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ABSTRACT

This paper discusses the class of Jensen m-convex functions and their properties, leading to enhancements
of these functions and Jensen's inequalities for set-valued functions. It provides several characterizations
and explores various algebraic properties. Additionally, it introduces a discrete Jensen-type inclusion.
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INTRODUCTION

Convexity theory is a fundamental aspect of mathematical analysis with wide-
ranging applications across various disciplines [1]. One significant development within
this theory is the notion of m-convexity, a generalization of convexity introduced to
extend the scope of traditional convex functions (See [2] [3] [4] [5]). In recent years,
interest has grown significantly in studying m-convex functions and their properties,
particularly in the context of set-valued functions (See [6] [7] [8]).

Jensen's inequality is a fundamental concept in convex analysis, offering crucial
perspectives on the behavior of convex functions [9]. The extension of this inequality to
set-valued functions is a dynamic research area, motivated by its potential applications
in optimization, economics, statistics, and various other disciplines. Comprehending the
attributes and features of set-valued functions within the framework of m-convexity is
pivotal for tackling intricate optimization challenges and representing the uncertainties
that are intrinsic to real-world scenarios [8].

Lara has provided the class of convexity in various fields such as operator theory,
linear spaces, and functional analysis(see [10] [11] [12] [13] [14]). On the other hand,
Lara delivered a strong version of Jensen m-convexity(See [15] [16]), which remains
unexplored in certairfgieas, particularly in the concept of Set-Valued functions.

The primary goal of this research is to present the concept of a Jensen m-convex set-
valued function and to elucidate specifffj properties of these functions, thereby
generalizing the established concept of convexity for set-valued functions. These
functions are d@fined on a nonempty Jensen m-convex subset of a real linear space,
taking values in the set of nonempty subsets of another real linear space.

METHODS

The methodology employed in composing this research article involves a literature
review of various related articles and books. Within this literature, both the definition
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and properties of the m-convex function have been explored, as well as the
characteristics of m-convexity in set-valued functions. Thus, utilizing the definitions and
properties outlined in prior studies, this research investigates Jensen m-convexity in set-
valued functions. Initially, the discussion focuses on Jensen m-convexity and m-
convexity.

Let O be a non-empty subset of R". (1 is defined as a convex set if, for any x,y in (1
and any t in [0,1], the combination tx + (1 —t)y also belongs to (1. Geometrically, this
implies that the line segment connecting any two points in Q lies entirely within Q.
Interval is denoted /.

Definition 1 (m-Convex set, [6])
Let X be areal linear space and m € [0,1]. A non-empty set D € X is called m-convex set
ifforanyx,y € Dand t € [0,1] the pointtx + m(1 —t)y € D.

Definition 2 (m-Convex function, [2] [3] [10] [12])
Letm € [0,1]. A function f:[0,b] - R(b > 0) is said to be m-convex in the interval [0, b],
ifforanyx,y € [0,b] and t € [0,1] we have

flx+m(1=0y) <tf(x)+m(1-)f(y. (D)

6] 6]

The concept of an m-convex function can be interpreted geometrically. a function

f:10,b] — Ris considered m-convex if, for any x,y € [0, b] with x < y, the line segment
connecting the points (x, f(x)) and (my, mf (y)) lies above the graph of f on the interval
[x, my].
The foundations of convex function theory are attributed to Jensen. It is also noted
that the original definition of a real-valued convex function, as established by Jensen, is
what is now commonly reffrred to as a mid-convex function or Jensen convex. A Jensen
convex function is a function f:/— R that satisfies the following
inequality 1]

2 )= 2 !
forallx,y € 1.

Definition 3 (Jensen m-convex function, [15])
Let m € (0,1]. A function f:[0,+) —» R is called Jensen m-convex function in the
interval [0, +0) if satisfies the inequality

Cm Cm
forall x,y € [0, +0).

The concept of a Jensen m-convex function pertains to each m within the interval
(0,1], for a sERcific value t in the open interval (0,1), whidi#s denoted with respect to m
as t,y,. Given any (x, y) € [0, b] X [0, b], t,;,x + m(1 — t,;,)y can be represented as

X+
tmx +m(l —t,,)y = Ty (4)

where c,, is a constant that depends only on m. By rewriting Equation (4) as

(tm—é)x+(m(l — tm) —é)y=0,

Cm = f g an m — 1 . ( )
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Definition 4 (starshaped function, [15])
A function f:! — R thatsatisfies the inequality
f(tx) < tf (x), (6)

forall x € I and t € [0,1] will be called starshaped function in the interval .

Since Jensen m-convex functions exhibit properties as outlined in (5), the concept of
starshaped functions are utilized to produce algebraic properties within Jensen m-
convex functions.

Definition 5 (m-Convex set-valued function, [6])
Let m € [0,1]. Let D be any non-empty m-convex subset of X. A set-valued function
F:D — n(Y) is called m-convex if satisfies the inclusion

tF(x) + m(1 —t)F(y) € F(tx + m(1 — t)y), (7
forallx,y € D and t € [0,1].

RESULTS AND DISCUSSION
& 0

In this section, we presfit some results on Jensen m-convexity for set-valued
functions. Our focus extends the concept of Jensen n§Epnvexity to set-valued functions.
Let X and Y denote real linear spaces, n(Y") represent the family of all non-empty subsets
of Y, and let m and t,,, be fixed real numbers in the interval (0,1].

Definition 6 Let X be a real linear space and m € (0,1]. A non-empty set D,, € X is
called Jensen m-convex if for any x, y € D, the pointxci € Dy,
m

Example 1 Set A = {x|0 < x < b;x,y € Q} is Jensen m-convex set for rational number
m € (0,1].

Definition 7 Let m € (0,1] and D,, be a Jensen m-convex set. Set-valued function
F:D,, — n(Y) is said to be Jensen m-convex if satisfies the inclusion
F) +FG) F(x +y),
Cm Cm
forall x,y € Dy, with ¢, is a constant value depend on m.
The distinction between Jensen m-convex and m-convex functions lies in the role of
m within the inequality. In Definition 2 and Definition 5, the value of t is arbitrary within
the interval [0,1], whereas for Jensen m-convex functions, the value of t,, is dependent
on m. From Inclusion (8) by taking value x = y, we have
2F(x) cF (Zx)

Cm Cm

(8)

given that 4, = .:i’ we obtain
m
AmF (x) € F(Apx). 9

Proposition 1 Let m € (0,1].If F: D,,, - n(Y) is a Jensen m-convex set-valued function
and starshaped function, then F satisfies the inclusion

CL[tF(me) + (1= t)F(cpy)] € F(tx + (1 — t)y), (10)
forany x,y € D,, anﬁ t € (0,1).
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Proof.
Letx,y € D,, and t € (0,1), then we have

[t (e) + (1 = OF ()] € = [F(et) + FGp(1 = )
c Cmtx + cpp(1 — t)y)

c o
=F(x+ (1-t)y)
]
Proposition 2 Let m € (0,1]. If F: D,, = n(Y) is a Jensen m-convex set-valued function
and starshaped function, then for all positive real number x4, x4, ¥2 € D,;, we have

1 CmX1 CinXo Xq + X3
~|y,F + F( ) c(yy + )F( ) (11)
em | ( w0 Uy, )} ARG

Proof.
Let F Jensen m-convex set-valued function and starshaped, then for all real positive
X1,X32,¥1, Y2 € Dy, we have

1 [ CmX1 CmX2

o () e (57))

o P\ ) TN,

N +y2[ N1 F(me1)+ Y2 F(mez)]
€ Wty Y1 Y1ty Y2

N +y2[ N1 F (mel) + (1 N )F (mez)]
€ Wty Y1 Yty Y2

c (y, + )F(x1+x2)

=Wi1TY2 Vit

]
Proposition 3 Let m € (0,1]. If F: D,, —» n(Y) Jensen m-convex, then image of F for any
Ehbset Jensen m-convex of Dy, are Jensen m-convex set of linear space Y.
Proof.
B A be a non-empty Jensen m-convex subset of Dy, and let @ b belong to F(A), where
F(A) represents the union of F over x € A. Then, by taking a € F(x) and b € F(y) for
some x,y € A, we have

a+bEF(x)+F(y)gF((x+y)).

Cm Cm Cm

Since A is Jensen m-convex, ";—ye A, implying that ac—+b € F(A). Therefore, F(A) is a

Jensen m-convex function on Y.

]
Theorem 1 Let F:D,, € X - n(Y) be a set-valued function. £ said to be Jensen m-
convex function if and only if its graph, denoted by Gn,(F) = {(x,y) EX XY |x €
D,y € F(x)},is Jensen m-convex setin X x Y.

Proof.

(=) Let m € (0,1]. For any (xy, y1), (x3,¥;) € Gy, such that y; € F(x;) and y, € F(x;)

and satisfies 2222 ¢ Tl *tFx2) Since, F is Jensen m-convex we have (w, y1_+yz) € Gy
Cm Cm Cm Cm

that implies,
(x1,y1) + (x2,¥2)

Cm

€ Gy (F).
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F(x1)+F(x3)

. such that y can be expressed
m

(%Let m € (0,1]. Forany x,y € D, selecty €
nitys
Cm

as where y; € F(x;) and y, € F(x; ). Suppose Gr,, is a Jensen m-convex set over

X x Y with respect to m. Then for (x;,y7), (x3,v2) € Gry,, we have Cuy) Hzys) o

G1y, (F), that implies ”
(Xl +x2‘y1 +}’2) € Gy,
Cm Cm
Hence, we have y = hc—;h eEF (%) Given that y is constructed from any x,,x, € Dy, it

follows that F is Jensen m-convex.
Definition 8 Let Fy, F;: D, € X — n(Y) be a set-valued fun@on, we have
1) The union function of F; and F, is a set-valued function F; U F5: D, —» n(Y)
which defined by (F; U F,)(x) = F;(x) U F(x) for allJ € Dy,
2) The intersection function of F; and F; is a set-valued function F; N F: Dy, = n(Y)
which defined by (F; N F,)(x) = F;(x) n K (x) for all x € DA
3) The sum function of F; and F, is a set-valued function (F; + F5)(x) = F(x) +
Fy(x) forallx € D,,.
Definition 9 Let X, Y, Z be linear spaces and let D,,, be a subset of X. Then we have
1) If Fy: Dy, = n(Y) and F;: Dy, — n(Z) are set-valued functions. Then the Cartesian
productff F; and F; is set-valued function (F; X F;)(x): Dy, = n(Y) x n(Z) which
defined by (F; x F,)(x) = F,(x) x F,(x) forallx € D,,,.
2) If F:Dp —»n(Y) and Fo:n(Y) »n(Z) are setvalued function. Then the
Edmposition function of F; and F, is the set-valued function F, ¢ F;: D,, = n(Z)

given by (F, o F;)(x) = F(F;(x)) = Uyep, () F2 () forall x € D,

Proposition 4 Let m € (0,1]. If F;,F,:D,, » n(Y) are Jensen m-convex set-valued
functions which satisfies

Fy(x) € F,(0)(or Fy(x) € F,(x)),
for each x € Dy,. Then the union function of F; and F, is Jensen m-convex set-valued
function.

Proof Let m € (0,1] and x,, x, € Dy,. Without loss of generalization, let F;(x) € F5(x).
Then we have
(FLUF) () + (FLUF; )(xa)  Fr(xq) U Fa(xq) + Fi(o2) U Fa(xz)
Cm a Cm
_ Fy(xq) + Fo(x2)

|
Furthermore, (x,y) € Gr,,(F; UF,) ifand only if y € (F; U F;)(x) = F;(x) U F,(x) which
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is equivalent with
Grin(Fy U Fy) = Grin(F1) U G (Fy). (12)

Proposition 5 Let m € (0,1]. If F;,F;:D,, » n(Y) are Jensen m-convex set-valued
functions. Then the intersection function of F; and F, is Jensen m-convex set-valued
function.

Proof Since F; and F, are Jensen m-convex set-valued function, we have Gr,,(F;) and
G (F,) are Jensen m-convex and
Grn(Fy) 0 Grg(Fy) = {(,7)|x € Dyy(Fy) N Dyu(Fy),y € Fy(x) N Fy(1)}
={(x,y)lx € Dp(FL N F),y € (Fy n Fy)(x)}
= GTm(Fl n Fz).
We can conclude that Gr,(F; N F,) is Jensen m-convex. Then by Theorem 1, F; N F, is
Jensen m-convex set-valued function.

Propositigi) 6 Let m € (0,1]. If Fy,F;:D,;, » n(Y) are Jensen m-convex set-valued
functions. Then the sum function of F; and F; is Jensen m-convex set-valued function.

Proof Let x, y € D, since F; and F; Jensen m-convex set-valued function we have
(Fi+ R0+ FE+R)) F)+E0)+FRY)+BY)

Cm Cm

_R®+ ARG N F2(x) + Fo(y)
Cm Cm

+ +
QFl(x y)+F2(x y)

Cm Cm

= (F 4 F) (x: %),

m

]
Proposition 7 Let m € (0,1]. If Fy,F5: Dy, » n(Y) are Jensen m-convex set-valued
functions. Then the Cartesian product of F; and F, is Jensen m-convex set-valued
function.

Proof Let x, {8 D,,, since F; and F, Jensen m-convex set-valued function we have
(FL X F)(x) + (Fy X Fp)(y)  Fi(x) X F(x) + F(y) X F(y)

Cm

_(R@+ F)) % (FaGo) + B3 (»))
C.

_E@W+REY) K@ +BO)
Cm Cm
cF, (x;y ) x F, (x;y ) = (F, x F) (x;y )

Proposition 8 Let m € (0,1]. If F;: Dy, = n(¥) and F5: n(Y) — n(Z) are Jensen m-convex
set-valued functions. Then the composition function (F, ¢ F;) is Jensen m-convex set-
valued function.

Proof Let x, y € D, since F; and F, Jensen m-convex set-valued function we have
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e300 + (5o Fy) _R(RG) + BEG))
o cr, (Fl(x)zﬂ(y))
CF, (Fl (x tny))
)

Theorem 2 Let m € (0,1] and a function F: D,, = n(Y) be a Jensen m-convex set-valued
function and starshaped. Then for n = 2 and A,, A, ... 4,, are non-empty subset of D,,

satisfies the inclusion,
n
1
cF _Zﬁ . 13
(n k) (13)

1
n
k=1

n— 1A1)+ZF(CM Ak-l—l)

Proof Since F is starshaped, for all n we have

n n

! F Z A |€EF ! Z A
n k=1 ) n k= ‘)

Therefore, to establish the argument, it sufﬁces to dgnonstrate the following inclusions,

Fek Ay, -
an(c;,zlAlHZM F(HZAR)

k=
For n = 2, by applying Proposition 1 and selecting t = %, we obtain

%[F(cmzﬁll) + F("mAZJ] CF (l (4, + Az))'

Cm Cm
Assume that Inclusion (13) holds forn,nowforn +1

F(C’n+1 kA )
7F(C’ Al) +Z ket
m

n+1 k

1

F(Cm l’:'m}lk+1)

F (Z CmAk) + F(cmAns+ 1)}

k=1

Yhe1CmAy + A -
QF( k=1Cmfk T Cm “1):5'(214:«.)-
Cm

k=1

1
- F(CmAn+1)
m

Cm

c —

Cm

Corollary 1 Let m € (0,1] and a function F: D,, = n(Y) be a Jensen m-convex set-valued
function and starshaped. Then forn > 2 and x;, x5, ... x,, € D”ﬁtlsﬁes the inclusion,

1| 1 < F(c Ry, 1
;[C,?«L_l F(c%1xy) +Z%} c F(;Z xk). (14)

k=1
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CONCLUSIONS

Jensen m-convex set-valued function attain the same some properties from m-
convexity set-valued function. We present example of Jensef) m-convex set and the
algebraic properties. Specifically, we establish the discrete Jensen-type inclusion of
Jensen m-convex set-valued function.

ACKNOWLEDGMENTS

The author extends sincere thanks for the constructive comments from the referee,
which have greatly improved the manuscript. Furthermore, the author appreciates the
partial financial support from LPDP Scholarship.

REFERENCES

[1] J.R. Dwilewicz, "A short history of Convexity," Differential Geometry - Dynamical Systems, vol. 11, pp.
112-129,2009.

[2] S.S. Dragomir and G. Toader, "Some Inequalities for m-Convex Functions.," Studia Univ. Babes-Bolyai,
Math, vol. 38, no. 1, pp. 21-28, 1993.

[3] S. S. Dragomir, "On some new inequalities of Hermite-Hadamard type for m-convex functions,"
Tamkang J. of Math, vol. 33, no. 1, pp. 45-55,2002.

[4] L.Hormander, Notions of Convexity, vol. 207, Basel: Birkhauser, 1994.

[5] M. K. Bakula, M. E. Ozdemir and ]. Pecaric, "Hadamard Type Inequalities For m-Convex and (a,m)-
Convex," fournal of Inequalities in Pure and Applied Mathematics, vol. 9, no. 4, pp. 96-108, 2008.

[6] T.Lara, N. Marentes, R. Quintero and E. Rosales, "On m-Convexity of Set-Valued Functions," Advances
in Operator Theory, vol. 4, no. 1, pp. 1-16, 2019.

[7] T. Lara, N. Marentes, R. Quintero and E. Rosales, "Strong m-Convexity of Set-Valued Functions,"
Annales Mathematicae Silesianae, vol. 37, pp. 1-13, 2023.

[8] D. Zhang, C. Guo, D. Chen and G. Wang, "Jensen's inequalities for set-valued and fuzzy set-valued
functions,"” Fuzzy Sets and Systems, vol. 404, pp. 178-204, 2021.

[9] S.I. Bradanovi¢, "Improvements of Jensen's inequality and its converse for strongly convex functions
with applications to strongly f-divergences," Journal of Mathematical Analysis and Applications, vol.
531, no.2,p. 127866, 2024.

[10] T. Lara, E. Rosales and ]. Sanchez, "New properties of m-convex functions,” International Journal of
Mathematical Analysis, vol. 9,no. 15, pp. 735-742, 2015.

[11] L. Berbesi, T. Lara, P. Pena and E. Rosales, "On operator m-convex functions in hilbert space," UPI
Journal of Mathematics and Biostatistics, vol. 1, no. 2, pp. 1-12, 2018.

[12] T. Lara, N. Marentes, Z. Pales and R. Quintero, "On m-convexity on real linear spaces,” UPI Journal of
Mathematics and Biostatistics, vol. 1, no. 2, pp. 1-16, 2018.

[13] T. Lara, N. Marentes, R. Quintero and E. Rosales, "On m-concave functions on real linear spaces,”
Boletin de la Asociacion Matematica Venezolana, vol. 23, no. 2, pp. 131-137, 2016.

[14] T. Lara, N. Marentes, R. Quintero and E. Rosales, "Stability of m-jensen functional equations,” Journal
of Advances in Mathematics and Computer Science, vol. 24, no. 1, pp. 1-12, 2017.

[15] T. Lara, R. Quintero, E. Rosales and ]. Sanchez, "On Strongly Jensen m-Convex Function,” Pure
Mathematical Sciences, vol. 6,no. 1, pp. 87-94, 2017.

[16] T. Lara, R. Quintero, E. Rosales and ]. Sanchez, "On a generalization of the class of Jensen convex
functions," Aequationes Mathematicae, vol. 90, 2016.

Eko Dedi Pramana 8




Jensen m-convexity on set valued function.pdf

ORIGINALITY REPORT

14, . 136 3«

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

Basic Modern Algebra with Applications,
2014,

Publication

(K

Bot, R.L.. "An alternative formulation for a
new closed cone constraint qualification”,
Nonlinear Analysis, 20060315

Publication

(K

Nonconvex Optimization and Its Applications,
2005.

Publication

(K

Friedrich Knop. "Multiplicities and Dimensions
in Enveloping Tensor Categories",
International Mathematics Research Notices,
2024

Publication

(K

Teodoro Lara, Roy Quintero, Edgar Rosales,
José Luis Sanchez. "On a generalization of the
class of Jensen convex functions”,
Aequationes mathematicae, 2016

Publication

(K




Teodoro Lara, Edgar Rosales, Jose L. Sanchez.

"New properties of m-convex functions",
International Journal of Mathematical
Analysis, 2015

Publication

(2

Teodoro Lara, Nelson Merentes, Roy
Quintero, Edgar Rosales. "Properties of
Jensen m-convex functions", International
Journal of Mathematical Analysis, 2016

Publication

(K

Teodoro Lara, Nelson Merentes, Roy
Quintero, Edgar Rosales. " Strong -Convexity
of Set-Valued Functions ", Annales
Mathematicae Silesianae, 2023

Publication

(K

Submitted to Universitas Pendidikan

Indonesia
Student Paper

(K

Jorge Cortes. "Discontinuous dynamical
systems", IEEE Control Systems Magazine,
6/2008

Publication

(K

Submitted to University of Huddersfield
Student Paper y <1 %
Teodoro Lara, Roy Quintero, Edgar Rosales, <1 o

Jose L. Sanchez. "On strongly Jensen m-



convex functions", Pure Mathematical
Sciences, 2017

Publication

Submitted to Universitas Brawijaya
Student Paper J y <1 %
Hamid Khodaei. "Selections of generalized <1 o
convex set-valued functions satisfying some °
inclusions”, Journal of Mathematical Analysis
and Applications, 2019
Publication
J. Aczél, F. Stehling. "The Twenty-seventh <1 o
International Symposium on Functional °
Equations, August 14-24, 1989, Bielsko-
BiatKatowice—Krakow, Poland", Aequationes
Mathematicae, 1990
Publication
M. D. Fajardo. "Set-Valued Evenly Convex <1
: o %
Functions: Characterizations and C-
Conjugacy", Set-Valued and Variational
Analysis, 2022
Publication
Rockafellar. "Max and Min", Grundlehren der <1
: : %
mathematischen Wissenschaften, 1998
Publication
W Slavica Ivelic Bradanovic. "Improvements of <1 o

Jensen's inequality and its converse for

strongly convex functions with applications to



strongly f-divergences", Journal of
Mathematical Analysis and Applications, 2024

Publication

Thales Sarinho Galvao Santos de Souza. <1 o
"Open Coloring Axiom e aplicacdes de ’
coloragbes", Universidade de Sao Paulo.

Agéncia de Bibliotecas e Cole¢des Digitais,
2023
Publication

Erhan Set, Maryam Sardari, Muhamet Emin <1 y
Ozdemir, Jamal Rooin. "On Generalizations of °
the Hadamard Inequality for (a, m)-Convex
Functions", Kyungpook mathematical journal,

2012
Publication

Erhan Set. "On Hadamard-Type Inequalities <1 o
Involving Several Kinds of Convexity", Journal ’
of Inequalities and Applications, 2010
Publication

Subir Bose, George Deltas. "Exclusive Versus <1 o
Non-exclusive Dealing in Auctions with ’
Resale", Economic Theory, 2006
Publication

X. M. Yang, D. Li, S. Y. Wang. "Near- <1 o

Subconvexlikeness in Vector Optimization
with Set-Valued Functions", Journal of
Optimization Theory and Applications, 2001

Publication




V.F. Demyanov. " Exhausters af a positively <1 o
homogeneous function ", Optimization, 1999 ’
Publication

Pybﬁcgggr Optimization", Springer Nature, 2005 <1 %
Submitted to Queen's University of Belfast

Student Paper Q y <1 %

Exclude quotes On Exclude matches Off

Exclude bibliography On



