
CAUCHY –Jurnal Matematika Murni dan Aplikasi 
Volume 6(2) (2020), Pages 77-83 
p-ISSN: 2086-0382; e-ISSN: 2477-3344 

Submitted: April 08, 2020 Reviewed: April 14, 2020  Accepted: May 31, 2020 
DOI: http://dx.doi.org/10.18860/ca.v6i2.9054    

Mathematical Model Quartic Curve Bezier of Modification Cubic Curve 
Bezier 

Juhari 

Mathematics Department, Universitas Islam Negeri Maulana Malik Ibrahim Malang 
Email: juhari@uin-malang.ac.id   

ABSTRACT 

The creative industries have become the government's attention for contributing to economic 
accretion. But due to the lack of artistic creativity and appeal, the evolution of the creative 
industries' craft section is not optimal. So that it was needed a variation of relief items to increase 
attractiveness. In general, an industrial object's design is still limited to the space geometry objects 
or a Bezier curve of degree two. Therefore, Bezier curves of degree are selected and modified it 
into a quartic Bezier forms and then applied to the design of industrial objects (glassware). The 
purpose of this research is to determine the formula of the quartic Bezier form of cubic Bezier 
modifications and to determine the rotary surface shape of quartic Bezier from cubic Bezier 
modifications. Then, from some form of the revolving surface of modified cubic Bezier, the 
glassware designs are generated. The results of this research are, first, the formula of the quartic 
Bezier result of Bezier cubic modifications. Second, the form of the revolving surface of modified 
cubic Bezier which is influenced by five control points 𝑃0, 𝑁𝑃31, 𝑁𝑃32, 𝑁𝑃33, 𝑃3 and parameter 
selection 𝜆31, 𝜆32, 𝜆33. For further research, it is expected to develop a modification of cubic Bezier 
into Bezier of degree-𝑛 
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INTRODUCTION 

Geometry is one of the mathematical sciences that discuss the shape, size, position 
of an object, both space and field objects. In its development, the geometry consists of 
space geometry and field geometry. The merger of both geometries can be utilized in 
object design. According to [1], the Bezier curve is a polynomial-based curve that is often 
utilized to design objects and form the surface of objects. The Bezier curve is an ideal 
standard to represent a more complex polynomial curve. Previous studies have covered 
the Bezier quadratic curve, which is utilized to design objects [2]. However, there is an 
issue of lack of curvature variation of curves and the design of objects confined to the 
geometry of a particular space. The applicability of the metric Bezier character curves and 
swivel on the lampshade model using the Maple 13 performed by Juhari [3]. In the study 
discussed the Bezier quadratic curve applied to the components of the lampshade design. 
The lamp hood is formed intact and joined continuously. However, there is no 
modification of the curve into the shape of a higher degree curve. So that the lack of 
variation of curvature curve and design is only limited to the geometry objects of certain 
space. Wahyudi [4] has conducted research on the design of industrial objects with 
rotating objects that are implemented for the design of vase, glassware, jug, or Knop. The 
drawback is that the swivel surface obtained in the study generally has a single and flat 
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curved surface so that variations of the shape obtained are less varied. In addition, Roifah 
[5] has been conducting research on knop or handle modelization using the merger of 
tube objects, irregular hexagons prisms, and rotary surfaces. The excess is the 
modification of the tube blanket curve using the quartic curve of Hermit and Bezier, thus 
producing a more convenient and versatile Knop model creation. The drawback is that a 
knop fabrication is only done on the geometric objects of a tube and a rectangular prism. 
In addition, the relief knop offered should be modified again on the rotating surface of the 
curve. Arinda [6] has conducted research on the construction of vases of flowers through 
the merger of several geometric objects of space. The excess is to obtain a variance form 
of flower vase through the construction of a space-building such as a prism, pyramid, or a 
tube. The disadvantage is the manufacture of flower vase simply by constructing the 
building of the prism Chamber, Pyramid, or the jar of tubes. 

In connection with these issues, the development of the Bezier quadratic curve is 
needed to higher degrees with the addition of a curve modification to provide a variation 
of curvature of the curve that can be utilized for the modelization of Industrial objects 
(glassware). In this study, further discussed equations and Bezier quartic swivel surfaces 
of the Bezier cubic curve modified on the design of the glassware.  

  

METHODS  

The steps used in determining Bezier's quartic curve formula are, first to create a Hermit 
quartic matrix, second to determine the new polygon control points Ω =
[𝑃0,  𝑁𝑃31,  𝑁𝑃32,  𝑁𝑃33,  𝑃3], third, making Bezier's quartic equation from the modified 
Bezier cubic curve, finally making Bezier's quartic rotational surface shapes from Bezier's 
cubic modification. 
In making these surface forms, several steps are required as follows: 
a. Determine point data. 
b. Construct a cubic Bezier curve resulting from cubic modification using point data to 

provide curvature. 
c. Rotate or interpolate Bezier curves. 
d. Bezier quartic curve simulation with point data determined using Maple 13. 

RESULTS AND DISCUSSION  

Hermit Cubic Curve 
According to [7], the Hermit curve was discovered by a French mathematician 

named Charles Hermit in 1822-1901. The Hermit cubic curve segment is an interpolated 
curve of the two control points  𝑃0 dan 𝑃1 where this curve requires the well-knew tangent 
vectors of the U-parameter variables of the control points that are 𝑃0

𝑢 dan 𝑃1
𝑢. The 

algebraic form of a parametric cubic curve 𝑃(𝑢) is for supposing by following three 
polynomials: 

 
𝑥(𝑢) = 𝑎𝑥 + 𝑏𝑥𝑢 + 𝑐𝑥𝑢

2 + 𝑑𝑥𝑢
3 

𝑦(𝑢) = 𝑎𝑦 + 𝑏𝑦𝑢 + 𝑐𝑥𝑢
2 + 𝑑𝑥𝑢

3 

𝑧(𝑢) = 𝑎𝑍 + 𝑏𝑧𝑢 + 𝑐𝑍𝑢2 + 𝑑𝑥𝑢
3 

(1) 

Where 𝑎, 𝑏, 𝑐, and 𝑑 are the coefficients that follow the 𝑥, 𝑦, and 𝑧 equations with 𝑢 
parameter that are delimited in intervals 0 ≤ 𝑢 ≤ 1 or 𝑢 ∈ [0,1].  Next of the shape curve 
(1), is written in the parametric form: 
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𝑃(𝑢) = 𝑎 + 𝑏𝑢 + 𝑐𝑢2 + 𝑑𝑢3 
 

(2) 

Then based on equations (2) specified the following conditions: 
 

 𝑃(0) = 𝑎 
𝑃(1) = 𝑎 + 𝑏 + 𝑐 + 𝑑 
𝑃𝑢(0) = 𝑏 
𝑃𝑢(1) = 𝑏 + 2𝑐 + 3𝑑 

(3) 

If the system equation (3) is resolved, it is acquired Hermit matrix and obtained vector-
vectors 𝑎, 𝑏, c, and 𝑑 as follows: 
 

 
 
 

 

𝑎 = 𝑃0 
𝑏 = 𝑃0

𝑢 
𝑐 = −3𝑃0 + 3𝑃1 − 2𝑃0

𝑢 − 𝑃1
𝑢 

𝑑 = 2𝑃0 − 2𝑃1 + 𝑃0
𝑢 + 𝑃1

𝑢 

(4) 

Equations (4) substituted into equations (2) hence the acquired cubic curve equation of 
Hermit. 
 

𝑃(𝑢) = 𝐻1(𝑢)𝑃0 + 𝐻2(𝑢)𝑃1 + 𝐻3(𝑢)𝑃0
′ + 𝐻4(𝑢)𝑃1

′ (5) 

With 
 

 𝐻1(𝑢) = (1 − 3𝑢2 + 2𝑢3) 
𝐻2(𝑢) = (3𝑢2 − 2𝑢3) 
𝐻3(𝑢) = (𝑢 − 2𝑢2 + 𝑢3) 
𝐻4(𝑢) = (−2𝑢2 + 𝑢3) 

(6) 

The shape of the equation (5) is called the presentation of curves in the geometric 
form, and the 𝑃0,  𝑃1, 𝑃0

𝑢, a𝑛𝑑 𝑃1
𝑢 are called geometric by. While the functions of 

𝐻1(𝑢),  𝐻2(𝑢),𝐻3(𝑢) and  𝐻4(𝑢) in equations (6) are called the base of Hermit, and its 
curve is called the Hermit curves [8]. 

 
Bezier Cubic Curve 

The Bezier curve is a polynomial curve consisting of multiple sets of control points. 
The interpolated point of the curve is the first and last point, while the second to point 
𝑃𝑛−1 is the approximate tangent and magnitude used to control the curvature of the curve. 
Bezier polynomial curves n expressed in the parametric form are:  

𝐶(𝑢) = ∑ 𝑃𝑖𝐵𝑖
𝑛(𝑢)𝑛

𝑖=0 , 𝑢 ∈ [0,1] 
(7) 

where its function base is 

𝐵𝑖,𝑛(𝑢) = (
𝑛
𝑖
) 𝑢𝑖(1 − 𝑢)𝑛−1 

(
𝑛
𝑖
)   =

𝑛!

𝑖! (𝑛 − 𝑖)!
 

In such equations, the points of the 𝑃𝑖  are called the geometric coefficient or 𝐶(𝑢) curve 
control point. These points are of real value. For 4 dots and 𝑛 = 3: 

𝐵0,3 = (1 − 𝑢)3 

𝐵1,3 = 3𝑢(1 − 𝑢)2 

𝐵2,3 = 3𝑢2(1 − 𝑢) 
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𝐵3,3 = 𝑢3 
Thus obtained a Bezier cubic curve with the u parameter as follows: 

𝐶3(𝑢) = (1 − 𝑢)3𝑃0 + 3(1 − 𝑢)2𝑢𝑃1 + 3(1 − 𝑢)𝑢2𝑃2 + 𝑢3𝑃3 (8) 

 
Hermit Quartic Matrix 

Suppose taken parametric quartic curve with 𝑃(𝑢) expressed in the form of algebraic: 
𝑥(𝑢) = 𝑎𝑥 + 𝑏𝑥𝑢 + 𝑐𝑥𝑢

2 + 𝑑𝑥𝑢
3 + 𝑒𝑥𝑢

4 

𝑦(𝑢) = 𝑎𝑦 + 𝑏𝑦𝑢 + 𝑐𝑥𝑢
2 + 𝑑𝑥𝑢

3 + 𝑒𝑦𝑢4 

𝑧(𝑢) = 𝑎𝑍 + 𝑏𝑧𝑢 + 𝑐𝑍𝑢2 + 𝑑𝑧𝑢
3 + 𝑒𝑧𝑢

4 

(9) 

Where 𝑎, 𝑏, 𝑐, 𝑑, and 𝑒 are the coefficients that follow the 𝑥, 𝑦, and 𝑧 equations with the u 
parameter delimited in intervals of 0 ≤ 𝑢 ≤ 1 or 𝑢 ∈ [0,1]. 𝑢 value restriction is intended 
to keep the curve segment awake Limited and easy to control. 

Based on the equation (1) it can be written into a parametric form so that it 
becomes: 

𝑃(𝑢) = 𝑎 + 𝑏𝑢 + 𝑐𝑢2 + 𝑑𝑢3 + 𝑒𝑢4 (10) 

In which coefficients 𝑎, 𝑏, 𝑐, 𝑑 and 𝑒 in Equation P (u) are vectors that have three 
components, such as 𝑎 = [𝑎𝑥, 𝑎𝑦, 𝑎𝑧]. Then in getting the first derivative of 𝑃(𝑢) is: 

𝑃𝑢(𝑢) = 𝑏 + 2𝑐𝑢 + 3𝑑𝑢2 + 4𝑒𝑢3 
The second derivative of 𝑃(𝑢) is:  

𝑃𝑢𝑢(𝑢) = 2𝑐 + 6𝑑𝑢 + 12𝑒𝑢2 
Then set some of the following conditions: 

𝑃(𝑢 = 0) 

𝑃(𝑢 = 1) 

𝑃𝑢(𝑢 = 0)   

𝑃𝑢(𝑢 = 1) 

𝑃𝑢𝑢(= 0) 

= 𝑃0 = 𝑎 

= 𝑃1 = 𝑎 + 𝑏 + 𝑐 + 𝑑 + 𝑒 

= 𝑃0
𝑢 = 𝑏 

= 𝑃1
𝑢 = 𝑏 + 2𝑐 + 3𝑑 + 4𝑒 

= 𝑃0
𝑢𝑢 = 2𝑐 

Hence the modification of Hermit is derived: 
 

MMH =

[
 
 
 
 
 
 

1 0 0 0 0
0 0 1 0 0

0 0 0 0
1

2
−4 4 −3 −1 −1

3 −3 2 1
1

2 ]
 
 
 
 
 
 

 

(11) 

Quartic Bezier Curve of Modification Cubic Bezier Curve 

Suppose given the new Bezier polygon control dots Ω = [𝑃0, 𝑁𝑃31, 𝑁𝑃32, 𝑁𝑃33, 𝑃3], 
then the control point between 𝑁𝑃31, 𝑁𝑃32, 𝑁𝑃33  is defined as the following: 
 

𝑁𝑃31 = 𝜆31𝑃1 + (1 − 𝜆31)𝑃0 
𝑁𝑃32 = 𝜆32𝑃2 + (1 − 𝜆32)𝑃1 
𝑁𝑃33 = 𝜆33𝑃3 + (1 − 𝜆33)𝑃2 

With  0 ≤ 𝜆31, 𝜆32, 𝜆33 ≤ 1. 
Furthermore, the new control points defined  𝑃0,  𝑁𝑃31,  𝑁𝑃32,  𝑁𝑃33 and 𝑃3 to 

create a Bezier quartic equation of the Bezier cubic modification as follows, 
𝐵(0) = 𝑃0 
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𝐵(1) = 𝑃3 
𝐵′(0) = 4(𝑁𝑃31 − 𝑃0) 
𝐵′(1) = 4(𝑃3 − 𝑁𝑃33) 
𝐵"(0) = 12(𝑃0 − 2𝑁𝑃31 + 𝑁𝑃32) 

Thus modification of the Bezier cubic curve into the Bezier quartic form, 
𝐵4(𝑢) 

 

= [(1 − 4𝑢 + 6𝑢2 − 4𝑢3 + 𝑢4)𝑃0 + (4𝑢 + 12𝑢2 + 12𝑢3

− 4𝑢4)𝑁𝑃31 

+(6𝑢2 − 12𝑢3 + 6𝑢4)𝑁𝑃32 + (4𝑢3 − 4𝑢4)𝑁𝑃33 + 𝑢4𝑃3] 

 

(12) 

With  0 ≤ 𝑢 ≤ 1... In Figure 3.1 is shown a Bezier cubic curve difference using 
equations (2.13) and the Bezier quartic curve of a Bezier cubic modification using 
equations (3.4) with point 𝑃0 = (9, 0, 3), 𝑃1 = (4, 0, 5),  𝑃2 = (4, 0, 9), and 𝑃3 = (9, 0, 12) 
with the parameter value 𝜆31 = 0.2, 𝜆32 = 0.6, and 𝜆33 = 0.9. 
 
 
 
 
 
 
 
  
 

 
  
 

 
Figure 1. Example Cubic Bezier Curve 

and Quartic Bezier Curve 
 

Quartic Bezier Surface from Modified Cubic Bezier 

Bezier Quartic Shapes modified the Bezier cubic curve is dependent on the 
determination of the 𝑃0, 𝑃1, 𝑃2 and 𝑃3 control points. Because of the case of point 
modification, a new control point or a modification point in 𝑁𝑃31, 𝑁𝑃32, and 𝑁𝑃33 in the 
equation (3.4). The point determination is used to produce a smoother curve. Figure 1 is 
an example of a Bezier quartic rotary surface of a Bezier cubic modification with some 
selection of 𝑃0, 𝑃1, 𝑃2, and 𝑃3 control points and a parameter of 𝜆31, 𝜆32, 𝜆33 on the different 
modifications of 𝑁𝑃31, 𝑁𝑃32, and 𝑁𝑃33. 

 
Bezier Cubic Rotating surface 

 
Bezier quartic Rotary Surface modified 

Bezier cubic curve. 
 

𝑃0 = (11,0,0), 𝑃1 = (10,0,3) 
𝑃2 = (20, 0,4), dan 𝑃3 = (17.5,0,10) 

  

 

𝑃0 = (11,0,0), 𝑃1 = (10,0,3) 
𝑃2 = (20, 0,4), dan 𝑃3 = (17.5,0,10) 

𝜆31 = 0.75,  𝜆32 = 1, 𝜆33 = 0 

Bezier Cubic Curve  Bezier quartic curve result cubic modification 

𝑃3 

𝑃2 

𝑃1 

𝑃0 
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𝑃0 = (3.5,0,0), 𝑃1 = (0,0,2) 
𝑃2 = (4, 0,4), dan 𝑃3 = (3.5,0,12) 

 

𝑃0 = (3.5,0,0), 𝑃1 = (0,0,2) 
𝑃2 = (4, 0,4), dan 𝑃3 = (3.5,0,12) 

𝜆31 = 0.1,  𝜆32 = 0.5, 𝜆33 = 1 

𝑃0 = (0,0,0), 𝑃1 = (8,0,1.5) 
𝑃2 = (1, 0,2), dan 𝑃3 = (1,0,7) 

 

𝑃0 = (0,0,0), 𝑃1 = (8,0,1.5) 
𝑃2 = (1, 0,2), dan 𝑃3 = (1,0,7) 

𝜆31 = 0.1,  𝜆32 = 0.05, 𝜆33 = 1 

Figure 2. Cubic Bezier Surfaces and Modifications 
 

Subsequently, some Bezier quartic swivel surfaces from the Bezier cubic 
modification results can be converted to model industrial objects (glassware) such as 
flower vase, teplik lamps, marble chairs, and other glassware. Figure 2 illustrates the 
design example of glassware using some form of Bezier quartic of the Bezier cubic curve 
modification. 

 

Figure 3. Example of design of glassware using a Bezier quartic of a Bezier cubic 
modification  

 

CONCLUSIONS 

The Bezier quartic equation results from the Bezier cubic modification obtained 
from the Hermit modification matrix and the determination of a new polygon control 
point. The Bezier cubic modified form of Bezier modification has 5 control points: 
𝑃0, 𝑁𝑃31, 𝑁𝑃32, 𝑁𝑃33,  𝑃3. Forms of Scartic Bezier turndown surface of Bezier cubic 
modification is influenced by the control point values of 𝑃0,  𝑃1, 𝑃2,  𝑃3, and selection of 
parameters of 𝜆31, 𝜆32, 𝜆33 values in new control point data 𝑁𝑃31, 𝑁𝑃32  and 𝑁𝑃33. 
 

Jar  Teplik Lamp Marble Chairs 
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