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ABSTRACT 

Operator convex functions are continuous functions of self-adjoint operators in Hilbert space. 
Meanwhile, the operator (ℎ, 𝑚)-convex functions are a new class on convexity, a generalization 
of operator convex functions by combining ℎ-convexity and 𝑚-convexity classes.  In this class,  𝑚 
is in the interval [0,1] and ℎ is a nonnegative function with a domain that includes the interval 
(0,1).  The definition of operator (ℎ, 𝑚)-convex functions has already been studied by Salaş et al. 
in 2017. However, there are some properties of operator (ℎ, 𝑚)-convex functions that have not 
yet been studied. Thus, in this research, we derive some basic properties of operator (ℎ, 𝑚)-
convex functions. We also present the definition of matrix (ℎ, 𝑚)-convex functions, a special case, 
when the operator is a self-adjoint matrix. Then, we obtain some properties of matrix (ℎ, 𝑚)-
convex functions. 

Keywords: operator convex functions; functions; operator (h, m)-convex functions; matrix 
convex functions; matrix (h, m)-convex functions; (h, m)-convexity 

INTRODUCTION 

The concept of convexity is central to the study of applied mathematics[1].  
Convexity was initially defined and used in the study of arc length by Archimedes. The 
definition of convexity proposed by Archimedes is similar to the the current definition, 
which states that a set is called convex if it contains all line segments formed by any two 
points in the set. Mathematically (see [2]): 𝑋 ⊆ ℝ is called as a convex set if for any 𝑥, 𝑦 ∈
𝑋 and 𝑡 ∈ (0,1) holds 

𝑡𝑥 + (1 − 𝑡)𝑦 ∈ 𝑋. 
Similarly, a curve (function) is called convex if the line segment between any two points 
on the function's graph lies above the curve[1]. We can write mathematically (see [2]): 
Let X be a convex set, a functions 𝑓: 𝑋 → ℝ is called as convex functions, if for any 𝑥, 𝑦 ∈
𝑋 and 𝑡 ∈ (0,1) holds  

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑡𝑓(𝑥) + (1 − 𝑡)𝑓(𝑦). (1) 
If the inequality (1) is reversed, 𝑓 is called as convave function. In other words if 𝑓 is a 
convex function then – 𝑓 is a concave function, vice versa. 

Various studies based on the definition and classical convexity theories have been 
developed, leading to various variations in the definitions and convexity theories that 
are more general than classical convexity. In 1984, Toader[3] introduced the definition 
of 𝑚-convex functions, in which it must be defined on a 𝑚-convex set. In this class, when 
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𝑚 = 0, it is called as starshaped functions[4].  
In 2007, Varošanec[5] introduced a new class of convexity, which is called as ℎ-

convexity. He studied the definition of ℎ-convex functions and their properties. Here, 
ℎ: 𝐽 → [0, ∞), where 𝐽 ⊇ (0,1). This is also the generalization of some classes in 
convexity, such as Godunova-Levin functions (see [6]), 𝑠-convex functions (see [7], [8]), 
𝑃-functions (see [9]), and 𝑠-Godunova-Levin functions (see [10]). 

Combining the concepts of ℎ-convexity and 𝑚-convexity, Özdemir et al.[11] studied 
(ℎ, 𝑚)-convex functions and their properties. In this class of convex functions, the 
domain should be a 𝑚-convex set. The special class that generalized from this class is 
(𝑠, 𝑚)-convex functions (see [12], [13]) and (𝑠, 𝑚)-Godunova-Levin functions (see [14]).   

Several researchers studied functions of self-adjoint operators in Hilbert space, 
where the function is convex. It is also known as operator convex functions in Hilbert 
space. In this class, the operator is must be a bounded and linear operator. The 
operator‘s spectrum also must be contained in the interval of the domain of functions. 
Bhatia[15] studied some properties for opearator convex functions. 

Operator 𝑚-convex funtions is a new class of functions of self-adjoint operators in 
Hilbert space. Similar with m-convex functions interval of this functions is must be 𝑚-
convex set. Erdaş et al.[16] introduced the definition of operator 𝑚-convex functions. 
Continuing the work from Erdaş, Berbesi et al.[17] studied some properties for operator 
𝑚-convex functions in 2018.  

In 2017, Darvish et al.[18] studied the definition and some properties of operator ℎ-
convex functions in Hilbert space. They also obtained some results when the operator is 
matirce’s trace. The operator ℎ-convex functions is the generalization of some other 
classes such as, operator 𝑠-convex functions (see [19]), operator Godunova-Levin 
functions (see [20]), and operator 𝑠-Godunova-Levin-Dragomir(see [21]) functions. 

Continuing the work from Özdemir et al.[11], Salaş et al.[22] introduced the 
definition of operator (ℎ, 𝑚)-convex functions in Hilbert space and Hermite-Hadamard 
type inequalities for operator (ℎ, 𝑚)-convex functions. However, in their article,  they 
did not study about the properties of operator (ℎ, 𝑚)-convex functions. The  properties 
of this class are essential, since this class is a new class in convexity combining the 
operator ℎ-convex functions and the operator 𝑚-convex functions. 

Based on developments that have been presented, in this paper, we provide some 
basic properties for operator 𝑚-convex functions in Hilbert space. We also provide the 
definition and the properties of the matrix (ℎ, 𝑚)-convex functions, a special case, when 
the operator is a self-adjoint matrix. We use the definition of the operator (ℎ, 𝑚)-convex 
functions introduced in Salaş et al.[22].  

 

METHODS  

The method of our research is literature study. Thus, in this section, we provide 
several definitions and propositions that support obtaining our desired results. We also 
give some notations for convenience in reading this paper. 

As we mentioned before, the domain of the class (ℎ, 𝑚)-convexity is 𝑚-convex set. 
The definition of it can be seen in the following Definition 1. 

Definition 1 (see [3], [23]). Let 𝑋 ⊆ ℝ𝑛 be linear space. Suppose 𝑉 ⊆ 𝑋 be a non-empty 
set and 𝑚 ∈ [0,1]. 𝑉 is called to be 𝑚-convex set if for every 𝑥, 𝑦 ∈ 𝑉 and 𝑡 ∈ (0,1) holds 

𝑡𝑥 + 𝑚(1 − 𝑡)𝑦 ∈ 𝑉. 

Using Definition 1 above, ones can easily shows that the interval 𝐼 = [0, 𝑏] is a 𝑚-convex 
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set. Next, the definition of 𝑚-convex functions can be seen in the following Definition 2. 

Definition 2 (see [3]). Let 𝐼 = [0, 𝑏] ⊆ ℝ and 𝑚 ∈ [0,1]. A function 𝑓: 𝐼 → ℝ is called to 
be 𝑚-convex function on 𝐼 if for any 𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝑥 + 𝑚(1 − 𝑡)𝑦) ≤ 𝑡𝑓(𝑥) + 𝑚(1 − 𝑡)𝑓(𝑦). 

According to [4], from the Definition 2 if we take 𝑚 = 0, we have starshaped functions. 
ℎ-Convex functions are defined in [5] as in the following Definition 3. However, we 

will use interval 𝐼 = [0, 𝑏] as the domain. 

Definition 3 (see [5]). Let ℎ: 𝐽 ⊇ (0,1) → [0, ∞). A function 𝑓: 𝐼 → ℝ is called to be ℎ-
convex function on 𝐼 if for any 𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ ℎ(𝑡)𝑓(𝑥) + ℎ(1 − 𝑡)𝑓(𝑦). 

From the Definition 3, we have the Godunova-Levin functions, 𝑠-convex functions, 𝑃-

functions, and 𝑠-Godunova-Levin functions if we take ℎ(𝑡) =
1

𝑡
, ℎ(𝑡) = 𝑡𝑠 , ℎ(𝑡) = 1, and 

ℎ(𝑡) =
1

𝑡𝑠
 respectively. The functions ℎ can be super-multiplicative or sub-multiplicative 

functions. 

Definition 4 (see [5]). A function ℎ: 𝐽 ⊇ (0,1) → [0, ∞) is called to be a super-
multiplicative functions if 

ℎ(𝑥𝑦) ≥ ℎ(𝑥)ℎ(𝑦), 
otherwise, ℎ is called to be a sub-multiplicative functions. 

Defined on the interval 𝐼 = [0, 𝑏] ⊆ ℝ as the domain, the definition of (ℎ, 𝑚)-convex 
functions can be seen in the following Definition 5. 

Definition 5 (see [10]). Let ℎ: 𝐽 ⊇ (0,1) → [0, ∞) and 𝑚 ∈ [0,1]. A function 𝑓: 𝐼 → ℝ is 
called to be (ℎ, 𝑚)-convex function on 𝐼 if for any 𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝑥 + 𝑚(1 − 𝑡)𝑦) ≤ ℎ(𝑡)𝑓(𝑥) + 𝑚ℎ(1 − 𝑡)𝑓(𝑦). 

From the Definition 5, if we take ℎ(𝑡) = 𝑡𝑠 and ℎ(𝑡) =
1

𝑡𝑠, we have the definition of 

(𝑠, 𝑚)-convex functions and (𝑠, 𝑚)-Godunova-Levin functions respectively.   
For convenience, before we go further to the definition of operator convex functions, 

we give some notations. We denote ℋ be a Hilbert space with an inner product 〈⋅,⋅〉, 
while ℬ(ℋ) = {𝐴|𝐴: ℋ → ℋ is bounded linear operator}. Let 𝐴, 𝐵 ∈ ℬ(ℋ) be self-
adjoint operator, in this paper, the notation of operator orders 

𝐴 ≼ 𝐵 (2) 
means 

〈𝐴𝑥, 𝑥〉 ≤ 〈𝐵𝑥, 𝑥〉, (3) 
for any 𝑥 ∈ ℋ. Thus, changing the sign in (2) with “≺”, “≽”, “≻”, and “=” means changing 
the sign in (3) with “<”, “≥”, “>”, and “=” respectively. We also denote ℬ+(ℋ) is a family 
of bounded linear operator in Hilbert space. Let us recall the definition of spectrum (𝜎) 
and resolvent set (𝜌) below. We denote 0ℋ  be the null operator in ℋ. Meanwhile, 1ℋ  be 
identity operator in ℋ. 

Definition 6 (see [24]). Let 𝐴 be a bounded linear operator. The spectrum of 𝐴 is 
𝜎(𝐴) = {𝜇 ∈ ℝ|(𝐴 − 𝜇1ℋ) is not invertible}. 

Meanwhile, the resolvent set of 𝐴 is 
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𝜌(𝐴) = ℝ ∖ 𝜎(𝐴). 

According to [26], for any self-adjoint operator 𝐴 ∈ ℬ(ℋ) and 𝑓 ∈ 𝐶(𝜎(𝐴)), if 𝑥 ∈ 𝜎(𝐴), 
𝑓(𝑥) ≥ 0, then 𝑓(𝐴) is positive operator on ℋ. Next, according to [25], if for every 𝑥 ∈
𝜎(𝐴), 𝑓(𝑥) ≤ 𝑔(𝑥) (𝑓, 𝑔: 𝜎(𝐴) → ℝ), then 𝑓(𝐴) ≼ 𝑔(𝐴) for any self-adjoint operator 𝐴 ∈
ℬ(ℋ). 

The convexity and monotonicity of the operator play an important role in our 
discussion. The operator convex and operator monotone functions is defined as follows. 

Definition 7 (see [14], [25]). Let 𝐼 = [0, 𝑏] ⊆ ℝ. A function 𝑓: 𝐼 → ℝ is called to be 
operator convex function on 𝐼 if for any self-adjoint operator 𝐴, 𝐵 ∈ ℬ(ℋ) with 
𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝐴 + (1 − 𝑡)𝐵) ≼ 𝑡𝑓(𝐴) + (1 − 𝑡)𝑓(𝐵). 
Meanwhile, the functions 𝑓 is called to be operator monotone if it is monotone with 
respect to the operator order, i.e. 𝐴 ≼ 𝐵 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 imply 𝑓(𝐴) ≼ 𝑓(𝐵). 

Let us denote 𝒦 ⊆ ℬ+(ℋ) be a 𝑚-convex set. Now, we go to the definition of 
operator 𝑚-convex functions. 

Definition 8 (see [15], [16], [26]). Let 𝐼 = [0, 𝑏] ⊆ ℝ and 𝑚 ∈ [0,1]. A function 𝑓: 𝐼 → ℝ 
is called to be operator 𝑚-convex function on 𝐼 if for any self-adjoint operator 𝐴, 𝐵 ∈ 𝒦 
with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ 𝑡𝑓(𝐴) + 𝑚(1 − 𝑡)𝑓(𝐵). 

The definition of operator ℎ-convex functions are given in the following Definition 9. 

Definition 9 (see [18]). Let 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). A function 𝑓: 𝐼 →
ℝ is called to be operator ℎ-convex function on 𝐼 if for any self-adjoint operator 𝐴, 𝐵 ∈ 𝒦 
with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝐴 + (1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝐴) + ℎ(1 − 𝑡)𝑓(𝐵). 

From Definition 9, if we take ℎ(𝑡) = 𝑡𝑠 , we have the definition of operator 𝑠-convex 
functions. 

Finally, the definition of operator (ℎ, 𝑚)-convex functions are given in the following 
Definition 10. 

Definition 10 (see [22]). Let  𝐼 = [0, 𝑏] ⊆ ℝ, 𝑚 ∈ [0,1], (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). A 
function 𝑓: 𝐼 → ℝ is called to be operator (ℎ, 𝑚)-convex function on 𝐼 if for any self-
adjoint operator 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝑓(𝐵)) ≼ ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵). 

RESULTS AND DISCUSSION  

In this section, we present some results on the operator (ℎ, 𝑚)-convex function in 
Hilbert space. We also give the definition of matrix (ℎ, 𝑚)-convex function as a special 
case of our discussions. Based on the Definition 10, we obtain basic properties of 
operator (ℎ, 𝑚)-convex function. They are provided in the following propositions and 
theorems below. 

First, we obtained the linearity property of the operator (ℎ, 𝑚)-convex function as in 
the following Proposition 1 and Proposition 2. 
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Proposition 1. Let 𝐼 = [0, 𝑏] ⊆ ℝ, 𝑚 ∈ [0,1], (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). Suppose 
𝑓, 𝑔: 𝐼 → ℝ be operator (ℎ, 𝑚)-convex functions on 𝐼. Then, 𝑓 + 𝑔 is also operator (ℎ, 𝑚)-
convex function on 𝐼. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼. Since 𝑓, 𝑔 are operator (ℎ, 𝑚)-convex function 
on 𝐼, then for any 𝑡 ∈ (0,1) we have 

(𝑓 + 𝑔)(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵)  = 𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) + 𝑔(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) 
≼ ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵) + ℎ(𝑡)𝑔(𝐴) 

+𝑚ℎ(1 − 𝑡)𝑔(𝐵) 
≼ ℎ(𝑡)(𝑓 + 𝑔)(𝐴) + 𝑚ℎ(1 − 𝑡)(𝑓 + 𝑔)(𝐵). 

That means 𝑓 + 𝑔 is operator (ℎ, 𝑚)-convex function on 𝐼 for operators in 𝒦. 
█ 

Proposition 2. Let 𝐼 = [0, 𝑏] ⊆ ℝ, 𝑚 ∈ [0,1], (0,1) ⊆ 𝐽, ℎ: 𝐽 → [0, ∞), and 𝛼 ∈ (0, ∞). 
Suppose 𝑓: 𝐼 → ℝ be operator (ℎ, 𝑚)-convex function on 𝐼. Then, 𝛼𝑓 is also operator 
(ℎ, 𝑚)-convex function on 𝐼. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼.  Since 𝑓 is operator (ℎ, 𝑚)-convex function on 𝐼, 
then for any 𝑡 ∈ (0,1) we have 

(𝛼𝑓)(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ 𝛼[ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵)] 
≼ ℎ(𝑡)(𝛼𝑓)(𝐴) + 𝑚ℎ(1 − 𝑡)(𝛼𝑓)(𝐵). 

That means 𝛼𝑓 is operator (ℎ, 𝑚)-convex function on 𝐼 for operators in 𝒦. 
█ 

Other Properties of the operator convex functions can be seen in the following 
Proposition 3 up to Proposition 6 below.  

Proposition 3. Let 𝐼1 = [0, 𝑏], 𝐼2 = [0, 𝑐] ⊆ ℝ, 𝑚 ∈ [0,1], (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). 
Suppose 𝑓: 𝐼1 → ℝ be operator (ℎ, 𝑚)-convex functions and monotone operator on 𝐼1 
functions and 𝑔: 𝐼2 → ℝ be operator 𝑚-convex functions on 𝐼2, with 𝑔(𝐼2) ⊆ 𝐼1. Then, 𝑓 ∘
𝑔 is also operator (ℎ, 𝑚)-convex function on 𝐼2. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼2.  Since 𝑔 is operator 𝑚-convex function on 𝐼2 
and 𝑓 is operator monotone function, then for any 𝑡 ∈ (0,1) we have 

( 𝑓 ∘ 𝑔)(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ 𝑓(𝑡𝑔(𝐴) + 𝑚(1 − 𝑡)𝑔(𝐵)). 

Next, because 𝑔(𝐼2) ⊆ 𝐼1, also 𝑓 is operator (ℎ, 𝑚)-convex and monotone on 𝐼1, we thus 
have 

( 𝑓 ∘ 𝑔)(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝑔(𝐴)) + 𝑚ℎ(1 − 𝑡)𝑓(𝑔(𝐵)) 
 = ℎ(𝑡) (𝑓 ∘ 𝑔)(𝐴) + 𝑚 ℎ(1 − 𝑡)( 𝑓 ∘ 𝑔)(𝐵). 

That means 𝑓 ∘ 𝑔 is operator (ℎ, 𝑚)-convex function on 𝐼2 for operators in 𝒦. 
█ 

Next, by considering two functions, namely ℎ1 and ℎ2, also 𝑚1, 𝑚2 ∈ [0,1], we obtain 
Proposition 4 and Proposition 5.  

Proposition 4. Let 𝐼 = [0, 𝑏] ⊆ ℝ, 𝑚 ∈ [0,1], (0,1) ⊆ 𝐽, and ℎ1, ℎ2: 𝐽 → [0, ∞) with ℎ1 ≤
ℎ2 . If 𝑓: 𝐼 → ℝ is an operator (ℎ1, 𝑚)-convex function on 𝐼, then 𝑓: 𝐼 → ℝ is also an 
operator (ℎ2, 𝑚)-convex function on  𝐼. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼.  Since 𝑓 is operator (ℎ1, 𝑚)-convex function on 𝐼 
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and ℎ1 ≤ ℎ2, then for any 𝑡 ∈ (0,1) we have 
𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ1(𝑡)𝑓(𝐴) + 𝑚ℎ1(1 − 𝑡)𝑓(𝐵) 

≼ ℎ2(𝑡)𝑓(𝐴) + 𝑚ℎ2(1 − 𝑡)𝑓(𝐵). 
Hence,  𝑓: 𝐼 → ℝ is also an operator (ℎ2, 𝑚)-convex function on 𝐼 for operators in 𝒦. 

█ 

Proposition 5. Let 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, ℎ: 𝐽 → [0, ∞), and 𝑚1, 𝑚2 ∈ [0,1] with 𝑚1 ≤
𝑚2. If 𝑓: 𝐼 → ℝ is an operator (ℎ, 𝑚1)-convex function on 𝐼, then 𝑓: 𝐼 → ℝ is also an 
operator (ℎ, 𝑚2)-convex function on 𝐼. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼.  Since 𝑓 is operator (ℎ, 𝑚1)-convex function on  
𝐼 and 𝑚1 ≤ 𝑚2, then for any 𝑡 ∈ (0,1) we have 

𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝐴) + 𝑚1ℎ(1 − 𝑡)𝑓(𝐵) 
≼ ℎ(𝑡)𝑓(𝐴) + 𝑚2ℎ(1 − 𝑡)𝑓(𝐵). 

Hence,  𝑓: 𝐼 → ℝ is also an operator (ℎ, 𝑚2)-convex function on 𝐼 for operators in 𝒦. 
█ 

Proposition 6. Let 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, ℎ: 𝐽 → [0, ∞), and 𝑚 ∈ [0,1] such that ℎ(𝑡) +
𝑚ℎ(1 − 𝑡) ≤ 1.  Also suppose 𝐴, 𝐵 ∈ 𝒦 be commutative and comparable (i.e. 𝐴 = 𝐵 and 
𝐴 ≤ 𝐵 or 𝐴 ≥ 𝐵) with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼. If both 𝑓, 𝑔: 𝐼 → [0, ∞) are operator (ℎ, 𝑚)-convex 
and operator monotone functions, then 𝑓𝑔 is also operator (ℎ, 𝑚)-convex functions. 

Proof: By the assumptions 𝐴, 𝐵 ∈ 𝒦 be commutative and comparable with 𝜎(𝐴), 𝜎(𝐵) ⊆
𝐼. Without loss the generalization, we take 𝐴 ≤ 𝐵. According to [16], it holds that 
𝑓(𝐴)𝑔(𝐵) = 𝑔(𝐵)𝑓(𝐴). Since 𝑓, 𝑔 are operator monotone functions, then we have 
𝑓(𝐵) − 𝑓(𝐴) ≽ 0 and  𝑔(𝐵) − 𝑔(𝐴) ≽ 0. So, by multiplication we have 

(𝑓(𝐵) − 𝑓(𝐴))(𝑔(𝐵) − 𝑔(𝐴)) ≽ 0ℋ   

or 
𝑓(𝐵)𝑔(𝐵) − 𝑓(𝐴)𝑔(𝐵) − 𝑓(𝐵)𝑔(𝐴) + 𝑓(𝐴)𝑔(𝐴) ≽ 0 . (4) 

Since 𝑓(𝐴)𝑔(𝐵) = 𝑔(𝐵)𝑓(𝐴), then (4) become 
𝑓(𝐵)𝑔(𝐵) + 𝑓(𝐴)𝑔(𝐴) ≽ 𝑓(𝐴)𝑔(𝐵) + 𝑓(𝐵)𝑔(𝐴) . (5) 

Next, because 𝑓, 𝑔 are operator (ℎ, 𝑚)-convex functions, then we get 
𝑓𝑔(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) = 𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ∙ 𝑔(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) 

≼ [ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵)] 
⋅ [ℎ(𝑡)𝑔(𝐴) + 𝑚ℎ(1 − 𝑡)𝑔(𝐵)] 

= ℎ2(𝑡)𝑓(𝐴)𝑔(𝐴) + 𝑚2ℎ2(1 − 𝑡)𝑓(𝐵)𝑔(𝐵) 
+𝑚ℎ(𝑡)ℎ(1 − 𝑡)[𝑓(𝐴)𝑔(𝐵) + 𝑓(𝐵)𝑔(𝐴)]. 

Based on (5), we thus have 
𝑓𝑔(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ2(𝑡)𝑓(𝐴)𝑔(𝐴) + 𝑚2ℎ2(1 − 𝑡)𝑓(𝐵)𝑔(𝐵) 

+𝑚ℎ(𝑡)ℎ(1 − 𝑡)[𝑓(𝐴)𝑔(𝐴) + 𝑓(𝐵)𝑔(𝐵)]. 
  = ℎ(𝑡)[ℎ(𝑡) + 𝑚ℎ(1 − 𝑡)]𝑓(𝐴)𝑔(𝐴) 

+𝑚ℎ(1 − 𝑡)[ℎ(𝑡) + 𝑚ℎ(1 − 𝑡)]𝑓(𝐵)𝑔(𝐵) 
By the assumption ℎ(𝑡) + 𝑚ℎ(1 − 𝑡) ≤ 1. Hence, we obtain 

𝑓𝑔(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝐴)𝑔(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵)𝑔(𝐵). 
That means 𝑓𝑔 is operator (ℎ, 𝑚)-convex functions on 𝐼 for opeators in 𝒦. 

█ 

The characteristic of ℎ as in the Definition 4 has several consequences to the 
properties of the operator (ℎ, 𝑚)-convex functions. In the following Theorem 1 and 
Theorem 2, we obtain the properties of the operator (ℎ, 𝑚)-convex functions based on 
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the characteristic of the ℎ functions.  

Theorem 1. Let 𝑚 ∈ [0,1], 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). 
(a) Let 𝑓: 𝐼 → ℝ be operator (ℎ, 𝑚)-convex function on 𝐼 and 𝑓(0ℋ) = 0ℋ . If ℎ is a 

super-multiplicative function, then holds 
𝑓(𝛼𝐴 + 𝑚𝛽𝐵) ≼ ℎ(𝛼)𝑓(𝐴) + 𝑚ℎ(𝛽)𝑓(𝐵), 

with 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 and 𝛼, 𝛽 ∈ ℝ with 𝛼 + 𝛽 ≤ 1. 
(b) Let 𝑓: 𝐼 → ℝ such that – 𝑓 be operator (ℎ, 𝑚)-convex function and 𝑓(0ℋ) = 0ℋ . If 

ℎ is a sub-multiplicative function, then holds 
𝑓(𝛼𝐴 + 𝑚𝛽𝐵) ≽ ℎ(𝛼)𝑓(𝐴) + 𝑚ℎ(𝛽)𝑓(𝐵), 

with 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼 and 𝛼, 𝛽 ∈ [0, ∞) with 𝛼 + 𝑚𝛽 ≤ 1. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼. We separate our proof for each poin (a) and (b) 

as follows. (a) Let 𝛼, 𝛽 be positive numbers such that 𝛼 + 𝛽 = 𝛾 ≤ 1 or we write 
𝛼

𝛾
+

𝛽

𝛾
=

1. Also let us define 𝜆1 =
𝛼

𝛾
 and 𝜆2 =

𝛽

𝛾
. Since 𝑓 be operator (ℎ, 𝑚)-convex function on 𝐼 

and 𝑓(0ℋ) = 0ℋ , then have 
𝑓(𝛼𝐴 + 𝑚𝛽𝐵) = 𝑓(𝜆1𝛾𝐴 + 𝑚𝜆2𝛾𝐵) ≼ ℎ(𝜆1)𝑓(𝛾𝐴) + 𝑚ℎ(𝜆2)𝑓(𝛾𝐵) 

= ℎ(𝜆1)𝑓(𝛾𝐴 + 𝑚(1 − 𝛾)0ℋ) + 𝑚ℎ(𝜆2)𝑓(𝛾𝐵 + 𝑚(1 − 𝛾)0ℋ) 
 ≼ ℎ(𝜆1)[ℎ(𝛾)𝑓(𝐴) + 𝑚ℎ(1 − 𝛾)𝑓(0ℋ)] 

+𝑚ℎ(𝜆2)[ℎ(𝛾)𝑓(𝐵) + 𝑚ℎ(1 − 𝛾)𝑓(0ℋ)] 
= ℎ(𝜆1)ℎ(𝛾)𝑓(𝐴) + 𝑚ℎ(𝜆2)ℎ(𝛾)𝑓(𝐵). 

Since ℎ is a super-multiplicative function, thus we have 
𝑓(𝛼𝐴 + 𝑚𝛽𝐵) ≼ ℎ(𝜆1𝛾)𝑓(𝐴) + 𝑚ℎ(𝜆2𝛾)𝑓(𝐵) 

= ℎ(𝛼)𝑓(𝐴) + 𝑚ℎ(𝛽)𝑓(𝐵). 
The proof for case (b) in this theorem is similar to the proof for case (a). 

█ 

Theorem 2. Let 𝑚 ∈ [0,1], 𝐽𝑘 ⊇ (0,1), ℎ𝑘: 𝐽𝑘 → [0, ∞) with 𝑘 = 1,2, and ℎ2(𝐽2) ⊆ 𝐽1 such 
that ℎ2(𝑡) + ℎ2(1 − 𝑡) ≤ 1 for every 𝑡 ∈ (0,1). Suppose  𝑓: 𝐼1 ⊇ {0} → ℝ and 𝑔: 𝐼2 → ℝ 
with 𝑔(𝐼2) ⊆ 𝐼1 and 𝑓(0ℋ) = 0ℋ . 

(a) If ℎ1 is a super-multiplicative function, 𝑓 is operator (ℎ1, 𝑚)-convex function and 
monotone on 𝐼1, and 𝑔 is operator (ℎ2, 𝑚)-convex function, then 𝑓 ∘ 𝑔 is operator 
(ℎ3, 𝑚)-convex function. 

(b) If ℎ1 is a sub-multiplicative function, −𝑓 is operator (ℎ1, 𝑚)-convex function and 
monotone on 𝐼1, and −𝑔 is operator (ℎ2, 𝑚)-convex function, then −𝑓 ∘ (−𝑔) is 
operator (ℎ3, 𝑚)-convex function. 

Here ℎ3 = ℎ1 ∘ ℎ2. 

Proof: Let 𝐴, 𝐵 ∈ 𝒦 with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼2. We separate our proof for each case (a) and (b) 
as follows. (a) Since 𝑔 is operator (ℎ2, 𝑚)-convex function on 𝐼2 and 𝑓 is monotone 
operator, then for any 𝑡 ∈ (0,1) we have 

( 𝑓 ∘ 𝑔)(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ 𝑓(ℎ2(𝑡)𝑔(𝐴) + 𝑚ℎ2(1 − 𝑡)𝑔(𝐵)). 

Next, using Theorem 1 (a) and because 𝑔(𝐼2) ⊆ 𝐼1, 𝑓 is operator (ℎ1, 𝑚)-convex function 
on 𝐼1, and ℎ2(𝐽2) ⊆ 𝐽1 such that ℎ2(𝑡) + ℎ2(1 − 𝑡) ≤ 1, then for every 𝑡 ∈ (0,1) we have 

( 𝑓 ∘ 𝑔)(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ1(ℎ2(𝑡))𝑓(𝑔(𝐴)) + 𝑚ℎ1(ℎ2(1 − 𝑡))𝑓(𝑔(𝐵)) 

= ℎ3(𝑡)𝑓(𝑔(𝐴)) + 𝑚ℎ3(1 − 𝑡)𝑓(𝑔(𝐵)). 

The proof for case (b) in this theorem is similar to the proof for case (a). 
█ 
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Now, we introduce the definition of matrix (ℎ, 𝑚)-convex functions, a special case in 
our discussions. Let us denote ℳ𝑛(ℋ) as family of matrices with 𝑛 order. Thus, if 𝐴 ∈
ℳ𝑛(ℋ), then 𝐴: ℋ𝑛 → ℋ𝑛, in which ℋ𝑛 ⊆ ℋ is a finite dimensional space. For more 
detail information about matrix convex functions can be seen in [17] and [27]. The 
definition of matrix (ℎ, 𝑚)-convex functions can be seen in the following Definition 11. 
In [17], it stated that if 𝐴 ∈ ℳ𝑛(ℂ) is a self-adjoint matrix, then there exists a unitary 
operator 𝑈 ∈ ℳ𝑛(ℂ) and a diagonal matrix 𝐷 = diag[𝜆1, … , 𝜆𝑛] ∈ ℳ𝑛(ℂ), with 𝜆𝑖 ∈
𝜎(𝐴)(𝑖 = 1, … , 𝑛) such that 𝐴 = 𝑈𝐷𝑈∗ and 𝑓(𝐴) = 𝑈𝑓(𝐷)𝑈∗. Here, 𝑓(𝐷) ∈ ℳ𝑛(ℂ)  it can 
be written as 𝑓(𝐷) = diag[𝑓(𝜆1), … , 𝑓(𝜆𝑛)]. 

Definition 11. Let 𝑚 ∈ [0,1], 𝑛 ∈ ℕ, 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). A 
function 𝑓: 𝐼 → ℝ is called to be matrix (ℎ, 𝑚)-convex function if for every self-adjoint 
matrices 𝐴, 𝐵 ∈ ℳ𝑛(ℋ) and 𝑡 ∈ (0,1) holds 

𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵). 

Note that, the matrix (ℎ, 𝑚)-convex functions also have properties of operator (ℎ, 𝑚)-
convex functions, since they are a special case. In the following Proposition 7 and 
Proposition 8, we present two special properties of the matrix (ℎ, 𝑚)-convex functions. 

Proposition 7. Let 𝑚 ∈ [0,1], 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). Suppose 𝑓: 𝐼 →
ℝ be a continuous function. Then, 𝑓 is an operator (ℎ, 𝑚)-convex function on 𝐼 if only if 𝑓 
is a matrix (ℎ, 𝑚)-convex function on 𝐼.  

Proof: (⇒) Let 𝐴, 𝐵 ∈ ℳ𝑛(ℋ) be self-adjoint matrices and ℋ𝑛 ⊆ ℋ be a finite 
dimensional space. Also let 𝑃𝑛 ∈ ℳ𝑛(ℋ) be the projection matrix on ℋ𝑛. Define 𝐴̂ ≔
𝐴𝑃𝑛: ℋ → ℋ𝑛 and 𝐵̂ ≔ 𝐵𝑃𝑛: ℋ → ℋ𝑛. Since 𝐴 , 𝐵 are self-adjoint matrices, then for every 
𝑥, 𝑦 ∈ ℋ, we can obtain 

〈𝐴̂𝑥, 𝑦〉 = 〈𝐴𝑃𝑛𝑥, 𝑦〉 = 〈𝐴𝑥, 𝑦〉 = 〈𝑥, 𝐴𝑦〉 = 〈𝑥, 𝐴𝑃𝑛𝑦〉 = 〈𝑥, 𝐴̂𝑦〉. 
So, if 𝐴, 𝑏 are self-adjoint matrices, then 𝐴̂, 𝐵̂ also are self-adjoint matrices. It can be 

observed that 𝑓(𝐴) = 𝑓(𝐴̂)|
ℋ𝑛

. Thus, we have  

𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) = 𝑓(𝑡𝐴̂ + 𝑚(1 − 𝑡)𝐵̂) ≼ ℎ(𝑡)𝑓(𝐴̂) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵̂) 

= ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵). 
(⇐) By the assumption 𝑓 is a continuous function on 𝐼, according to the Weierstrass 

approximation theorem (see [28, Theorem B]), then there is a sequence of polynomials, 

namely {𝑝𝑛}𝑛∈ℕ, such that 𝑝𝑛 → 𝑓 on 𝐼. Let us consider a subspace ℋ𝑛𝑘
⊆ ℋ𝑛, in which it is 

generated by the vectors 1ℋ𝑥, 𝐴𝑥, 𝐴2𝑥, 𝐴𝑛𝑘𝑥. Also let 𝑃𝑛𝑘
∈ ℳ𝑛𝑘

(ℋ) be the projection 

matrix on ℋ𝑛𝑘
. Thus, we can define 𝐴𝑛 ≔ 𝐴𝑃𝑛𝑘

: ℋ𝑛 → ℋ𝑛𝑘
 and 𝐵𝑛 ≔ 𝐵𝑃𝑛𝑘

: ℋ𝑛 → ℋ𝑛𝑘
. 

Since  
〈𝐴𝑛𝑥, 𝑦〉 = 〈𝐴𝑃𝑛𝑘

𝑥, 𝑦〉 = 〈𝐴𝑥, 𝑦〉 = 〈𝑥, 𝐴𝑦〉 = 〈𝑥, 𝐴𝑃𝑛𝑘
𝑦〉 = 〈𝑥, 𝐴𝑛𝑦〉, 

then 𝐴𝑛 and 𝐵𝑛 are self-adjoint matrices. This means 𝑝𝑛(𝐴𝑛)𝑥 = 𝑝𝑛(𝐴)𝑥 or  
𝑝𝑛(𝐴𝑛)𝑥 − 𝑝𝑛(𝐴)𝑥 = 0. 

Because 𝑓 is a continuous function on 𝐼, for any 𝜀 > 0, then there exist 𝑁 ∈ ℕ such that 
for 𝑛 > 𝑁 holds 

‖𝑓(𝐴) − 𝑝𝑛(𝐴)‖ =
𝜀

2
. 

Hence, we can calculate  
‖𝑓(𝐴𝑛) − 𝑓(𝐴)‖ = ‖𝑓(𝐴𝑛) − 𝑝𝑛(𝐴𝑛) + 𝑝𝑛(𝐴𝑛) − 𝑝𝑛(𝐴) + 𝑝𝑛(𝐴) − 𝑓(𝐴)‖ 

≤ ‖𝑓(𝐴𝑛) − 𝑝𝑛(𝐴𝑛)‖ + ‖𝑝𝑛(𝐴𝑛) − 𝑝𝑛(𝐴)‖ + ‖𝑝𝑛(𝐴) − 𝑓(𝐴)‖ 

1

2

5

9

9

15

19

21

27

33

35



Some Properties of Operator (h, m)-Convex Functions 

Ekadion Maulana 9 

≤
𝜀

2
+ 0 +

𝜀

2
= 𝜀.                                            

This means 𝑓(𝐴𝑛) → 𝑓(𝐴). Using the same way, we obtain 𝑓(𝐵𝑛) → 𝑓(𝐵) and 
𝑓(𝑡𝐴𝑛 + 𝑚(1 − 𝑡)𝐵𝑛) → 𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵). Next, since 𝑓 is matrix (ℎ, 𝑚)-convex 
functions, then we have 

𝑓(𝑡𝐴𝑛 + 𝑚(1 − 𝑡)𝐵𝑛) ≼ ℎ(𝑡)𝑓(𝐴𝑛) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵𝑛) 
or  

ℎ(𝑡)𝑓(𝐴𝑛) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵𝑛) − 𝑓(𝑡𝐴𝑛 + 𝑚(1 − 𝑡)𝐵𝑛) ≽ 0ℋ . 
It means 

⟨[ℎ(𝑡)𝑓(𝐴𝑛) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵𝑛) − 𝑓(𝑡𝐴𝑛 + 𝑚(1 − 𝑡)𝐵𝑛)]𝑥|𝑥⟩ ≥ 0. 
Since 𝑛 tends to infinity, then we have 

lim
𝑛→∞

⟨[ℎ(𝑡)𝑓(𝐴𝑛) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵𝑛) − 𝑓(𝑡𝐴𝑛 + 𝑚(1 − 𝑡)𝐵𝑛)]𝑥|𝑥⟩ ≥ 0. 

Hence, we get 
⟨[ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵) − 𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵)]𝑥|𝑥⟩ ≥ 0.  

That can be expressed as 
𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵). 

This is the end of our proof. 
 █ 

Proposition 8. Let 𝑚 ∈ [0,1], 𝑛 ∈ ℕ, 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). Also let 
the sequence of functions {𝑓𝑛}𝑛∈ℕ with 𝑓𝑛: 𝐼 → ℝ be a sequence of matrix (ℎ, 𝑚)-convex 
functions on 𝐼. If 𝑓𝑛 → 𝑓, then 𝑓 is also matrix (ℎ, 𝑚)-convex function on 𝐼. 

Proof: Let 𝐴, 𝐵 ∈ ℳ𝑛(ℋ) be self-adjoint matrices with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐼. Thus, we can 
write 𝐴 = 𝑈𝐷𝑈∗, where 𝑈 is unitary matrix and 𝐷 = diag[𝜆1, … , 𝜆𝑛] with 𝜆𝑖(𝑖 =
1, … , 𝑛) ∈ 𝜎(𝐴).  Since 𝑓𝑛 → 𝑓, then we have 

𝑓𝑛(𝐴) = 𝑓𝑛(𝑈𝐷𝑈∗) = 𝑈𝑓𝑛(𝐷)𝑈∗ = 𝑈𝑓(𝐷)𝑈∗ = 𝑓(𝑈𝐷𝑈∗) = 𝑓(𝐴). 
That means 𝑓𝑛(𝐴) → 𝑓(𝐴). Using the same way for operator 𝐵, we obtain 𝑓𝑛(𝐵) → 𝑓(𝐵). 
Next, because {𝑓𝑛}𝑛∈ℕ are sequence of (ℎ, 𝑚)-convex function on 𝐼, then it holds 

𝑓𝑛(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓𝑛(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓𝑛(𝐵) 
or 

ℎ(𝑡)𝑓𝑛(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓𝑛(𝐵) − 𝑓𝑛(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≽ 0ℋ . 
It means 

⟨[ℎ(𝑡)𝑓𝑛(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓𝑛(𝐵) − 𝑓𝑛(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵)]𝑥|𝑥⟩ ≥ 0. 
Since 𝑛 tends to infinity, then we have 

lim
𝑛→∞

⟨[ℎ(𝑡)𝑓𝑛(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓𝑛(𝐵) − 𝑓𝑛(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵)]𝑥|𝑥⟩ ≥ 0. 

Hence, we obtain  
⟨[ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵) − 𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵)]𝑥|𝑥⟩ ≥ 0 

or it can be expressed as 
𝑓(𝑡𝐴 + 𝑚(1 − 𝑡)𝐵) ≼ ℎ(𝑡)𝑓(𝐴) + 𝑚ℎ(1 − 𝑡)𝑓(𝐵). 

This is the end of our proof. 
█ 

Lastly, based on the results in Proposition 7 and Proposition 8 we give a Corollary 
below. 

Corollary 1. Let 𝑚 ∈ [0,1], 𝑏 ≥ 1, 𝐼 = [0, 𝑏] ⊆ ℝ, (0,1) ⊆ 𝐽, and ℎ: 𝐽 → [0, ∞). If {𝑓𝑛}𝑛∈ℕ 
with 𝑓𝑛: 𝐼 → ℝ are a sequence of operator (ℎ, 𝑚)-convex functions on 𝐼 such that 𝑓𝑛 → 𝑓, 
then 𝑓 is an of operator (ℎ, 𝑚)-convex functions on 𝐼. 
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CONCLUSIONS 

The properties of the operator (ℎ, 𝑚)-convex functions have some similarities with 
the operator ℎ-convex functions and 𝑚-convex functions. However, since this class is the 
generalization of the ℎ-convexity and 𝑚-convexity, then it needs to fulfill some 
additional conditions. A special case, matrix (ℎ, 𝑚)-convex functions also have their own 
unique properties. 
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