i

0.00 - \ - —

0.0 0.5 1.0 15 2.0 2.5

Ro

Fig. 2: Bifurcation diagram of system (1)

In the context of the model of this study, the existence of an EE point when Ry > 1 indicates
that persistent TB transmission can maintain the presence of individuals with active TB, including
those with moderate stunting, thereby allowing progression toward severe stunting. Therefore,
the bifurcation analysis not only identifies the mathematical threshold for TB persistence but
also highlights the importance of maintaining transmission dynamics below this threshold to
limit TB persistence and its associated consequences for stunting severity among children.

5. Numerical Simulations

Numerical simulations of System (1) were performed over 0 < ¢ < 40 years with initial conditions
Sn(0) = Sp(0) = 1200, En(0) = Ep(0) = 1000, In(0) = Ip(0) = Ig(0) = 500, Ry (0) =
Ry (0) = Rg(0) = 300, and B(0) = 1000. Using the parameter values in Table 1, Eq. (7)
yields the DFE point X°, with S% = 3726.04 and S9, = 3047.21. From Eq. (12), we obtain
Ro = 1.552 > 1, with contributing proportions of Ron ~ 41.17%, and Roys ~ 58.83%. Thus,
moderate stunting contributes more to Rg. Since Ry > 1, TB has the potential to persist under
the considered parameter values.

Substituting the parameter values into Eq. (18) yields the EE point X*, given by S3 = 3045.09,
E3 =298.78, Iy, = 115.40, Ry, = 131.13, S}, = 1858.50, £y, = 271.41, Iy, = 56.12, R}, = 51.01,
I = 66.94, Rg = 45.64, and B* = 197.08. The population dynamics in Fig. 3 show that although
convergence is not achieved within the simulation period, the trajectories tend toward their
respective EE values. The conditions Rg > 1, £ > 0, and B* > 0 support the existence of a
biologically meaningful EE, whose local asymptotic stability near Ry = 1 is established by the
bifurcation analysis.

Figure 3(a) shows that S% > S},, indicating a larger susceptible population among children
with normal nutritional status. This occurs despite the higher rate of nutritional deterioration
than improvement (w > 1), possibly because of the higher proportion of children entering the
model with normal nutritional status, represented by p, compared with those entering with

Ranti Rivani Aisyah 2753



Dynamic Analysis of Tuberculosis and Stunting in Children

Sy i _____.|L--—— 1000 —
/"I/ | 900 4
3 2500 1 — Sn/ i T 13 — En
= [ T 800
S ' S
— 20001 | — 700
o o
= | | = 600
= 1500 1 ! ! e 2
o o 500 4
& &
1000 - 1 1 400 4 o — |
T —
| [ BN S S E——
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time ()year} Time (¥ear)
(a (b
T T T
500 | 1 350 "‘L\ ! —— Ry
5 | — In|| T 300 ™~ - - | —— Ru
= 4001 T T =
S — bk S 2501 | = Rs
S 300 I c
8 8 200{ -\ —
12 [
S 200 | - | i S 150 \
j= 3 | T (=1
9 —_— o
100 ! l
| [ S — — 50 1 —— —
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time (year) Time (year)
(c) (d)
T
1000 : Bl
= |
T 800 [ '
A |
=
o
© 600
=
(=1
&

400 A

Time (year)

(e)

Fig. 3: Dynamical simulations of system (1) based on the parameter values in Table 1 for (a) susceptible
(Sn and Sur), (b) latent TB (Ey and Eypy), (c) active TB (I, Ip, and Ig), (d) recovered (Ry, R, and
Rg), and (e) viable Mtb in environmental reservoir (B) compartments

moderate stunting, represented by 1 — p. Similarly, Figure 3(b) shows that EY, > E3},, although
the difference is smaller than that between the susceptible populations. This may reflect the
increased TB transmission risk among children with moderate stunting, represented by ¢.
Figure 3(c) shows that Iy, > Ig > I}, indicating that children with normal nutritional
status have the largest active TB population, consistent with E} > Ej},. Despite the increased
TB activation rate associated with 7 among children with moderate stunting, their active TB
population remains smaller than that of children with normal nutritional status. Meanwhile,
I > 0 reflects the progression from moderate to severe stunting at rate d, while I > I}, suggests
a substantial contribution from this transition, consistent with the relatively high value of ¢
used in the simulation. Figure 3(d) shows that R} > R}, > R§, with the largest recovered TB
population among children with normal nutritional status, consistent with their higher active
TB population. The condition R}, > Rg may be associated with the assumed relationship
os < op < 1, which implies lower effective recovery rates with increasing stunting severity.
Children leave all compartments at the rate yu = pg + g = 0.2033, accounting for natural
mortality and aging out. In addition, TB-induced mortality occurs at the baseline rate d and
is modified by the multipliers e); < €g. This difference may contribute to the higher recovered
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population among children with moderate stunting than severe stunting (R}, > R%), although
recovery dynamics are also influenced by the corresponding recovery rates and population inflows.
Figure 3(e) shows the persistence of viable Mtb in the environmental reservoir, consistent with
B* > 0, together with Rg > 1. Moreover, ugp — g = 0.121 > 0 satisfies the assumption up > 7p,
indicating that bacterial degradation exceeds bacterial growth.

6. Sensitivity Analysis and Effects of Varying Some Parameters

Sensitivity analysis was conducted using the LHS-PRCC method. LHS divides the range of
each parameter into intervals with equal probability and randomly selects one sample from each
interval to ensure efficient coverage of the parameter space. The resulting parameter samples
and model output are then ranked and regressed against the remaining input parameters. The
residuals from these regressions are used to calculate the Pearson correlation coefficient, yielding
the PRCC values. PRCC values range from —1 to 1, where a larger absolute value indicates
a stronger relationship, while the sign indicates the direction of the relationship between the
parameter and the model output [44].

In this study, sensitivity analysis focused on 13 parameters associated with TB transmission,
nutritional status progression, and TB progression and recovery, with Ry as the model output.
The analysis was performed using Python, with 10,000 samples generated through LHS based
on uniform distributions and a fixed random seed of 8500. Each parameter range was divided
into 10,000 equally probable intervals, from which one sample was randomly selected. The
parameters were varied within 80%-120% of their reference values listed in Table 1 to assess
model sensitivity around these values rather than represent empirical ranges from the literature.
The approximate 95% confidence intervals (CIs) of the PRCC values were calculated using the
Fisher-z transformation, with the standard error determined by the sample size and number of
control variables. The resulting confidence limits were then transformed back to the PRCC scale.

Based on the 10,000 parameter combinations generated through LHS, the resulting Ry
values ranged from 0.6747 to 3.5350, with a mean of 1.5879 and a standard deviation of 0.3949.
Among these samples, 387 (3.87%) yielded Ry < 1, while 9,613 (96.13%) yielded Ry > 1,
indicating that most sampled parameter combinations favor TB transmission and potential
disease invasion. These percentages represent the proportions of sampled parameter combinations
rather than probabilities of TB occurrence in the actual population. Furthermore, the 95%
empirical uncertainty interval, defined by the 2.5th and 97.5th percentiles, ranges from 0.9508 to
2.4995, reflecting the variability in model outputs due to variations in input parameters rather
than uncertainty in observational estimates. Since this interval includes the threshold Ry = 1, it
indicates that the sampled parameter variations may lead to different epidemiological outcomes.

The parameter ranges, confidence intervals, and resulting PRCC coefficients are presented
in Table 2, based on the reference parameter values in Table 1. For clearer visualization of the
PRCC coefficients and their directions, the results are also presented in the bar chart in Fig. 4.

The LHS-PRCC analysis indicates that the parameters with the greatest influence on Ry
are ugp — 7B, B, ¢, €, and ¢, as reflected by their large absolute PRCC values. Meanwhile, the
parameters an, 7, aypy, and w exhibit relatively weak positive relationships with Rg. In addition,
the parameters vy, 17, Yar, and § show relatively weak negative relationships with Ry.

The parameter up — wp, representing the net clearance rate of viable Mtb from the environ-
mental reservoir, has the strongest negative PRCC (—0.9199), indicating that an increase in this
parameter is associated with a decrease in R, and vice versa. Conversely, 3, which represents
the contribution of active TB cases to the environmental Mtb reservoir, exhibits a strong positive
PRCC (0.9198), indicating that greater bacterial contributions are associated with higher Ry.
The parameters ¢ and e also show strong associations with Rg, with PRCC values of —0.9190
and 0.9188, respectively. These are consistent with the force of infection, £ = ;—%, whereby an
increase in e raises £ and consequently R, whereas an increase in ¢ reduces both. Similarly, ¢,
representing the increased risk of TB infection among children with moderate stunting, has a
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Table 2: Parameter ranges and PRCC results with 95% confidence intervals
Parameter Parameter Range PRCC 95% CI Lower 95% CI Upper

UB —TB 0.0968-0.1452 -0.9199 -0.9229 -0.9169
B 0.08-0.12 0.9198 0.9168 0.9228
c 2000-3000 -0.9190 -0.9220 -0.9159
e 0.56-0.84 0.9188 0.9157 0.9218
1) 1.888-2.832 0.8033 0.7963 0.8102
oN 0.2544-0.3816 0.3457 0.3283 0.3629
T 1.5680-2.3520 0.3176 0.2999 0.3351
o 0.2544-0.3816 0.3019 0.2840 0.3196
w 0.16-0.24 0.2604 0.2420 0.2786
YN 0.1848-0.2772 -0.2529 -0.2712 -0.2345
n 0.08-0.12 -0.1068 -0.1261 -0.0874
YMm 0.1848-0.2772 -0.0924 -0.1118 -0.0729
0 1.4124-2.1154 -0.0567 -0.0762 -0.0371

1.00 A 0.9198 0.9188

0.75

0.50
03457 53176 3019
0.25 -
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Fig. 4: Partial rank correlation coefficients (PRCC) of model parameters

positive PRCC (0.8033), indicating that higher values are associated with an increase in Ry.

Furthermore, simulations were conducted to examine the effects of variations in four parame-
ters, namely up—7p, e, ¢, and . The first three were selected based on their high absolute PRCC
values and the lack of established values. The parameter v was also included because it represents
the recovery rate that can be improved through TB treatment interventions. For simplicity, equal
recovery rates were assumed across nutritional-status groups as . Each parameter was varied
at five levels (60%, 80%, 100%, 120%, and 140% of its reference value). The effects of these
variations were evaluated in the compartments associated with each parameter. The simulation
results and corresponding percentage changes are presented in Table 3.

Table 3 shows that variations in e considerably affect active TB populations across all
nutritional-status groups, with Iy being the most responsive compartment due to its role in
determining the force of infection £. Interestingly, decreases in e produce greater reductions in
active TB populations than the increases resulting from equivalent rises, indicating an asymmetric
response. Although all groups are affected, their responses are relatively similar, except at higher
parameter values. The corresponding population dynamics are presented in Fig. 5.

Similar to the results for parameter e, variations in ¢ also have a considerable and asymmetric
effect on the active TB populations across all nutritional-status groups. The Iy compartment
remains the most responsive, with a considerably greater response compared to the other
nutritional-status groups. The resulting population dynamics are presented in Fig. 6.
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Table 3: Simulation results for variations in e, ¢, v, and ugp — 7p

Variation in e across the compartments Iy, I/, and Ig

e In I Change Iy I5; Change Ig Is Change
0.42 63.3 —57.47% 33.2 —48.64% 40.17 —48.09%
0.56 105.31 —29.24% 50.55 —21.80% 60.73 —21.52%
0.7 148.82 0.00% 64.64 0.00% 77.38 0.00%
0.84 190.71 +28.15% 74.94 +15.93% 89.55 +15.73%
0.98 229.72 +54.36% 82.08 +26.98% 97.99 +26.63%

Variation in ¢ across the compartments Iy, Iy, and Ig

c In I Change Iy Ip; Change Ig Is Change
1500 252.27 +69.51% 85.41 +32.13% 101.92 +31.71%
2000 193.09 +29.75% 74.52 +15.28% 90.23 +16.61%
2500 148.82 0.00% 64.64 0.00% 77.38 0.00%

3000 115.82 —-22.17% 54.24 —16.09% 65.1 —15.87%
3500 91.22 —38.70% 45.07 -30.28% 54.27 —29.87%
Variation in v across the compartments Ry, Ry, and Rg

~ Ry Ry Change Ry Rjy; Change Rs Rs Change

0.1386 133.16 —-26.15% 39.45 —34.90% 36.8 —32.43%
0.1848 159.6 —11.48% 50.48 —16.70% 46.21 —15.15%
0.231 180.3 0.00% 60.6 0.00% 54.46 0.00%
0.2772 196.5 +8.99% 69.88 +15.31% 61.68 +13.26%
0.3234 209.13 +15.99% 78.39 +29.36% 67.97 +24.81%
Variation in up — 7p across the compartment B

U — TR B B Change
0.0726 664.07 +146.94%
0.0968 418.44 +55.60%
0.121 268.92 0.00%
0.1452 173.66 —35.42%
0.1694 111.43 —58.56%
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Fig. 5: Dynamic patterns of parameter e variation on compartment (a) Iy, (b) Ins, and (¢) Is

Table 3 shows that v has a relatively modest effect on Ry, as indicated by its low absolute
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Fig. 6: Dynamic patterns of parameter ¢ variation on compartment (a) Iy, (b) Ins, and (¢) Is

PRCC value. Its negative PRCC reflects the inverse relationship between the recovery rate and
Ro. The simulations further show that increasing v raises the recovered populations across all
nutritional-status groups, with Rj; exhibiting the greatest relative response, followed by Rg and
Rp. This indicates that recovered populations among children with stunting are more responsive
to changes in the recovery rate than those among children with normal nutritional status. These
differences arise from the combined effects of recovery flows and the overall dynamics of each
nutritional-status group. The corresponding population dynamics are presented in Fig. 7.
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Fig. 7: Dynamic patterns of parameter + variation on compartment (a) Ry, (b) Ras, and (¢) Rg
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Finally, Table 3 highlights the effect of variations in the net clearance rate of viable Mtb from
the environmental reservoir, represented by up — mp, on the dynamics of compartment B. The
results show that decreasing pup — mp increases the amount of Mtb in the environmental reservoir,
and vice versa. Interestingly, a decrease in this parameter produces a greater increase in the
bacterial population than the reduction resulting from an equivalent increase in the parameter.
This indicates an asymmetric response of the environmental Mtb reservoir to variations in the
net clearance rate. The corresponding dynamics are presented in Fig. 8.
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Fig. 8: Dynamic patterns of parameter up — mp variation on compartment B

In general, the simulation results indicate that parameter variations, even within relatively
small ranges, can substantially affect population dynamics. This highlights the importance of
accurate parameter estimation in representing TB epidemiological dynamics among children
across different nutritional-status groups. However, the limited availability of empirical data for
some parameters in this study necessitated the use of estimates and assumptions derived from
the literature. This constitutes one of the limitations of the study and should be considered
when interpreting the simulation results. Therefore, future research is expected to incorporate
more specific empirical data to obtain more accurate parameter estimates, allowing the model to
represent TB epidemiological dynamics more realistically.

Based on the sensitivity analysis and numerical simulations, the parameters e, ¢, and + have
important implications for TB control and reducing Rg. A reduction in e can be achieved by lim-
iting contact with individuals with active TB, implementing appropriate isolation practices, using
masks in high-risk settings, and promoting respiratory hygiene. Although ¢, which determines
the response of the transmission rate to the amount of Mtb in the environmental reservoir, cannot
be directly modified through interventions, measures such as improving ventilation, reducing
crowding in enclosed spaces, and using respiratory protection can help limit exposure to airborne
Mtb. Meanwhile, increasing v through early TB detection, appropriate treatment, and adherence
to prescribed treatment regimens can promote recovery from active TB. Overall, these findings
emphasize the importance of reducing TB exposure and transmission while improving treatment
outcomes among children across different nutritional-status groups.

7. Discussion

Poor nutritional status can increase the risk of TB, while TB infection can further worsen
nutritional status, creating a bidirectional relationship between the two conditions. Previous
mathematical models have investigated the relationship between TB and nutritional status [25,
27, 28], incorporated environmental reservoirs as sources of TB transmission [29], or considered
stunting in TB models, although not specifically in children populations [30]. However, no
previous studies have simultaneously considered the progression of stunting from moderate to
severe and the presence of viable Mtb in environmental reservoirs, particularly among children,
despite the epidemiological relevance of these factors [19, 21, 24].
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The mathematical analysis confirms the biological feasibility of the developed model through
the nonnegativity of its compartments and the positive invariance of the feasible region. The
model has two equilibrium points, with the DFE derived explicitly and the EE implicitly. The
basic reproduction number, Ry, is derived using the NGM method. Based on Jacobian eigenvalues,
the DFE has been proven to be locally asymptotically stable when Rg < 1. The existence of
the EE is examined by determining the roots of an equation in ¢ and establishing conditions
for biologically feasible solutions. The Center Manifold Theorem reveals a forward bifurcation
at Ro = 1, with a locally asymptotically stable EE emerging for Ry > 1 sufficiently close to 1,
indicating the potential for sustained TB transmission.

Sensitivity analysis was conducted using the LHS-PRCC method to assess the effects of
13 parameters on Rg. A total of 10,000 samples were generated from uniform distributions
within 80%-120% of reference values using random seed 8500. PRCC values and 95% confidence
intervals were calculated to evaluate the strength and direction of parameter relationships with
Ro. The resulting values ranged from 0.6747 to 3.5350, with a mean of 1.5879 and a standard
deviation of 0.3949. Most samples (96.13%) yielded Ro > 1, while 3.87% yielded Ry < 1. The
95% empirical uncertainty interval was 0.9508-2.4995, encompassing the threshold Ry = 1. Thus,
despite varying outcomes, most sampled parameter combinations favored TB transmission.

The LHS-PRCC analysis identifies up — 7p, 3, ¢, e, and ¢ as the most influential parameters
on Ry. Variations in up —mp, ¢, e, and v were further investigated through numerical simulations.
The results show that even relatively small parameter variations can substantially affect population
dynamics. In particular, decreasing e and increasing ¢ and v reduce active TB populations,
consistent with their effects on Rg and the force of infection £. These findings suggest that TB
control efforts should focus on reducing exposure to infectious sources, improving ventilation,
reducing crowding in enclosed spaces, and implementing appropriate respiratory protection and
hygiene practices. Meanwhile, increasing the recovery rate can be supported through early TB
detection and diagnosis, appropriate treatment, and adherence to treatment completion.

Nevertheless, this study has limitations related to its simplifying assumptions and parameter
estimation. The model assumes restricted nutritional transitions, specific progression pathways
to severe stunting, unchanged nutritional status after TB recovery, and permanent immunity.
Additionally, some parameter values rely on literature-based estimates due to limited empirical
data, while the LHS-PRCC ranges may not fully capture parameter variability. These limitations
should be considered when interpreting the model results and their epidemiological implications.

8. Conclusion

This study develops a mathematical epidemiological model of childhood TB that integrates TB
transmission dynamics with changes in nutritional status, including the progression of stunting
severity, and the presence of viable Mtb in environtmental reservoir. The developed model is
mathematically proven to have nonnegative compartments and a positively invariant feasible
region, confirming its biological feasibility.

The analysis established the existence of the DFE and EE, with the DFE being locally
asymptotically stable when Ry < 1. Furthermore, the bifurcation analysis revealed a forward
bifurcation at Ry = 1, with the EE emerging and being locally asymptotically stable for Ry > 1
sufficiently close to 1. Numerical simulations showed that the solutions approach the EE,
consistent with the analytical findings. The LHS-PRCC analysis identified up — 7g, 3, ¢, e, and
¢ as the most influential parameters on Rg. Further simulations demonstrated that decreasing e
and increasing ¢ and ~ reduce active TB populations.

Future studies should incorporate more specific empirical data on childhood TB and nutritional
status to improve parameter estimation and model validity. Furthermore, relaxing the simplifying
assumptions regarding nutritional transitions, disease recovery, and immunity may provide a
more representative of the interaction between TB in children and nutritional status.
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