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ABSTRACT

The small Morrey space is the set of locally Lebesgue integrable functions with norm defined
supremum over radius of ball » € (0,1). This paper aims to prove the boundedness properties of
the generality of fractional integral operators in small Morrey spaces using Hedberg-type
inequality. The first, in this paper will be discuss to prove Hedberg-type inequality on small
Morrey spaces using dyadic decomposition, Holder inequality, and doubling condition.
Furthermore, by using the inequality, it can be proven that the boundedness of generalized
fractional integral operators on small Morrey spaces.

Keywords: Fractional Integral Operators; Hedberg-type inequality; small Morrey spaces;

INTRODUCTION

Morrey space was first introduced by C. B. Morrey in 1938. Morrey [1] found a
solution space of elliptic differential equations called Morrey space. in the development of
research, Morrey space develops into several kinds of spaces such as small Morrey space.
The fractional integral operator is one type of singular integral operator. Research on
fractional integral operators, first started by Hardy and Littlewood. Hardy and Littlewood
[2] proved the boundedness of fractional integral operators on Lebesgue spaces using dyadic
decomposition. Furthermore, the research was continued by Adams [3] and Chiarenza and
Frasca [4] who proved the boundedness of fractional integral operators on Morrey space using
dyadic decomposition.

Nakai [5] generalized the space of Adams and Chiarenza and Frasca. Nakai [5] proved
the boundedness property of fractional integral operators on the generalized Morrey spaces
using dyadic decomposition. The result of Nakai research is also called Spanne inequality.
Gunawan and Eridani [6] extended the results of Adams and Chiarenza and Frasca. Karim and
Apriliani [7] continued their research on the Spanne inequality of the p = g case.

Sawano [8] extended Morrey space into a small Morrey space forr € (0,1). In Sawano's
research [8], it also gives the properties of inclusions among small Morrey spaces. In Sawano's
research, it also gives the properties of inclusions among small Morrey spaces. Based on the
inclusion properties, Karim et. al. [9] research further discussed the inclusion of Lebesgue
spaces, Morrey spaces, and small Morrey spaces. Karim, et.al. [9] has proved the boundedness
of fractional integral operator in small Morrey spaces using Hedberg Inequality.
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METHODS

The method used in writing this research article is a literature study of several related
articles and books. In some of the literature, the definition and limitation properties of
fractional integral operators have been discussed and the limitation properties and
definition of Morrey space have also been discussed. Therefore, by using the definitions
and properties that have been discussed in the previous literature study, it can be used to
prove the boundedness properties in this article. The first, we will discuss about Lebesgue
spaces and Morrey spaces from (see [10], [11], [12], [13],[14], and [15]).

Definition 1 (Lebesgue Spaces)

Let (X, A, u) is measurable spaces and 1 < p < . The Lebesgue spaces L?(X) are
consists all equivalence class of function f : X — R such that
1

f1l,p = ( | If"dX)p <o,
X

Definition 2 (Local Lebesgue Spaces)

Let (X,A,u) is measurable spaces. The Lebesgue spaces Lfoc(X) are consists all

equivalence class of function f : X — R such that for every compact subset § c X,

J’|f|pdx<oo.
s

Theorem 1 (Holder Inequality)
If f € LP(R") dan g € L1(R™) with p > 1, then [|fgl| , < [If1] . |l9]] ¢

Proof. The proof of this theorem can be seen in [10].

Definition 2 (Fractional Integral Operator)

Let 0 < f < n.The integral fractional operator I;f(x) is defined by

f)
Ipf () = Jmn—pc _;n_ﬁ dy

for every f € Lf (R") with 1 < p < o and for every x € R".

loc

Theorem 2 (Hedberg-type inequality)

letl<g<p<o andi = i —%, then for every f € LP(R™),
e )
[Igf ()] < Cpg(MFC) ™ [IF GO

Proof. Suppose 1<q <p < o, take any f € LP(R") and open ball O(x,r). From
definition integral fractional operator, write

lpf (x) = Lf(x) + Lf (x),
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with
_ f(y)
If(x) = L wn =y Y
and
fy)
IZf(X) . JG(x,]r‘)"m d}'-

Using dyadic decomposition, partition of the open ball 0(x,r) is 2¥r < |x — y| < 2¥*'r
with —oo <k < —1 such that

=1
f
ILfG)l<C Z f Y
lf K= —oo Zkrslx—y|<2k+lr|x_y‘n_6 Y

< Crﬁ(Mf(x)).

Partition of the complement of open ball O(x,7)¢, we obtain 2r < |x — y| < 2¥*1r with
0 < k < co such that

N f®)
ILfGI < C;L T

krg|x—y|<2ktly | —
p-=
< eIl

P
LFCO p\m .
%) , such that we obtain

l1pf GO < 1L F ]+ 12 ()]
<c (rﬁ’(Mf(x)) e zes |Lp)

Chooser = (

1-EP i
s CcMfE)) " [IFCI| 3

So, Hedberg-type Inequality is holds.

Definition 3 (Doubling Condition)

In defining the operators I, the function ¢ : R - R" satisfy the doubling condition
if holds

1. lf_iiiﬁ::2theni£M£leoreveryr,s>0.
27 s Cy — yls)

2. Forr>0, [~ *at.

Definition 4 (Morrey Spaces)

Let 0 < g <p <o and measurable spaces X = R". The Morrey spaces qu(an)
consists of function f € Lfoc(IR{“) with
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1

1£1l,p = sup_l0Gunle p(j( )If(x)l"dx)p,
Olx, 1

xeR™ 1>
is finite.
Definition 5 (Small Morrey Spaces)

Let 0 < g < p < o and measurable spaces X = R". The small Morrey spaces mf:(ll@.“)
consists of function f € L .(R™) with

g

WAl = sup |0(x.r)|3‘5(f If(x)lpdx)p,
q 0(x,r)

x€R™Mre(0,1)

is finite.

RESULTS AND DISCUSSIONS

In this section, we will discuss the boundedness properties of the fractional integral
operator. However, we will first prove Hedberg-type inequality in small Morrey spaces.
Eridani [11] generalized the fractional integral operator. Given function i : Rt - R¥that
satisfies the doubling condition. The generalized fractional integral operator is defined by

e = [ G oy,

for every f € LY (R™) with 1 <p < 00. If Y(lx — y|) = |x — y|# with 0 < a <n then
I fG) = If () [14].

Since p function satisfies the doubling condition, such that for every k € Z and for
every r > 0 with 2¥r < |x — y| < 2¥*1r holds

lx—y|
1. lf2 < Sk, < 2then

1 —
C s If;g;kﬂﬂ)) s
T
As aresult, we obtain
2k+1
PETD < v(ie—yh) < coerin), (m)
2. Lett :=|x —y|. Theinequality (1) can be expressed as
PETD <y < et @
- < < .
The next, from inequality (2), we have
2k+1 Zk+1 2k+1
e} v, CpE<r)
TC2ky 2k t
Zkr k+1 r
2k+1
< f O, < cpiaren, 3
2kr

Theorem 3 (Hedberg-type Inequality)

_E
n]

Let function : R — R* satisfies doubling condition. If 1 < p < g < o0 ancl:—E =
then

1
p
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1-fa o
|Lpf (O] < Cp g IMF Q)" ||f(x)||;s,
for every f € mg(IR"), with Mf (x) is maximal Hardy-Littlewood operator.

Proof. Takeany f # 0 € mg(R") and let1 < p < g < . Defined a functiony : R - RY,
is (t) =t with 0 < <n satisfies doubling condition such that (t) satisfies
inequality (1) and (3). Write

Lyf(x) = Lf(x) + L,f (x),

o k=D
LFGO) = f ey oy,

With

and

P(lx —yD
Lf(x) = f = om
0(xr)C |x - }'|
For open ball O(x, 1), can be partitioned 2fr < |x —y| <
such that we Ubtain

LGl < Z] YD 1 lay

kyslx—y|<rak+iy lx —yI"

k+1 1 ( )
<C Z P2 (2k+1 ) Jl’xy|<2k+1r|f(y)|dy
1
= ki1 ap(_ t
‘ k:z—oo(z " ((2k+lr)n JIx—yl‘tzkﬂrUC(y)| d}’)

-1
1
k+1.06 -
<c ), @ (o(f?k&r} @iy f N .0 “’)'d”)

k=—cwo

f(y)dy.

2k+1r for every —o < k < —1

=c Z (2418 MF ().

k=—uwo

Because the series Y;i_., 2P *1 converges to one for k < 0, then inequality can be
expressed by
ILf ()| < CreMf(x).

For O(x,7)¢, the ball 0 (x,7)°¢ can be partitioned 2*r < |x — y| < 2¥*1r with 0 < k < oo
Observe that

N b(lx=yD
ILf Gl < Z | =l 21
C 2%y
P(2*r) P (lx |};|)|ﬂ iy

- k=0 (2kr)n pe—y|<2ktir |x

with constant € > 0 and using Holder inequality we have

1 1 .
Y p
@ f|x—y|<2"“rf(y) = ((Zkr)n flx—ykzknrf(y)' dy)

1
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< @07 lIfI].
Because 1(t) = t#, consequently can be expressed as

b 2k —
P2 ) P (lx y‘)lf(y)ldy

ILf() = C ) === y B
zf . (2"?")" —yl<2kt1r |x—y|"

=0

A

<) @@ A,

k=0 o
crf Y @ ifl
k=0 a

and because 0 < f <nthenﬁ—n<ﬁ—§<0f0r 1 < p < q < o such that the series

IA

E,T;U(Z")ﬁ% converges to one. The resultis )
If Ol < Cr 4|7,
Next, using triangle inequality we obtain
Ly fOO)| < [ILf G| + [Lf ()]
< CrfMf(x) +Cr'8_§]|f||mg

< C(rﬁMf(x) +r'8_§||f||mg).

S =

[IF1],2

Chooser :== | ——=) , such that
Mf(x)

_n 1-B2 - Pa
|1¢,f(x)| < C(T'G'Mf(x) +r‘9 q||f||m$) = C(Mf(x)) n ||f|| n
So, Hedberg-type inequality on small Morrey spaces for fractional integral operator is

proved.

The following presents the limitation theorem of the generalized fractional integral
operator in small Morrey spaces.

Theorem 4
Let positive function ¢ : R — R* satisfies doubling condition and 1 < p; < g4 <%
with 0 < § < n. fr=>-£ a2 = i(1 - &), then exist constant G, ,. > 0 such
qz q1 n 2] P1 n Py

that for every f € mf:(lR") holds
‘|1¢f| ‘mgzg = Cpnff1||f| |m§11

Proof.Let 1 <p; < q; < g with 0 < < n. Defined function : R — R*, is Y (t) = tP.

Take any function f # 0 € mf: (R™). According to Hedberg-type Inequality from Theorem
3, holds

Baq
o f ()] < CpgIMFCOI R [IFGOI| .
My
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Defined
1 1 B
qdz 1 n’
and
1_1 (1_&)
P2 P n

Therefore, it is obtained
I‘t

[1,f @) < c(Mf ()’ ‘“IIf\
= C(Mf(x))mllﬂl

Next, both segments are raised by p, and integrated over O(x, r) such that

|, Jwreolax < e e I
O(x,r

_ Cp2||f||p2 PLL( r)(Mf(x))PL

1

<C¥’2||f||p2 S |0(x,r)|i*p%f (MF ()" dx

xeR™re(0,1 o0(x,r)

(1773
\|f\|m;:

_Cp2||f||p2 Pl.
<Cp2||f||p2 Pl.

< cvIfl |m51
1

1

1
Rank both segments by pi then multiply by |0(x,7)|92 r2 and take the supremum over
2

radius r € (0,1) of both segments such that we get
‘|1¢’f| ‘msg = Cpnfh“f' |m§1l

Thus, it is proven that [, f (x) is finite in the small Morrey spaces.

CONCLUSIONS

The generalization of the fractional integral operators by defining the positive function
Y : R —» R* that satisfies the doubling condition. The proof of the boundedness properties
of the generalized fractional integral operator in small Morrey space uses the Hedberg-
type inequality. Therefore, in proving it, it is necessary to prove first that the Hedberg-
type inequality applies in small Morrey space and applies to the generalized fractional

integral operator.
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