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ABSTRACT

This article discusses some properties of a finitely generated module over a PID and that over a
valuation domain which are equivalent. In general, PID is not a valuation domain and also a
valuation domain is not a PID. But there is a domain which is PID as well as a valuation domain.
The domain is called a discrete valuation domain (DVR). Therefore, the equivalent properties
which will be considered are obtained from a finitely generated module over a DVR. Those
properties are related to a decomposition into direct sum of cyclic submodules and height of an
element of the module.
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INTRODUCTION

In general, the properties of an R —module depend on the properties of ring R. For
example, every finitely generated module over PID can be decomposed into a direct sum
of cyclic submodules. However, that property does not satisfy in every finitely generated
modules over a valuation domains. That is to say, not all of those modules can be
decomposed into a direct sum of cyclic submodules. Moreover, those which can be
decomposed are those which the Goldie dimension is equal to the length of their series of
RD —submodules. The example of finitely generated modules over a valuation domain
which can not be decomposed can be seen in [5].

In general, a PID is not a valuation domain. An integral domain Z, for instance, is a
PID but not a valuation domain because there are two ideals of Z, Z2 and Z5, which are
not subset each other. Otherwise, a valuation domain is not a PID. Note the example
below.

Example

1 1 1
Let K be a field with transcendental x, K; = K [xﬁ] P, =K [x;] x2t wherei = 0,1,2, -+ .1t

can be seen obviously that K; is a PID and P; is it's prime ideal. Moreover, there are
domains

Oi = KiPi
1
{ET
= V1% f(x?) € Ki, g (X;> € Ki — Pi . (1)
o)
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A domain O =U; 0; is a non-Noetherian valuation domain. Hence O is not a PID. The detail
of the example can be seen in [3] and [6].

Meanwhile, there is a domain which is a PID as well as a valuation domain. In [2],
this domain is called discrete valuation domain (DVR). Because a DVR is an intersection
of two different domains, then there must be some properties of finitely generated
modules over a PID and those over a valuation domain which are equivalent. These
equivalent properties will be discussed in the result section.

MATERIALS AND METHODS

The method which is used to write this article is by literature studying on some
papers and books. There are some properties of a module over a DVR which have been
discussed in the papers and the books. It will be developed some new properties by
considering the previous properties. Before we discuss the results, we have to know some
definitions and properties that we use in the proof of the results. The readers are assumed
to know about the definition of a module over a ring and some basic properties of a
module. Therefore, in this article there are no definition and basic properties of a module
over aring.

Definition 1 [1, pp. 115]
Let M be a finitely generated R —module. The minimal number of generators of M is
denoted by u(M). If M is not finitely generated as R —module, then u(M) = oo.

Unlike in vector spaces, in modules, not all of those have a basis. For those which
have a basis are called free modules as which have been explained in [8]. We follow [1]
that every basis of a free module over a PID contains (M) elements.

There is a submodule of modules over a valuation domain which has an important
role in those modules. This kind of submodule is an RD —submodule. The definition of
this submodule is presented below.

Definition 2 [4, pp. 38]
Let N be an R —submodule of a module M. This submodule is a relatively divisible
submodule (RD —submodule) of M if rN = N nrM forall r € R.

There are some properties of RD —submodule which will be used to prove the
equivalence of two theorems in a finitely generated free module over a PID and in that
over a valuation domain. These properties will be given without any proof.

Lemma 3 [4, pp. 39]
Let M be an R —module and L, N are R — submodules of M. Then these properties are
satisfied.
1 Direct summand of M is an RD —submodule of M.
2 IfL<N<MandlL,N are RD —submodules of M, then L is an RD —submodule of
N.

Using those properties of RD —submodule to proof that a submodule is an
RD —submodule is easier than using the definition. The examples related to
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RD —submodule can be seen below.

1. Ring Z;5 can be assumed to be a Z —module. Note that Z;s = Z3 @ Z5. Then by
lemma 3, Z3 and Z5 are RD —submodules of Zs.

2. A domain Z can be considered as a module over itself. We know that every
submodule of this module is an ideal of Z. Furthermore, every ideal of Z is
generated by single element (principal ideal). Therefore every two nonzero ideals
of Z always have a nonzero intersection element. Hence, Z as a Z —module does
not have any proper nonzero RD —submodule.

In a DVR, there is a unique element (up to associates) which has an important role
to define a height of an element of a module over this domain.

Definition 4 [1, pp.98]
Let R be a ring and r € R. An element r is a non nilpotent element of R if there is no
positive integer n such that r™ = 0.

Because of the uniqueness of a non nilpotent in a DVR, we can write every element
in this domain by a multiplication of a unit element and this non nilpotent element.
Moreover, this can also be written uniquely. Note the lemma below.

Lemma 5 [7, pp. 5009]
Let a be a nonzero element of a DVR R. Then a can be written uniquely as a = up® where
u is a unit of R, p is a non nilpotent element of R and k € Z,.

The theorem below explains about the decomposition of a finitely generated
module over a PID into a direct sum of finite cyclic submodules. Moreover, the annihilator
of generators of these cyclic submodules can be arranged such that they form a non
decreasing chain. Note this theorem below.

Theorem 6 [1, pp. 156]
Let M # 0 be a finitely generated module over a PID R. If u(M) = n, then M is isomorphic

to

Rwy ® Rw, ® - @ Rw, 2)
such that
Ann(M) = Ann(w,) € -+ € Ann(w,) € Ann(w,) # R. (3)
Moreover, for1 <i <mn,
Ann(w;) = Ann( M )
Rwi,q + -+ Rw,, (4)

Different from a finitely generated module over a PID, in that over a valuation
domain, we can find a series of RD —submodules. Moreover, the chain can be chosen so
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that the annihilators of the factors forms a non decreasing chain.

Theorem 7 [5, pp. 1798]
Let M # 0 is a finitely generated module over a valuation domain R. There exist a series
of RD —submodule of M

such that
1. every M; is an RD —submodule of M,
2. every factor module M; ., /M; is cyclic.
Moreover, it can be chosen that

M, M,
Ann(M) = Ann(M;) < Ann (—) << Ann( )
M, M,_4

(6)

There is a possibility for a finitely generated module over a valuation domain to
have more than one RD —submodules series. Nevertheless, there is another property of
this module stating that every two RD —submodules series are isomorphic. Hence, we can
choose any series of RD —submodule.

Now consider a finitely generated free module over a PID. In this module, an
RD —submodule is the same as a complemented submodule. Note the theorem below.

Theorem 8 [1, pp. 172]
A submodule of a finitely generated free module over a PID is an RD —submodule if and
only if it is complemented.

Theorem 8 will be used to construct a direct sum of cyclic submodules of a finitely
generated free module over a DVR.

Theorem 9 [5, pp. 1801]
Let M be a finitely generated R —module where R is a valuation domain. Let 0 # x € M be

any element of M. There exist r € R such that x € rM — rPM where P is a maximal ideal
of R.

The theorem above ensures the existence of an elementr € R which has a property
that x always in rM but not in rPM. If there is another element s € R which satisfies the
property in the theorem 9, then the ideal Rr will be equal to ideal Rs. Theorem 9 and that
argument motivate a definition of height of an element in a module over a valuation
domain. The definition is presented below.

Definition 10 [5, pp. 1802]

Let M be a finitely generated R —module where R is a valuation domain. Let 0 # x € M be
any element of M. Height of x, which is denoted by hy(x), is defined as an ideal Rr such
thatx € (rM — rPM) where P is a maximal ideal of R. Height of 0 is defined as a zero ideal.

The definition of height of an element of a finitely generated module over a
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valuation domain and that over a DVR are different. In a module over a valuation domain,
the height of an element is in the form of an ideal. However, in a module over a DVR, it is
a non negative integer. In fact, DVR is a special case of valuation domain. Those two
statements actually are equivalent. This equivalence will be proven in the next theorem.
But before doing the proof, note the definition of height of an element of a module over a
DVR.

Definition 11 [7, pp. 5033]

Let a € M be any nonzero element where M is an R —module over a DVR. Height of a is the
greatest non negative integer n which equation p™x = a is soluble. If there is no such integer,
it means the height is co. Element p in the equation is a non nilpotent element in R.

From the definition above, the height of zero element in M is oo. It is because there
is no greatest non negative integer n such that p™x = 0 is soluble.

RESULTS AND DISCUSSION

We know that a DVR is a Noetherian valuation domain. Therefore, every property
in a module over a valuation domain always satisfies in that over a DVR. One of those
properties is the existence of a series of RD-submodules. Note an illustration below.

Let M be a finitely generated R —module over a PID and u(M) = n. It will be

constructed a series of RD —submodule of M. Based on theorem 6, module M is
isomorphic to

Rw; @ Rw, @ - D Rwy,. (7)
With this direct sum, we can make a series. Observe this series below.
0=My<Rw,<Rw, ®Rw,_1 << Rw, DD Rw, ®Rw; =M. (8)

Based on lemma 3, submodule Rw, @ Rw,_,; @ - @D Rw, where 1<k <n is an
RD —submodule of M. Hence, there exist a series of RD —submodule of M.
Observe that

(RWn D Rw, DD RWk—l)

Rw,, @ Rw,_, @ - D Rwy, 9)

is cyclic with the generator R(Wy_; + (Rw,, @ Rw,,_; @ - D Rwy))for1 <l <n-—1.
Let

r € Ann (RWn @ Rw,_, DD RWk—l)
Rw, ® Rw,_; @ - D Rwy, / (10)
Then rwy_; € (Rw,, @ Rw,,_; @ --- @ Rwy). Therefore,
T™Wi—-1 € Rwy_1 N (Rwy, @ Rwy,_1 @ - D Rwy). (11)
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Because Rwy_; + Rwy, + --- + Rw,, is a direct sum, then it causes rwy_; = 0. It means that

r € Ann(wy_,). Based on theorem 6, Ann(wy_;) = Ann( ) It is obtained that

Rwg+---+Rwp
TWg_p = 1eWy + -+ + 1,w, for some r; € R. Note that

T™Wy_y + (Rw,, + -+ + Rwy_1) = (nwy + -+ nr,w,) + (Rw,, + -+ + Rwy,_;)
= Rw, + -+ Rwy_;. (12)

Hence

e Ann (an @ Rw,_ 1P D ka_2>
Rw, ® Rw,_; @ - ® Rwy_,/’ (13)
Therefore, it is proved that
RWn @ RWTL—l @ @ RWk—l
Ann
Rw, @ Rw,,_1 @ - D Rwy,
Rw,, @ Rw,,_1 @ - D Rwy_,
< Ann . (14)
RWn @ RWn—l @ @ ka—l

Now, let 0 # M is a finitely generated free module over a DVR R. Based on theorem
7, there exist a series of RD —submodule

O:M0<M1<M2<"’<Mn:M (15)

with every factor module is cyclic. Note that M; is an RD —submodule of M;,; because M;
is an RD —submodule of M for all i. Based on theorem 8 M; is complemented in M;, ;.
Therefore it can be written

Miy, = M; @ Ny (16)

Note that M;,,/M; = N;,, and M;,, /M, is cyclic for every i. Hence N;, is cyclic. It can be
written N;,; = Ra;,,. Therefore, it is obtained

M=M,_, & Ra,
=M,_, ® Ra,_, ® Ra,

= Ra; @ Ra, @ -~ D Ra,,. (17)

Now consider that Ann (%) = Ann(N;,,) = Ann(a;;,). If we choose the series

1

of RD —submodule so that

Ann(M) = Ann(M,) < Ann (%) <. < Ann (A;V’—”) (18)

1
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then we have a chain

Ann(M) = Ann(a,) < Ann(a,) < --- < Ann(a,). (19)
By renumbering, that is a,,_; = w;,;, we have a chain
Ann(M) = Ann(w,) < Ann(w,,_;) < -+ < Ann(w,). (20)

Illustration above shows that Theorem 6 and Theorem 7 are equivalent if M is a finitely
generated free module over a DVR.

Theorem 12
In a finitely generated free module over a DVR, theorem 6 and theorem 7 are equivalent.
Proof.

]

Beside the equivalent statement, there are also some properties of the module
which related to the property of the domain. In this case, we will assume the domain is a
valuation domain. As we know, the properties will also satisfy if the domain is a DVR. The
comparable property of ideals of a valuation domain is inherited to submodules of a cyclic
module over a valuation domain. Note the lemma below.

Lemma 13
Let 0 # Rm is a cyclic module over a valuation domain R. If N and N’ are submodules of
Rm,then N € N'or N' € N.
Proof.

LetI = {a € Rlam € N} and ] = {b € R|bm € N'}. These two sets are ideals of R.
We know that R is a valuation domain. Hence we have I € JorJ € I. Let x = am € N be
any element. Then a € I. If I €], then am € N'. Therefore, N € N'. We can prove
analogously for N' € N.

]

By lemma 13, a cyclic module over a valuation domain can not be decomposed into
a direct sum of its nonzero submodules. Hence a cyclic module over a valuation domain is
an indecomposable module. From this fact, we have this corollary below.

Corollary 14

If M is a finitely generated module over a DVR R, then M is isomorphic to direct sum of
cyclic indecomposable submodules.

Proof.

Use theorem 6 and lemma 13.
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Lemma 15
Non nilpotent element of a DVR R is a prime element.
Proof.

Let p be a non nilpotent element of R and p|(ab) where a, b € R. To show that p is
a prime element of R, we need to show that p|a or p|b. Based on lemma 5, let a = u;p™
and b = u,p™ with u,,u, are unit elements of R and n; € Zs, or n, € Zs,. Then it is
obvious that p|u;p™ or p|u,p™2. Hence p is a prime element of R.

]

If there is another prime element of R, namely g, then every element of R can also
be written in the form of ug™ uniquely where u is a unit of R and n € Z,. Note this
explanation below.

If g is another prime element of R, then Rq is a maximal ideal of R. The uniqueness
of maximal ideal of R makes Rp = Rq. Hence we have p = rq for some r € R. It means
p|rq. Because p is prime element, then p|r or p|q.

If p|r, then ps = r for some s € R. We have p = psq. [t means sq = 1. Therefore g
is a unit element of R. It is contradiction because q is prime element. Therefore, we have
p|q. Let pt = q for some t € R. Then we have p = rtp. It means rt = 1. Hence, r is a unit
of R. Therefore, p and q are associate.

Definition 10 is defined in a finitely generated module over a valuation domain. It
means the definition satisfies also for that over a DVR. Hence the definition 10 and
definition 11 must be equivalent for a DVR. But before proving this equivalence, we need
the property below.

Lemma 16
Let R be a DVR and a is a non nilpotent element of R. Then Ra is a maximal ideal of R.
Proof.
By lemma 15, a is a prime element of R. Then Ra is a prime ideal which is a maximal ideal
of R.

]

Theorem 17
Definition 10 and definition 11 are equivalent in a finitely generated module over a DVR.
Proof.

Let P be a maximal ideal of R and a be any nonzero element of M. Because R is a
DVR, then P = Rp for p is a non nilpotent element of R. Based on definition 10 a € rM —
rPM for some r € R. We can write a = rm = up™m with u isa unitof R, n € Zso,, m € M
and r = up™. Because a € rPM = rpM, then a & p"*1M. Hence n is the greatest non
negative integer such that px = a have a solution.

Now let n be the greatest non negative integer such that p™x = a is soluble.
It means that a € p"M — p™*1M. Hence based on definition 10, the height of a is Rp™.
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CONCLUSIONS

In a finitely generated free module over a DVR, we can make a series of it's
RD —submodules by arranging it's cyclic submodules which are the summand of it's
decomposition. Furthermore, from this series, we also get a special series which has a
property that it’s sequence of the annihilator of it’s factor is ordered non-decreasingly.
Otherwise, if we have a series of RD —submodule, we can decompose the module into a
direct sum of cyclic submodules. Moreover, these cyclic submodules are indecomposable
submodules. Besides, the height of an element of a finitely generated module over a DVR
can be considered as an ideal of it's domain or a non negative integer which is the prime
power of a generator of the ideal.
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