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AB%RACT

In this paper, the local Holder regularity of weak solutions for parabolic systems of p-
Laplacian type in singular case is investigated. By the Poincare inequality, we show that
its weak solutions within Hélder space.
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INTRODUCTION

Hélder regularity of weak solutions for parabolic equations in singular and
degenerate case was introduced in [1] dan [2], where the coefficients are measurable
and satisfy elliptic condition. However, the result in [2] is not showing the boundary
estimates. After that, Bogelein was interested to prove for the boundary regularity from
the previous result in [2], see [3]. Then, [4] investigated the same problem for nonlinear
parabolic equations in the degenerate case. In 2002, DiBenedetto et al discussed about
the regularity of weak solutions for quasilinear parabolic equations in singular and
degenerate case to proving their Hoélder character in [5]. The result in [2] was
extended by Misawa to a larger class of right-hand side terms, but the singular case
was ecluded here, see [6]. Meanwhile, for singular case, we can see the Hélder regularity
in [7]. In addition, the Holder regularity of gradient solutions for all cases was proved in
[8]. The study about Hélder regularity of gradients solution was continued in [9] for
evolutionary p-Laplacian systems where the coefficients is Hélder continuous. Based on
[10], the global weak solutions for similar case is exist. They used variational method to
prove the existence of weak solutions globally. In 2018, Karim started to investigated
about simpler p-Laplacian type in singular parabolic systems and showed that the weak
solutions is bounded[11]. To prove the local boundedness in [11], we can adopt the
method to prove energy estimates of singular parabolic equations in [12]. On the other
hand, the existence of weak solutions in singular case was proved in [13] by using the
Galerkin method. Furthermore, the intrinsic scaling method was used to treat the weak
solutions to prove the Hélder regularity for degenerate case [14]. The intrinsic scaling
method is based on [15], which used the intrinsic scaling method to approach the
regularity in degenerate and singular partial differential equations. Motivated by the last




result in [14], we would investigated the Hdlder regularity of weak solutions in
singular case.

Let 1 c R™ be a bounded domain, n > 2, and 30 is smooth boundary. The
unknown function u:(0,T) x Q — R™is vector  valued function, u=
(ul(z),uz (2), ..., Uy (z)), where z = (t,xq, X3, ..., X,). Let % <p <2, mz=2, consider

the parabolic systems

du—div(|DulP2Du) =0 in(0,7) X 9, 1
u(0,x) = uy(x) on d,(0,T) X 0, M

where ug(x) € WIP(Q,R™).

The resultin [13] shows that for any initial condition, there exists weak solutions of
(1) from Q into R™. On the other hand, the local boundedness of the weak solution of (1)
was proved by Karim in [11]. They modified the intrinsic scaling from the original work
by DiBenedetto [12]. They used the intrinsic scaling for singular case. Their main
theorem established that intrinsic scaling well-worked to prove the local boundedness
of weak solution of (1).

We now turn to notion of Hélder continuous functions. For any x,y € Q, ifue
CO() satisfy
u(x) —u
- lu(x) iy)l <o,
x,VE Qx=y [x — J!|

then u € C%%(Q)). Karim in [14] shows that the weak solutions of (1) in degenerate case
satisfy the following theorem.

Theorem 1. [14] Let p > 2 and u is weak solutions of (1) in Q(A27?p?, p)(z,). Then, u is
locally Holder continuous with some 0§ « < 1. Furthermore, for any Q;, (zp) < Q with

zp € Q and 0 < py < 1, there exist C > 0 such that
&
lu(z) —u(z")] < C{|t —t'lP+ |x —x’|“},

holds for any z,z' € Q,, where Q,.(zy) © Q(A*Pp?,p)(zy) € Qp,(20) < Q3p,(20)-

METHODS

This paper aims to prove local Holder regularity of weak solutions for parabolic
systems of p-Laplacian type in singular case. Our method is using Poincaré inequality to
show that the weak solutions within Campanato space, then by isomorphism between
Campanato and Hoélder space, it is easy to see that its weak solutions are elements of
Holder space. The Poincaré inequality that we use is in the following theorem.

Theorem 2. (Poincaré Inequality). [16] Let Q — R" be a bounded open set and 1 <
p < . Then, there exists positive constant C = C(£, p) so that
||u_uﬂ‘|Lp£C||Du||Lp1 (2)

1
where uq = ﬁfn u dx.
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RESULTS AND DISCUSSION
Forsingular equation (1) with 1 < p < 2, we have the cylinder of the type
2 2 P2
Q(p)(2)(to — p? to +p?) x B (17 p,x;)-
By switching the cylinder Q(p)(z) to @(1), we have

u(ty + A% Pps, xp + py)
Ap

v(s,y) = ;(s,v) €B(1) x(—1,1) = Q(1).

Suppose that on such a certain cylinder the relations

1

_ |DulPdz =~ AP. 3
TIRIED )

Hence, we have
d.u — AP~2div(Du) = 0,

in Q(p)(zp).

Letu € L%(0,T; WP (0, R™)) be a weak solutions of (1) in cylinder Q = (0,7) x Q

p-2

where zg = (tg, %) € Q,4> 1and0 < p < 1such that Q (pz, Az p) c Q. While, our
main theorem is the following.
6] -
Theorem 3. Let % <p < 2,m=2and uis a weak solution of (1) in Q(p% 1z p)(zy).

Then u is locally a-Hélder continuous with somefd) < a < 1. Furthermore, for any
Q3p,(zg) © Q with zy € Q and 0 < py < 1, there € > 0 such that
[u(z) —u(z")| < C{|t —t'P + |x —x’|“},
p__z r r
holds for any z,z" € Q, (z;) where Q,.(z,) Q(p% Az p)(zy) © Qp,(20) € Q3,,(20).

Proof.

@

Q'h'_.
3{ps ¥

Figure 1. Any cylinderin Q.
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2
Let Q3,,(zp) = Q (S(pﬂ)z, S(pﬂ)g) c Q is any cylinder centered in zj = (t}, x§) € Q,

2
and 0 < p, < 1. Let z, = (tg, ) € Q,,(2p) = Q ((p[,)z, (pu)l_’) (z4), where 1> 1. It is

easy to see that

|DulP dz

[ s 0ol ——— .
Qr(z0) |Q(p2, A2 p)(zp)| /P22 2 p)(20)
By using relation (3) we have

1

—_— |DulP dz < Cr™tPa 4
100 Jo, o0 )

where0<r<1,0<a <1, and C = mr?™™,

Next, recall the Poincaré inequality. Then, substitute (4) to (2) we have

f \u—ur|pszCrpf |DulP dz,
Qr(zo) Qr(zo)
< Crm+p+pac,

2
holds for any zy € Q, (20) and 0 < r < 2(py)P.

We apply the characterization between Holder continuous functions and Campanato
space, which implies that for u € LP(Q,,(z5)) and

1
sup —f lu —ul? dz < C, (5)
Qpn(zf;) rmPTPe Qr(20)
then
u e C%(Q,,(20)).

Thus, we have for any two points (t1,x,), (£, %) € @, (2) with [t; — t;| =17,

luty, xq) —ulty xy)| < Cley — t2|g: (6)
and let |x; — x2| = r, then

luty, xz) — ulty, x,)| < Clxg — x| (7)
Moreover, we can conclude from (6),(7) anda triangle inequality that

lu(z) —u(z")] < C{|t —t'lP +|x —x'|“},

in Q,, (zp) or we have
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w € 7 (Qpy(20)).

[£4

P24
Since, Q3,,(zp) < Q is arbitrary, then u € C;2_ (Q, R™).

lo

CONCLUSIONS

Basdl on the previous results and discussion, it can be concluded that in singular

case the weak solutions for parabolic systems of p-Laplacian type are elements of Hélder

a

space, u € ce” (on (z{])). Since Q3p,(zp) < Q is arbitrary, then u € C;g:: (Q,R™).
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