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ABSTRACT

Operator convex functiongre continuous functions of self-adjoint operators in Hilbert space.
Meanwhile, the operator (h, m)-convex functions are a new class on convexity, a generalization
of operator convex functions by combining h-convexity and m-convexity classes. In this class, m
is in the interval [0,1] and h is a nonnegative function with a domain that includes the interval
(0,1). The definition of operator (h, m)-convex functions has already been studied by Salas et al.
in 2017. However, there are some properties of operator (h, m)-convex functions that have not
yet been studied. Thus, in this research, we derive some basic properties of operator (h, m)-
convex functions. We also present the definition of matrix (h, m)-convex functions, a special case,
when the operator is a self-adjoint matrix. Then, we obtain some properties of matrix (h, m)-
convex functions.

Keywords: operator convex functions; functions; operator (h, m)-convex functions; matrix
convex functions; matrix (h, m)-convex functions; (h, m)-convexity

INTRODUCTION

The concept of convexity is central to the study of applied mathematics[1].
Convexity was initially defined and used in the study of arc length by Archimedes. The
definition of convexity proposed by Archimedes is similar to the the current definition,
which states that a set is called convex if it contains all line segments formed by any two
points in the set. Mathematically (see [2]): X € R is called as a convex set if for any x,y €
Xandt € (0,1) holds

tx+(1—-t)y € X.

Similarly, a curve (function) is called convex if the line segment between any two points
on the function's graph lies above the curve[1]. We can write mathematically (see [2]):
Let X be a convex set, a functions f: X — R is called as convex functions, if for any x,y €
Xandt € (0,1) holds

fx+ A -y) <tf(x) + A -Df ). 9 9)
If the inequality (1) is reversed, f is called as convave function. In other words'1t f
convex function then - f is a concave function, vice versa.

Various studies based on the definition and classical convexity theories have been
developed, leading to various variations in the definitions and convexity theories that
are more general than classical convexity. In 1984, Toader[3] introduced the definition
of m-convex functions, in which it must be defined on a m-convex set. In this class, when
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m = 0, it is called as starshaped functions[4].

In 2007, Varosanec[5] introduced a new class of convexity, which is called as h-
convexity. He studied the definition of h-convex functions and their properties. Here,
h:] — [0,), where J 2 (0,1). This is also the generalization of some classes in
convexity, such as Godunova-Levin functions (see [6]), s-convex functions (see [7], [8]),
P-functions (see [9]), and s-Godunova-Levin functions (see [10]).

Combining the concepts of h-convexity and m-convexity, Ozdemir et al.[11] studied
(h,m)-convex functions and their properties. In this class of convex functions, the
domain should be a m-convex set. The special class that generalized from this class is
(s, m)-convex functions (see [12]g13]) and (s, m)-Godunova-Levin functions (see [14]).

Several researchers studied Tunctions of self-adjoint operators in Hilbert space,
where the function is convex. It is also known as operator convex functions in Hilbert
space. In this class, the operator is must be a bounded and linear operator. The
operator's spectrum also must be contained in the interval of the domain of functions.
Bhatia[15] studied some properties for opearator ggnvex functions.

Operator m-convex funtions is a new class ogmctions of self-adjoint operators in
Hilbert space. Similar with m-convex functions interval of this functions is must be m-
convex set. Erdas et al.[16] introduced the definition of operator m-convex functions.
Continuing the work from Erdas, Berbesi et al.[17] studied some properties for operator
m-convex functions in 2018.

In 2017, Darvish et al.[18] studied the definition and some properties of operator h-
convex functions in Hilbert space. They also obtained some results when the operator is
matirce’s trace. The operator h-convex functions is the generalization of some other
classes such as, operator s-convex functions (see [19]), operator Godunova-Levin
functions (see [20]), and operator s-Godunova-Levin-Dragomir(see [21]) functions.

Continuing the work from Ozdemir et al.[11], Salas et al[@2] introduced the
definition of operator (h, m)-convex functions in Hilbert space and*flermite-Hadamard
type inequalities for operator (h, m)-convex functions. However, in their article, they
did not study about the properties of operator (h, m)-convex functions. The properties
of this class are essential, since this class is a new class in convexity combining the
operator h-convex functions and the operator m-convegfunctions.

Based on developments that have been presented,“in this paper, we provide some
basic properties for operator m-convex functions in Hilbert space. We also provide the
definition and the properties of the matrix & m)-convex functions, a special case, when
the operator is a self-adjoint matrix. We us€e“the definition of the operator (h, m)-convex
functions introduced in Salas et al.[22].

METHODS

The method of our research is literature study. Thus, in this section, we provide
several definitions and propositions that support obtaining our desired results. We also
give some notations for convenience in reading this paper.

As we mentioned before, the domain of the class (h, m)-convexity is m-convex set.
The definition of it can be seen in the following Definition 1.

Definition 1 (see [3], [23]). Let X € R" be linear space. Suppose VV € X be a non-empty
setand m € [0,1].V is called to be m-convex set if for every x,y € V and t € (0,1) holds
tx+m(1—-t)yev.

Using Definition 1 above, ones can easily shows that the interval I = [0, b] is a m-convex
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set. Next, the definition of m-convex functions can be seen in the following Definition 2.

Definition 2 (see [3]). Let I = [0,b] S nd m € [0,1]. A function f:I - R is called to
be m-convex function on I if forany x,y €  and t € (0,1) holds
fltx +m(1 = t)y) < tf (x) + m(1 - O)f (y).

Accﬁing to [4], from the Definition 2 if we take m = 0, we have starshaped functions.
h=Convex functions are defined in [5] as in the following Definition 3. However, we
will use interval I = [0, b] as the domain.

Definition 3 (see [5]). Let h:J 2 (0,1) — [0, o). Achtion f:1 - R is called to be h-
convex function on [ if forany x,y € [ and t € (0,1) holds

fltx+ (A -t)y) < h(O)f () + (A - Of ().

From the Definition 3, we have the Godunova-Levin functions, s@onvex functions, P-
functions, and s-Godunova-Levin functions if we take h(t) = %, h(t) =t5 h(t) =1, and

h(t) = t—ls respectively. The functions h can be super-multiplicative or sub-multiplicative
functions.

Definition 4 (see [5]). A function h:J 2 (0,1) = [0,) is called to be a super-
multiplicative functions if

h(xy) = h(x)h(y),
otherwise, h is called to be a sub-multiplicative functions.

Defined on the interval I = [0, b] € R as the domain, the definition of (h, m)-convex
functions can be seen in the following Definition 5.

Definition 5 (see [10]). Let h:J 2 (0,1) = [0, ) and m Eﬁ,l]. A function f:1 - R is
called to be (h, m)-convex function on I if forany x,y €  and t € (0,1) holds
f(tx + m(1 = t)y) < h()f(x) + mh(1 - Of (y).

From the Definition 5, if we take h(t) = t° and h(t) = tls, we have the definition of

(s, m)-convex functions and (s, m)-Godunovq:evin functions respectively.

For convenience, before we go further to*the definition of operator convex functions,
we give some notations. We denote H be a Hilbert spac ith an inner product (:,-),
while B(H) = {A|A: H — H is bounded linear operator}. "Let A,B € B(H) be self-
adjoint operator, in this paper, the notation of operator orders

A<B (2)
means
(Ax,x) < (Bx, x), (3)
for any x € H. Thus, changing the sign in (2) with “<”, “*”, “>", and “=" means changing
the sign in (3) with “<”, “>", “>”, and “=" respectively. We also denote B* (') is a family
of bounded linear operator in Hilbert space. Let us recall the definition of spectrum (o)
and resolvent set (p) below. We denote 04, be the null operator in . Meanwhile, 14 be
identity operator in #.

Definition 6 (see [24]). Let A be a bounded linear operator. The spectrum of 4 is
0(A) = {u € R|(A — uly) is not invertible}.
Meanwhile, the resolvent set of 4 is
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p(A) =R\ a(4).

According to [26], for any self-adjoint operator A € B(H) and f € C(c(A)), if x € a(4),
f(x) =0, then f(A) is positive operator on H. Next, according to [25], if for every x €
a(A), f(x) < gx) (f,g:0(A) - R), then f(A) < g(A) for any self-adjoint operator A €
B(H).

The convexity and monotonicity of the operator play an important role in our
discussion. The operator convex and operator monotone functions is defined as follows.

Definition 7 (see [14], [25]). Let I =[0,b] € R. A function f:I - R is called to be
operator convex function on [ if for any self-adjoint operator A,B € B(H) with
o0(A),oc(B) S Iandt € (0,1) holds

A+ (A -t@R) < tf(A)+ A —-t)f(B).
Meanwhile, the functions f is called*to be operator monotone if it is monotone with
respect to the operator order, i.e. A < B with 6(4),d(B) < I imply f(4) < f(B).

Let us denote K € B*(H) be a m-convex set. Now, we go to the definition of
operator m-convex functions.

Definition 8 (see [15], [16], [26]). Let I = [0, b] & and m € [0,1]. A function f:1 - R
is called to be operator m-convex function on [ if'Tor any self-adjoint operator 4,B € K
with 6(4),0(B) S I andt € (0,1) holds

fA+mA -t)B) < tf(A) +m(1l —-t)f(B).

The definition of operator h-convex functions are given in the following Definition 9.

Definition 9 (see [18]). Le9= [0,b] € R, (0,1) ,and h:J = [0, OO)Q function f:1 =
R is called to be operator h-convex function on [ if'for any self-adjoint operator 4, B € X
with 0(4),0(B) S I andt € (0,1) holds

fA+ (1 —-t)B) S h(t)f(A) + h(1 —t)f(B).

From Definition 9, if we take h(t) = t°, we have the definition of operator s-convex
functions.

Finally, the definition of operator (h, m)-convex functions are given in the following
Definition 10.

Definition 10 (see [22]). Let [ =[0,b] S IR{,Qz € [0,1], (0,1) </, and hgh— [0, 00)2
function f:I = R is called to be operator (h,m)-convex function on [/ if"tor any self-
adjoint operator 4, B € K with 0(A),0(B) S Iandt € (0,1) holds

f(tA+mU — )f(B)) < h(t)f(A) + mh(1 — ) (B).

RESULTS AND DISCUSSION

this section, wegaresent some results on the operator (h, m)-convex function in
Hilbert space. We alsc%ve the definition of matrix (h, m)-convex function as a special
case of our discussions. Based on the Definition 10, we obtain basic properties of
operator (h,m)-convex function. They are provided in the following propositions and
theorems below.

First, we obtained the linearity property of the operator (h, m)-convex function as in
the following Proposition 1 and Proposition 2.
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Proposition 1. Let [ =[0,b] S R,% € [0,1], (0,1) €], and h:]J — [0, ). Suppose
f,9g:1 > R be operator (h, m)-convex functions on I. Then, f + g is also operator (h, m)-
convex function on .

Proof: Let A,B € K with a(A),o(B) < I. Since f, g are operator (h, m)@onvex function
on I, then for any t € (0,laawe have
f+9)tA+mT—-t)B) = f(tA+m(1 —¢t)B) + g(tA+m(1 —t)B)
< h(®)f(A) + mh(1 = t)f(B) + h(t)g(4)
+mh(1 —t)g(B)
< h@f +9)(A) + mh(1 - (f + g)(B).
That means f + g is operator (h, m)-convex function on I for operators in X.
|

Proposition 2. Let ] =[0,b] € R, m € [0,1], (0,1) &/, h:] — [0,), and (0, o).
Supposeﬁ):l — R be operator (h, m)-convex function on I. Then, af is also“Operator
(h, m)-convex function on 1.

Proof: Let A, B € K with d(A),0(B) S I@ince f is operator (h, m)-convex function on /,
then for any t € (0,1) we have
(af ) (tLA+m(A —-t)B) < a[h(t?(A) + mh(1 —t)f(B)]
Ql < h(®)(af)(4) + mh(1 - t)(af)(B).
That means af is operator (h,’m)-convex function on I for operators in XK.
[ |

Other Properties of the operator convex functions can be seen in the following
Proposition 3 up to Proposition 6 below.

Proposition 3. Let I; =[0,b],I, =[0,c] € R, m€[0,1], (0,1) €/, and h:] — [0, ).
Suppose f:1; = R be operator (h, m)-convex functions and monotone operator on I;
functions and g: I, — R be operator m-convex functions on I,, with g(I;) € I;. Then, f o
g is also operator (h, m)-convex function on /5.

Proof: Let A, B € X with a(A4),a0(B) € L. Sinceg is operator m-convex function on I,
and f is operator monotone function, then for any t € (0,1) we have
(feg)tA+m(1-1t)B) < f(tg(4) + m(1 - t)g(B)).
Next, because g(I,) € I;, also f is operator (h, m)-convex and monotone on I;, we thus
have
(feg)(tA+m(1-t)B) < h()f(g9(A)) + mh(1 - t)f(g(B))
=h(t) (f e g)(A) + mh(1 —)(f°g)(B).
That means f o g is operator (h, m)-convex function on I, for operators in X.
[ |

Next, by considering two functions, namely h; and h,, also m;,m, € [0,1], we obtain
Proposition 4 and Proposition 5.

Pr sition 4. Let = [0,b] € R, m € [0,1], (0,1) €/, and hy4, hy: [0, 0) with h; <
h, Mt f:1 - R is an operator (h;,m)-convex function on I, then*J:/ — R is also an
operator (h,, m)-convex function on 1.

Proof: Let A, B € K with 6(A),c(B) < I. Since f is operator (h;, m)-convex function on I
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and h; < h,, then forany t € (0,1) we have
fA+m(1—-t)B) < hy(O)f(A) + mhy (1 —t)f (B)
< hy(Of(4) + mhy(1 - f (B).
Hence,@: I - R is also an operator (h;, m)-convex function on / for operators in K.
|

Propositionq tlI =[0,b] € R, (0,1) €/, h:] - [0,), and m;,m, € [0,1] with m; <
m,. If f:1 - R™s an operator (h,m;)-convex function on I, then f:/ - R is also an
operator (h, m,)-convex function on /.

Proof: Let A, B € K with 6(A),d(B) < I. Since f is operator (h, m;)-convex function on
[ and m; < m,, then foranyt € (0,1) we have
f@A+m@1—-t)B) < h(t)f(A) + mh(1 —t)f(B)
< h()f(A) + myh(1 —t)f(B).
Hence,"J:1 — R is also an operator (h, m,)-convex function on [ for operators in X.
[ |

Proposition 6. Let I = [0, b] S ]Ri,a,l) € J,h:] = [0,0),and m € [0,1] such that h(t) +
mh(1l —t) < 1. Also suppose 4, B € K be commutative and comparable (i.e. A = B and
A < Bor A= B)withag(4),d(B) € I. If both f, g: I = [0, ) are operator (h, m)-convex
and operator monotone functions, then f g is also operator (h, m)-convex functions.

Proof: By the assumptions A, B € K be commutative and comparable with o(4),c(B) <
I. Without loss the generalization, we take A < B. According to [16], it holds that
f(A)g(B) = g(B)f(A). Since f,g are operator monotone functions, then we have
f(B) — f(A) = 0and g(B) — g(A) > 0. So, by multiplication we have

(f(B) = f(A))(g(B) — g(A) > 0y

or
fB)g(B) — f(A)g(B) — f(B)g(A) + f(A)g(A) > 0. (4)

Since f(A)g(B) = g(B)f(A), then (4) become
fB)g(B) + f(A)g(A) > f(A)g(B) + f(B)g(4). (5)

Next, because f, g are operator (h, m)-convex functions, then we get
fgtA+m(A—-¢t)B)=f(tA+m(1l —-t)B) -g(tA+m(1—t)B)
< [h@®)f(A) + mh(1 - t)f (B)]
-[h(£)g(A) + mh(1 - t)g(B)]
= h?(0)f (A)g(A) + m*h*(1 — t)f (B)g(B)
+mh(t)h(1 - O)[f(A)g(B) + f(B)g(A)].
Based on (5), we thus have

fgtA+m(1—t)B) < h*()f(A)g(A) + m*h*(1 — t)f (B)g(B)
+mh(t)h(1 - t)[f(A)g(A) + f(B)g(B)].
= h(O)[h(t) + mh(1 - t)]f (A)g(A)
+mh(1 — t)[h(t) + mh(1 - t)]f(B)g(B)
By the assumption h(t) + mh(1 —t) < 1. Hence, we obtain
fg(tA+m(1—-1t)B) < h(t)f(4)g(A) + mh(1 —t)f(B)g(B).
That means fg is operator (h, m)-convex functions on I for opeators in XK.
[ |

The characteristic of h as in the Definition 4 has several consequences to the
%roperties of the operator (h,m)-convex functions. In the following Theorem 1 and
Theorem 2, we obtain the properties of the operator (h, m)-convex functions based on
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the characteristic of the h functions.

Theorem 1. Letm € [0,1],] = [0,b] € R, (0,1) € J,and h:] — [0, o).
(a) Let f:1 - R be operator (h,m)-convex function on I and f(0s) = 0. If h is a
super-multiplicative function, then holds
f(aA + mpB) < h(a)f(A) + mh(B)f(B),
with A,B € K withg(A),0(B) S Ilanda,f € Rwitha +p < 1.
(b) Let f: I - R such that - f be operator (h, m)-convex function and f(04) = 0. If
h is a sub-multiplicative function, then holds
f(aA + mBB) > h(a)f(A) + mh(B)f(B),
with 4, B € K with 0(A),0(B) € I and @, € [0,) with a + mp < 1.

Proof: Let A, B € X wi#h 0(A),c(B) < I. We separate our proof for each poin (a) and (b)

as follows. (a) Let a, § be positive numbers such that @« + f = y < 1 or we write % + % =

1. Also let us define 14, = % and 4, = £ Since™ be operator (h, m)-convex function on

Y
and f(04) = 04, then have
f(aA+mBB) = f(A1yA + ma,yB) < h(4,)f (yA) + mh(A,)f (vB)
= h(A)f (YA +m(1 —y)0s) + mh(A)f (yB + m(1 —y)0s)
< h(A)[h(y)f(A) + mh(1 —y)f (05)]
+mh(A)[h(y)f (B) + mh(1 —y)f(03)]
Q = h(ADhW)f (A) + mh(A)h(y)f (B).
ince h is a super-multiplicative function, thymwe have
f(aA +mBB) < h(4,7J] (A) + mh(A,y)f (B)
= h(a)f (A) + mh(B)f (B).
The proof for case (b) in this theorem is similar to the proof for case (a).
[ |

Theorem 2. Let m € [0,1], Jx 2 (0,1), hy:J, = [0,0) with k = 1,2, and h,(J;) € J; such
that h,(t) + h,(1 —t) <1 for every t € (0,1). Suppose f:I; 2{0} >R and g:I, > R
with g(I,) € I, and f(04) = 0.

(a) If h, is a super-multiplicative function, f is operator (h;, m)-convex function and
monotone on I, and g is operator (h,, m)-convex function, then f o g is operator
(h3, m)-convex function.

(b) If h, is a sub-multiplicative function, —f is operator (h;, m)-convex function and
monotone on [;, and —g is operator (h,, m)-convex function, then —f o (—g) is
operator (h3, m)-convex function.

Here h; = hy o h,.

Proof: Let A, B € K with 6(A),c(B) <€ I,. We separate our proof for each case (a) and (b)
as follows. (a) Since g is operator (h,, m)-convex function on I, and f is monotone
operator, then for any t € (0,1) we have
(fo@)tA+m(1—0)B) < f(ha()g(A) + mhy(1 - ) g(B)).
Next, using Theorem 1 (a) and because g(I;) € I, f is operator (h;, m)-convex function
on I, and h,(J,) € J; such that h,(t) + h,(1 —t) < 1, then for every t € (0,1) we have
(f e (A +m(1 = DB) < hy(h(0))f(9(A) + mhy(h(1 - 0))f (9(B))
= hy(O)f (g(4)) + mhs(1 - O)f (g(B)).

The proof for case (b) in this theorem is similar to the proof for case (a).
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Now%e introduce the definition of matrix (h, m)-convex functions, a special case in
our discussions. Let us denote M,,(H) as family of matrices with n order. Thus, if A €
M, (H), then A:H, —» H,, in which H,, € H is a finite dimensional space. For more
detail information about matrix convex functions can be seen in [17] and [27]. The
definition of matrix (h, m)-convex functions can be seen in the fallowing Definition 11.
In [17], it stated that if A € M,,(C) is a self-adjoint matrix, then*there exists a unitary
operator U € M,,(C) and a diagonal matrix D = diag[44, ...,4,] € M, (C), with A; €
o(A)(i =1,..,n) such that A = UDU" and f(A) = Uf(D)U". Here, f(D) € M, (C) it can
be written as f(D) = diag[f(41), ..., f(A)].

Definition 11. Let m € [0,1], n € N,9= [0,b] € R, (0,1) <], and h:]J = [0, M).q
function f:I = R is called to bgmnatrix (h, m)-convex function if for every self-adjoint
matrices A, B € M,(H) and t € {U,1) holds

f(tA+m(1 —-t)B) < h(t)f(A) + mh(1 —t)f(B).

Note that, the matrix (h, m)-convex functions also have properties of operator (h, m)-
convex functions, since they are a special case. In the following Proposition 7 and
Proposition 8, we present two special properties of the matrix (h, m)-convex functions.

Proposition 7. L € [0,1],1 =[0,b] € R, (0,1) €/, and h:] — [0, ). Suppose f:I —
R be a continuousTunction. Then, f is an operator (h, m)-convex function on [ if only if f
is a matrix (h, m)-convex function on /.

Proof: (=) LetQ,B € M, (H) be self-adjoint matrices and H,, €H be a finite
dimensional space. Also let P, € M,,(H) be the projection matrix on H,. Define 4 :=
AP,:H = H, and B == BP,: 3 — H,,. Since A, B are self-adjoint matrices, then for every
x,y € H, we can obtain

(Ax,y) = (APyx,y) = (Ax,y) = (x, Ay) = (x, ARy} = (x, Ay).
So, if A, b are self-adjoint matrices, then A, B also are self-adjoint matrices. It can be
observed that f(A) = f (/T)| 9, Thus, we have

ftA+m(1—0)B) = f(tA+m(1-1t)B) < h(t)fa) +mh(1 —t)f(B)
=h(t)f(A) + mh(1 —t)f(B).
(<) By the assumption f is a continuous functiopmon I, according to the Weierstrass
approximation theorem (see [28, Theorem B]), then@ere is a sequence of polynomials,
namely {p,}nen, such that p, — f on I. Let us consider a subspace #,,, < H,,, in which it is
generated by the vectors 1,x,Ax, A%x, A™x. Also let P, € My, (H) be the projection
matrix on Hy,, . Thus, we can define A, = AR, : H, - H,, and B, = BP, :H;, > H,,.
Since
(Anx,y) = (AP, x,y) = (Ax,y) = (x, Ay) = (x, AB,, ¥) = (x, A,Y),
then A,, and B,, are self-adjoint matrices. This means p, (4,,)x = p,(A)x or
Pn(4r) pn(A)x = 0.
Because f is a continuous function on /,;for any € > 0, then there exist N € N such that
forn > N holds
1) = P = 5
Hence, we can c late
If (A) =T DIl = lIf (A) — Pn(4r) + Pn(4n) — Pn(4) + pr(A) — f(AI
< [If (4n) = pa (A + lIpn(An) — P (DIl + llpn(4) — FAII
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< ; +0+ ; =¢&.
This means f(4,) - f(A). Using the same way, we obtain f(B,) — f(B) and
f(tA, + m(1 —t)B,) = f(tA+m(1—t)B). Next, since f is matrix (h,m)-convex
functions, then we have
f(tAn + m(1 - ©)By) < h(t)f (4y) + mh(1 - t)f (By)
or
h(t)f(An) + mh(l - t)f(Bn) - f(tAn + m(l - t)Bn) 7 07—['
It means
([h(t)f(An) + mh(l - t)f(Bn) - f(tAn + m(l - t)Bn)]xlx) = 0.
Since n tends to infinity, then we have
lm([R(6)f (An) +mh(1 = )f (Bn) = f(tAn + m(1 — t)B,)]x|x) = 0.

Hence, we get
([R(O)f(A) + mh@ —0)f(B) — f(tA+m(1 - t)B)]x|x) = 0.
That can be expressed as
fA+m(1 -t)B) < h(t)f(A) + mh(1 —t)f(B).
This is the end of our proof.
|

Proposition 8. Let m € [0,1], n € N9= [0,b] € R, (0,1) €/, and h:] — [0, o). Also let
the sequence of functions {f, },,ey With f,;:I - R be a sequence of matrix (h, m)-convex
functions on I. If f,, = f, then f is also matrix (h, m)-convex function on I.

Proof:Qet A,B € M,,(H) be self-adjoint matrices with o(4),d(B) € I. Thus, we can
write A = UDU”, where U is unitary matrix and D = diag[Ay,...,4,] with A;(i =
1,...,n) € a(A). Since f,, = f, then we have

fu(4) = f,(UDU") = Uf,,(D)U* = Uf(D)U" = f(UDU") = f(A).
That means f;,,(A) = f(A). Using the same way for operator B, we obtain f,,(B) — f(B).
Next, because {f;, },,en are sequence of (h, m)-convex function on I, then it holds

fn(tA + m(]- - t)B) < h(t)fn(A) + mh(l - t)fn(B)
or
h(®)fn(4) + mh(1 = ) f,(B) — fo(tA + m(1 — t)B) > Oy
It means
([h(®) fn(A) + mh(1 — ) f,(B) — fn(tA + m(1 — ©)B)]x|x) = 0.

Since n tends to infinity, then we have

lim ([A(6) fo (A) + mh(1 = ) fo(B) — fo(tA + m(1 = )B)]x|x) 2 0.

Hence, we obtain
([h(®)fA) +mhTI —t)f(B) — f(tA+m(1 —t)B)]x|x) =0
or it can be expressed as
f(tA +QL(1 —t)B) < h(t)f(A) + mh(1 — t)f(B).
This is the end of our proof.
|

Lastly, based on the results in Proposition 7 and Proposition 8 we give a Corollary
below.

Corollary 1. Let m € [0,1], b = 19= [0,b] € R, (0,1) €], and h:] - [0,0). If {f, }nen
with f,: I = R are a sequence of operator (h, m)-convex functions on I such that f,, = f,
then f is an of operator (h, m)-convex functions on I.
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CONCLUSIONS

The properties of the operator (h, m)-convex functions have some similarities with
the operator h-convex functions and m-convex functions. However, since this class is the
generalization of the h-convexity and m-convexity, then it needs to fulfill some
additional conditions. A special case, matrix (h, m)-convex functions also have their own
unique properties.
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