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Abstract6

Max-min algebra, equipped with maximum and minimum operations, provides a natural7

framework for modeling systems with bottleneck constraints, such as logistics and trans-8

portation networks. Although an algorithm for solving two-sided linear systems of the form9

A⊗ x = B ⊗ x in max-min algebra has been proposed, no implementation has been made10

available, limiting its practical use. This paper provides a Python implementation of the11

algorithm, along with a numerical application to a logistics distribution network. The theo-12

retical results show that the maximal solution can be constructed explicitly for the 1× n case13

under three conditions—unconstrained, with a given upper bound, and with a given lower14

bound—and then generalized to the m× n case. The algorithm terminates after at most m15

iterations and produces a unique maximal solution with complexity O(m2n). The Python16

implementation makes the algorithm accessible to practitioners, and the logistics example17

demonstrates how the model can be used to determine optimal road capacities. This work18

provides a practical computational tool for solving capacity planning problems in logistics19

and transportation.20
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1. Introduction26

Max-min algebra is set R̄ = R ∪ {−∞, +∞} equipped with two binary operations maximum27

(⊕) and minimum (⊗). This structure forms a commutative idempotent semiring and provides28

a natural mathematical framework for modeling systems that involve bottleneck constraints,29

where the overall capacity of a system is determined by its smallest component. Such problems30

arise in various fields, including logistics and transportation networks. In these contexts, the31

minimum operation captures the bottleneck principle, the capacity of a route consisting of32

multiple segments is limited by the segment with the smallest capacity, while the maximum33

operation represents the optimal choice among available alternatives. The theoretical foundation34

of max-min algebra and its applications have been extensively studied since the pioneering work35

of Cunningham-Green and Raymond on minimax algebra [1], and later developed by Gondran36

and Minoux in the context of dioids and semirings [2].37

The study of linear systems in max-min algebra has received much attention in recent decades.38

Sanchez [3] pioneered the resolution of composite fuzzy relation equations, which are closely39
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related to max-min systems, and later applied these results to medical diagnosis [4]. Santos [5]40

investigated maximin automata, which indirectly use maximum and minimum as composition41

operations. Butkovic et al. [6] studied strong linear independence and regularity of matrices in42

bottleneck algebra, providing foundational results for matrix theory in this structure. Fiedler et43

al. [7] provided a comprehensive treatment of one-sided systems of the form A⊗ x = b, including44

the discussion of the greatest subsolution and various applications in production scheduling45

and transportation networks. For two-sided systems of the form A⊗ x = B ⊗ x, Gavalec and46

Zimmermann [8] proposed a polynomial algorithm for solving such systems, establishing the47

theoretical feasibility of obtaining solutions in polynomial time. Subsequently, Krbálek and48

Pozdílková [9] presented a simpler and more efficient iterative method, which forms the basis of49

the algorithm examined in this paper.50

More recently, researchers have explored several extensions of max-min linear systems, such51

as optimization with two-sided constraints [10, 11], robustness of interval matrices [12, 13],52

and methods for max-plus and tropical algebras [14]. Mufid et al. [15] developed a method53

for max-min ω systems, which generalizes both max-plus and min-plus systems. While these54

works focus on specific extensions, the basic algorithm for finding maximal solutions of two-sided55

max-min systems is still an important building block for applications.56

The algorithm proposed by Krbálek and Pozdílková [9] is an iterative method for determining57

the maximal solution of two-sided max-min linear systems. Its theoretical properties have been58

established, but no implementation has been made available, which makes it hard to use in59

practice. This paper fills that gap by providing a Python implementation of the algorithm,60

along with a numerical example from a logistics distribution network to show how its practical61

application. The mathematical background is included to support the implementation, but the62

main focus is on the computational tool and its practical use. The rest of this paper is organized63

as follows. Section 2 presents the mathematical setting and methodology. Section 3 contains the64

main results, including the derivation of the maximal solution for the 1 × n and m × n cases,65

Algorithm 1 with its proof of correctness, and a numerical example. Section 4 concludes the66

paper. The Python implementation of Algorithm 1 is given in Appendix A.67

2. Methods68

This study adopts a theoretical–computational framework. The theoretical part establishes69

the mathematical background and the correctness of the algorithm, while the computational70

part provides a Python implementation and a numerical example to demonstrate the practical71

applicability of the model. The study is conducted within the framework of max-min algebra,72

defined as the structure (R,⊕,⊗), where R = R ∪ {−∞, +∞}, equipped with two binary73

operations a⊕ b = max(a, b) and a⊗ b = min(a, b), for any a, b ∈ R. The operation ⊕ is called74

maximum, and ⊗ is called minimum. The structure (R,⊕,⊗) forms a commutative idempotent75

semiring, with ε = −∞ as the neutral element for ⊕ and ε
′ = +∞ as the identity element for ⊗.76

The concept of semiring follows from the works of Baccelli et al. [16], Gondran and Minoux [2],77

and Subiono [17]. We consider matrices A, B ∈ Rm×n and vectors x ∈ Rn. The matrix-vector78

product A⊗ x is defined componentwise as [18]:79

(A⊗ x)i =
n⨁︂

j=1
(aij ⊗ xj) = max

j=1,...,n

(︁
min(aij , xj)

)︁
, i = 1, . . . , m.80

The relation "≤" defined on R by a ≤ b ⇐⇒ a⊕ b = b is a partial order on R. Moreover, "≤" is a81

total order on R [18]. The relation "≤" is then extended componentwise to vectors and matrices.82

The problem is the two-sided system A⊗ x = B ⊗ x, and the goal is to determine its maximal83

solution.84

The algorithm used in this paper was proposed by Krbálek and Pozdílková [9]. It is an85

iterative method that finds the maximal solution of A ⊗ x = B ⊗ x. Starting from an upper86
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bound, the algorithm repeatedly reduces the solution vector until a solution is found. The87

algorithm terminates after at most m iterations and produces a unique maximal solution. The88

full algorithm, along with its proof of correctness, is presented in Section 3.89

To make the algorithm usable in practice, we implement the algorithm in Python 3.9. The90

implementation uses only the standard library; no external packages are required. The code91

reads matrices A and B as input and iteratively computes the maximal solution following the92

algorithm described in Section 3. The full implementation is provided in Appendix A.93

To show how the model can be applied, we construct a numerical example from a logistics94

distribution network. It involves three industrial areas and three transit points, where the system95

A⊗ x = B⊗ x is used to determine the optimal capacities of access roads from the transit points96

to the main distribution center. The data used in this example are simulated and serve only for97

illustrative purposes; they are not based on actual field measurements. The aim of this example98

is to show the applicability of the model, rather than to serve as a real-world case study.99

3. Results and Discussion100

This section presents the theoretical foundations needed for the implementation, followed by101

a numerical application. We begin with the 1 × n case, then generalize to m × n matrices.102

The theoretical results are then used to develop the Python implementation and the logistics103

application. For the 1× n case, we consider three scenarios: without constraints, with a lower104

bound, and with an upper bound.105

3.1. Maximal Solutions of A⊗ x = B ⊗ x for 1× n Matrices A, B106

This subsection discusses the maximal solution of the system107

A⊗ x = B ⊗ x (1)108

where A, B are of size 1× n, and x ∈ Rn without constraints, with an upper bound, and with a109

lower bound. System 1 can be written as110

(︂
a11 a12 · · · a1n

)︂
⊗

⎛⎜⎜⎜⎜⎝
x1
x2
...

xn

⎞⎟⎟⎟⎟⎠ =
(︂
b11 b12 · · · b1n

)︂
⊗

⎛⎜⎜⎜⎜⎝
x1
x2
...

xn

⎞⎟⎟⎟⎟⎠111

or equivalently,112

(a11 ⊗ x1)⊕ (a12 ⊗ x2)⊕ · · · ⊕ (a1n ⊗ xn) = (b11 ⊗ x1)⊕ (b12 ⊗ x2)⊕ · · · ⊕ (b1n ⊗ xn).113

In other words, we seek the maximal vector x satisfying114

n⨁︂
j=1

(a1j ⊗ xj) =
n⨁︂

j=1
(b1j ⊗ xj).115

3.1.1. Maximal Solution of A⊗ x = B ⊗ x for 1× n Matrices A, B with x ∈ Rn Without116

Constraints117

This subsection discusses the maximal solution x̄ = (x̄1, x̄2, . . . , x̄n) of system 1 where A, B are118

of size 1× n and x̄ is given without any constraints. Let N = {1, 2, . . . , n}, and define119

a = max
j=1,...,n

(a11, . . . , a1n) =
n⨁︂

j=1
a1j , b = max

j=1,...,n
(b11, . . . , b1n) =

n⨁︂
j=1

b1j .120

There are three possibilities for the values of a and b: a = b, a < b, or a > b.121

Lemma 1 and Lemma 2 discuss the maximal solution for the cases a = b and a > b, respectively.122

The case a < b is analogous to the case a > b.123
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Lemma 1. If a = b, then x̄ = (∞,∞, . . . ,∞)T is the greatest solution of the linear system124

A⊗ x = B ⊗ x.125

Proof. Substituting x̄ into A⊗ x = B ⊗ x, we obtain126

A⊗ x̄ =
n⨁︂

j=1
(a1j ⊗∞) =

n⨁︂
j=1

a1j = a and B ⊗ x̄ =
n⨁︂

j=1
(b1j ⊗∞) =

n⨁︂
j=1

b1j = b.127

Since a = b, we have A⊗ x̄ = B ⊗ x̄, which means x̄ is a solution of A⊗ x = B ⊗ x. Clearly, x̄ is128

the greatest solution.129

Lemma 2. Let N1 = {j ∈ N | a1j > b}. If a > b, then x̄ = (x̄1, x̄2, . . . , x̄n)T is the greatest130

solution of A⊗ x = B ⊗ x, where131

x̄j =
{︄

b, j ∈ N1,

∞, otherwise,
132

for j = 1, 2, . . . , n.133

Proof. Given N1 = {j ∈ N | a1j > b}. Since a > b, we have ⨁︁n
j=1 a1j > b. Hence there exists134

j ∈ N such that a1j > b, so N1 ̸= ∅. Substituting x̄ into A⊗ x = B ⊗ x, we obtain135

B ⊗ x̄ =
n⨁︂

j=1
(b1j ⊗ x̄j) =

(︃ ⨁︂
j∈N1

(b1j ⊗ b)
)︃
⊕

(︃ ⨁︂
j∈N\N1

(b1j ⊗∞)
)︃
≤ b.136

On the other hand, there exists k ∈ N such that b1k = b, and137

B ⊗ x̄ =
n⨁︂

j=1
(b1j ⊗ x̄j) ≥ b1k ⊗ x̄k = b⊗ x̄k = b138

so, B ⊗ x̄ = b. Next,139

A⊗ x̄ =
n⨁︂

j=1
(a1j ⊗ x̄j) =

(︃ ⨁︂
j∈N1

(a1j ⊗ b)
)︃
⊕

(︃ ⨁︂
j∈N\N1

(a1j ⊗∞)
)︃

= b⊕
(︃ ⨁︂

j∈N\N1

a1j

)︃
= b.140

Thus A⊗ x̄ = B ⊗ x̄, so x̄ = (x̄1, x̄2, . . . , x̄n)T is a solution of A⊗ x = B ⊗ x. We now show that141

x̄ is the greatest solution by contradiction. Let x
′ be a solution. Suppose x̄ is not the greatest142

solution. Then there exists k ∈ N such that x̄k < x′
k. Clearly x̄k ̸=∞, which means k ∈ N1 and143

a1k > b = x̄k. Since b = x̄k < x′
k, we have144

A⊗ x′ =
n⨁︂

j=1
(a1j ⊗ x′

j) ≥ a1k ⊗ x′
k > b.145

On the other hand,146

B ⊗ x′ =
n⨁︂

j=1
(b1j ⊗ x′

j) =
(︃ ⨁︂

j∈N1

(b1j ⊗ b)
)︃
⊕

(︃ ⨁︂
j∈N\N1

(b1j ⊗∞)
)︃

=
n⨁︂

j=1
b1j ≤ b.147

Hence A ⊗ x′ ̸= B ⊗ x′, so x′ is not a solution. This contradiction shows that x̄ must be the148

greatest solution.149
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3.1.2. Maximal Solution of A⊗ x = B ⊗ x for 1× n Matrices A, B with x ∈ Rn Given a150

Lower Bound151

This subsection discusses the maximal solution x̄ = (x̄1, x̄2, . . . , x̄n) of system 1 where A, B are152

of size 1× n with the constraint153

l = (l1, l2, . . . , ln)T ≤ (x̄1, x̄2, . . . , x̄n)T = x̄.154

Lemma 3. Let x̄ = (x̄1, x̄2, . . . , x̄n)T be the maximal solution of A ⊗ x = B ⊗ x without155

constraints.156

1. The maximal solution of A⊗ x = B ⊗ x with lower bound l = (l1, l2, . . . , ln)T is x̄ if l ≤ x̄.157

2. The system A⊗ x = B ⊗ x with lower bound l = (l1, l2, . . . , ln)T has no solution if l ̸≤ x̄.158

Proof. Let x̄ be the maximal solution of A⊗ x = B ⊗ x without constraints.159

1. If l ≤ x̄, then x̄ is a solution of A⊗ x = B ⊗ x with lower bound l. It remains to show that160

x̄ is the maximal solution. Let x′ be any solution satisfying l ≤ x′. Suppose x̄ ≤ x′, since161

x′ is a solution without constraints and x̄ is the maximal solution without constraints, we162

must have x′ ≤ x̄. Thus x′ = x̄, which means x̄ is the greatest solution of A⊗ x = B ⊗ x163

with lower bound l.164

2. For l ̸≤ x̄, we prove by contradiction. Since l ̸≤ x̄, there exists k ∈ N such that x̄k ≤ lk.165

Suppose there exists a solution x′ satisfying l ≤ x′. Then x′ is also a solution of A⊗x = B⊗x166

without constraints. Since x̄ is the greatest solution without constraints, we must have167

x′ ≤ x̄, so x′
k ≤ x̄k for each k ∈ N . Consequently, l ≤ x′ ≤ x̄, which implies l ≤ x̄. This168

contradicts l ̸≤ x̄. Therefore, A⊗ x = B ⊗ x with lower bound l has no solution.169

170

3.1.3. Maximal Solution of A⊗ x = B ⊗ x for 1× n Matrices A, B with x ∈ Rn Given an171

Upper Bound172

This subsection discusses the maximal solution x̄ = (x̄1, x̄2, . . . , x̄n) of system 1 where A =173

(a1j), B = (b1j) are of size 1× n with the constraint174

x̄ = (x̄1, x̄2, . . . , x̄n)T ≤ u = (u1, u2, . . . , un)T .175

Let a = A⊗ u and b = B ⊗ u. There are three possibilities for a and b: a = b, a < b, or a > b.176

Lemma 4 and Lemma 5 discuss the maximal solution for the cases a = b and a > b, respectively.177

The case a < b is analogous to the case a > b.178

Lemma 4. If a = b, then u = (u1, u2, . . . , un)T is the greatest solution of A⊗ x = B ⊗ x with179

upper bound u.180

Proof. Substituting u into A⊗ x = B ⊗ x, we obtain181

A⊗ u =
n⨁︂

j=1
(a1j ⊗ uj) = a and B ⊗ u =

n⨁︂
j=1

(b1j ⊗ uj) = b.182

Since a = b, u is a solution of A⊗x = B⊗x, and because u is the upper bound, it is the greatest183

solution.184

Lemma 5. Let N2 = {j ∈ N | a1j⊗uj > b}. If a > b, then the greatest solution of A⊗x = B⊗x185

with upper bound u is x̄ = (x̄1, x̄2, . . . , x̄n)T , where186

x̄j :=
{︄

b j ∈ N2,

uj otherwise,
187

for j = 1, . . . , n.188
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Proof. Since a > b, we have ⨁︁n
j=1 a1j ⊗ uj > b, which means there exists j ∈ N such that189

a1j⊗uj > b. Hence N2 ̸= ∅. We consider x̄j in two cases, for j ∈ N2, then x̄j = b < a1j⊗uj ≤ uj ,190

and for j ∈ N \ N2, then x̄j = uj ≤ uj . Thus, x̄j ≤ uj for all j ∈ N . Substituting x̄ into191

A⊗ x = B ⊗ x, we obtain192

B ⊗ x̄ =
n⨁︂

j=1
(b1j ⊗ x̄j) ≤

n⨁︂
j=1

(b1j ⊗ uj) = b. (2)193

On the other hand, since b = ⨁︁
j∈N (b1j ⊗ uj), there exists k ∈ N such that b1k ⊗ uk = b. We194

obtain195

B ⊗ x̄ =
n⨁︂

j=1
(b1j ⊗ x̄j) ≥ b1k ⊗ x̄k = b. (3)196

From (2) and (3), we get B⊗ x̄ = b. Next, since ⨁︁
j∈N2(a1j ⊗ b) = b and ⨁︁

j∈N\N2(a1j ⊗ uj) ≤ b,197

then we obtain198

A⊗ x̄ =
n⨁︂

j=1
(a1j ⊗ x̄j) =

(︃ ⨁︂
j∈N2

(a1j ⊗ b)
)︃
⊕

(︃ ⨁︂
j∈N\N2

(a1j ⊗ uj)
)︃

= b.199

We have A⊗ x̄ = B⊗ x̄, so x̄ is a solution. It remains to show that x̄ is the greatest solution. We200

prove by contradiction. Let x′ be a solution. Suppose x̄ is not the greatest solution. Then there201

exists k ∈ N such that x̄k < x′
k. Since u is the upper bound, we must have x′

k ≤ uk, so x̄k ̸= uk.202

Thus k ∈ N2, which implies a1k ⊗ uk > b = x̄k, so a1k > b and b = x̄k < x′
k. Substituting x′ into203

the system, we obtain204

A⊗ x′ =
n⨁︂

j=1
(a1j ⊗ x′

j) ≥ a1k ⊗ x′
k > b.205

On the other hand,206

B ⊗ x′ =
n⨁︂

j=1
(b1j ⊗ x′

j) ≤
n⨁︂

j=1
(b1j ⊗ uj) = b.207

Thus A⊗x′ ̸= B⊗x′. Hence x′ is not a solution. Therefore, x̄ must be the greatest solution.208

The following example illustrates the solution of A⊗ x = B ⊗ x for A, B ∈ R1×n with the209

constraint x ≤ u.210

Example 1. Consider the system A ⊗ x = B ⊗ x with x ≤ u, where A =
(︂
10 8 10

)︂
,211

B =
(︂
9 9 9

)︂
, and u =

(︂
11 11 11

)︂T
.212

We compute213

a = A⊗ u =
(︂
10 8 10

)︂
⊗

⎛⎜⎝11
11
11

⎞⎟⎠ = 10, and b = B ⊗ u =
(︂
9 9 9

)︂
⊗

⎛⎜⎝11
11
11

⎞⎟⎠ = 9.214

Since a > b, by Lemma 5 we obtain N2 = {j ∈ N | a1j ⊗ uj > 9} = {1, 3}. Thus,215

x̄j =
{︄

9, j ∈ {1, 3},
uj , j = 2,

216

so x̄ = (9, 11, 9)T is a solution of A⊗ x = B ⊗ x.217
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3.1.4. Interval Solution of A⊗ x = B ⊗ x for 1× n Matrices A, B with x ∈ Rn Given an218

Upper Bound219

Lemma 6 discusses the interval solution of A⊗ x = B ⊗ x with the constraint x̄ ≤ u.220

Definition 1. An interval vector x̂ is called an interval solution of A⊗ x = B ⊗ x with upper221

bound u if for every x̄ ∈ x̂, we have A⊗ x̄ = B ⊗ x̄.222

Lemma 6. Let a > b and N2 = {j ∈ N | a1j ⊗ uj > b}. The interval vector x̂ defined by223

x̂j :=
{︄

[b, b] j ∈ N2,

[b, uj ] otherwise,
224

for j = 1, 2, . . . , n is an interval solution of A⊗ x = B ⊗ x with upper bound u.225

Proof. Note that b ≤ x̂j ≤ uj for each j ∈ N . Since for j ∈ N2, a1j > b implies a1j ⊗ b = b and226

for j /∈ N2, a1j ⊗ x̂j ≤ a1j ⊗ uj ≤ b, by direct substitution we have227

A⊗ x̂ =
n⨁︂

j=1
(a1j ⊗ x̂j) =

(︃ ⨁︂
j∈N2

(a1j ⊗ b)
)︃
⊕

(︃ ⨁︂
j∈N\N2

(a1j ⊗ x̂j)
)︃

= b.228

Next, we have B ⊗ x̂ ≤ B ⊗ u = b. On the other hand, since x̂j ≥ b, there exists k such that229

b1k ⊗ uk = b, giving B ⊗ x̂ ≥ b. Hence, B ⊗ x̂ = b and A⊗ x̂ = B ⊗ x̂. So, x̂ is a solution.230

3.2. Maximal Solution of A⊗ x = B ⊗ x for m× n Matrices A, B231

In this subsection, we discuss the maximal solution of system 1 where A, B are of size m× n.232

The maximal solution for m×n matrices is constructed by repeatedly applying Lemma 5 to each233

row, since the system A⊗ x = B ⊗ x consists of m equations of size 1× n. Several adjustments234

are needed:235

1. Identify rows where ai(x) ̸= bi(x).236

2. Swap rows where ai(x) < bi(x).237

3. Choose the smallest right-hand side to ensure the condition for N2 holds for all rows.238

Based on these adjustments, the procedure to determine the maximal solution for m×n matrices239

is described as follows.240

Let M = {1, . . . , m} and N = {1, . . . , n}. Given the system A⊗x = B⊗x with A, B ∈ Rm×n,241

we begin by initialize k = 0, u = (∞,∞, . . . ,∞)T , and x̄0 = u.242

Step 1. Set k = k + 1. If any equation in the system has not yet satisfied equality, swap the left243

and right sides so that244

ai(x̄k−1) ≥ bi(x̄k−1) (4)245

holds for every i ∈M .246

Step 2. Determine247

Mk = {r ∈M | ar(x̄k−1) ̸= br(x̄k−1)} (5)248

and249

Ik = {i ∈Mk | bi(x̄k−1) = min
r∈Mk

br(x̄k−1)}. (6)250

Then choose an index ik such that ik ∈ Ik.251

Step 3. Determine the maximal solution x̄k for row ik with x̄k−1 as the upper bound. The252

solution is given by Lemma 5:253

x̄k
j :=

{︄
bk if j ∈ Jk,

x̄k−1
j otherwise,

254
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for j = 1, 2, . . . , n, where255

bk = bik
(x̄k−1) =

n⨁︂
j=1

(bikj ⊗ x̄k−1
j ), (7)256

and257

Jk = {j ∈ N | aikj ⊗ x̄k−1
j > bk}. (8)258

Step 4. Check whether x̄k is a solution of A⊗ x = B⊗ x. If yes, x̄k is the maximal solution and259

the process stops. Otherwise, return to Step 1 and repeat until a maximal solution is obtained.260

The procedure above is formalized in Algorithm 1 below.261

Algorithm 1: Determination of the maximal solution of A⊗ x = B ⊗ x

Input : Matrices A, B ∈ Rm×n

Output : Maximal solution x̄ ∈ Rn

1 k ← 0
2 u← (∞,∞, . . . ,∞)T

3 x̄0 ← u
4 while True do
5 k ← k + 1
6 for i← 1 to m do
7 if ai(x̄k−1) < bi(x̄k−1) then
8 swap ai and bi for row i // Step 1: swap rows

9 Mk ← {r ∈M | ar(x̄k−1) ̸= br(x̄k−1)} // Step 2a: identify unsatisfied rows
10 if Mk = ∅ then
11 return x̄k−1 // solution found
12 Ik ← {i ∈Mk | bi(x̄k−1) = minr∈Mk

br(x̄k−1)} // Step 2b: select row with
min RHS

13 choose ik ∈ Ik

14 bk ← bik
(x̄k−1) = ⨁︁n

j=1(bikj ⊗ x̄k−1
j ) // Step 3a: compute bk

15 Jk ← {j ∈ N | aikj ⊗ x̄k−1
j > bk} // Step 3b: compute Jk

16 for j ← 1 to n do
17 if j ∈ Jk then
18 x̄k

j ← bk // Step 3c: update solution vector
19 else
20 x̄k

j ← x̄k−1
j

21 if x̄k is a solution of A⊗ x = B ⊗ x then
22 return x̄k // Step 4: check solution

23 return x̄k

To prove the validity of Algorithm 1, we first present Lemma 7 through Lemma 10, which will262

be used to prove Lemma 11 and Lemma 12. These lemmas establish that Algorithm 1 produces263

a solution and that this solution is maximal. Finally, Lemma 11 and Lemma 12 are used to264

prove Theorem 1, which states that Algorithm 1 yields a maximal solution.265

Lemma 7 discusses the interval solution at each cycle.266

Lemma 7. Let x̄k be the solution for row ik in Step 3 of cycle k. Then x̄k can be replaced by267

any value in the interval x̂k defined by268

x̂k
j :=

{︄
[bk, bk], j ∈ Jk,

[bk, x̄k−1
j ], otherwise,

269
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for j = 1, 2, . . . , n, and we have270

aik
(x̂k) = bik

(x̂k).271

Proof. Given that x̄k is the maximal solution obtained in Step 3. From Steps 1 and 2, we have272

aik
(x̄k−1) > bik

(x̄k−1). By Lemma 6, setting a = aik
(x̄k−1), b = bik

(x̄k−1) = bk, and N2 = Jk, we273

obtain that274

x̂k
j :=

{︄
[bk, bk], j ∈ Jk,

[bk, x̄k−1
j ], otherwise,

275

for j = 1, . . . , n is a solution of276

(︂
aik1 aik2 · · · aikn

)︂
⊗

⎛⎜⎜⎜⎜⎝
x1
x2
...

xn

⎞⎟⎟⎟⎟⎠ =
(︂
bik1 bik2 · · · bikn

)︂
⊗

⎛⎜⎜⎜⎜⎝
x1
x2
...

xn

⎞⎟⎟⎟⎟⎠ .277

Thus, aik
(x̂k) = bik

(x̂k).278

Lemma 8 shows that as the cycle increases, the solution vector becomes smaller or remains279

stable.280

Lemma 8. Let x̄k be defined as in Step 3 of cycle k, and let x̄k−1 be from cycle (k − 1). Then281

x̄k ≤ x̄k−1.282

Proof. Recall that283

x̄k
j :=

{︄
bk if j ∈ Jk,

x̄k−1
j otherwise.

284

For j ∈ Jk, we have x̄k
j = bk < aikj ⊗ x̄k−1

j ≤ x̄k−1
j , hence x̄k

j < x̄k−1
j . For j /∈ Jk, we have285

x̄k
j = x̄k−1

j . Therefore x̄k
j ≤ x̄k−1

j for all j, so x̄k ≤ x̄k−1.286

Lemma 9 proves that as the cycle increases, the minimum value on the right-hand side287

remains stable or increases. Let S1 be the set of rows that have not yet satisfied the equation in288

cycle k, and S2 the set of rows that have already satisfied it:289

S1 = {s ∈M \ Ik | bs(x̄k−1) > bk}, S2 = {s ∈M \ Ik | bs(x̄k−1) ≤ bk}.290

These sets will be used in the proofs of Lemma 9 and Lemma 11.291

Lemma 9. Let bk be defined as in Step 3 of cycle k with upper bound x̄k−1, and let bk+1 be292

defined in cycle k + 1 with upper bound x̄k. Then293

bk+1 ≥ bk.294

Proof. By definition, bk = minr∈Mk
br(x̄k−1) and ar(x̄k−1) > br(x̄k−1). From Step 3, x̄k

j = bk for295

j ∈ Jk and x̄k
j = x̄k−1

j otherwise, with bk ≤ x̄k−1
j . Hence, bk ≤ x̄k

j for all j. For any s ∈ S1, we296

have bs(x̄k−1) > bk. Thus there exists j∗ such that bsj∗ ⊗ x̄k−1
j∗ > bk, implying bsj∗ > bk. Since297

x̄k
j ≥ bk, we obtain min(bsj∗ , x̄k

j∗) ≥ min(bsj∗ , bk) = bk. Therefore bs(x̄k) ≥ bk for every s ∈ S1.298

Now bk+1 = mins∈S1 bs(x̄k) ≥ bk, completing the proof.299

Using Lemma 8 and Lemma 9, we now show in Lemma 10 that once a variable is decreased,300

its value does not change in subsequent cycles.301

Lemma 10. For j ∈ Jk, once x̄k
j is determined in iteration k, its value remains unchanged for302

all cycles l with l > k and l ≤ K.303
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Proof. Since j ∈ Jk, we have x̄k
j = bk. Take any l > k and suppose, for contradiction, that x̄l

j ̸= x̄k
j .304

Then by Step 3, j ∈ Jl and x̄l
j = bl. By Lemma 9, bl ≥ bk. If bl > bk, then x̄l

j = bl > bk = x̄k
j ,305

contradicting Lemma 8 which states x̄l
j ≤ x̄k

j . If bl = bk, then x̄l
j = bl = bk = x̄k

j , contradicting306

the assumption x̄l
j ̸= x̄k

j . Hence x̄l
j = x̄k

j .307

Lemma 11 states that any row that has already satisfied the equation remains satisfied in308

subsequent cycles.309

Lemma 11. Let x̄k be defined as in Step 3. Then for every s ∈ S2,310

as(x̄k) = bs(x̄k).311

Proof. For any s ∈ S2, we know as(x̄k−1) = bs(x̄k−1). By Lemma 7, replacing x̄k−1 with any312

value in the interval vector x̂k−1 preserves the solution. From Lemma 9 and Lemma 8, we have313

bk−1 ≤ bk ≤ x̄k−1
j and x̄k−1

j ≤ x̄k−2
j for all j ∈ N . Thus bk, x̄k−1

j ∈ [bk−1, x̄k−2
j ]. Now we show314

x̄k ∈ x̂k−1. If j ∈ Jk−1, then by Lemma 10 we obtain x̄k
j = x̄k−1

j = bk−1. If j /∈ Jk−1 and j ∈ Jk,315

then x̄k
j = bk ∈ [bk−1, x̄k−2

j ]. If j /∈ Jk−1 and j /∈ Jk, then x̄k
j = x̄k−1

j ∈ [bk−1, x̄k−2
j ]. Hence316

x̄k ∈ x̂k−1, so x̄k is a solution for every row s ∈ S2.317

Lemma 12 proves that no solution of A⊗ x = B ⊗ x is greater than x̄k for any cycle k.318

Lemma 12. Maximal solution of A⊗ x = B ⊗ x does not exceed x̄k from Step 3 for any cycle k.319

Proof. Let x̃ be any solution. We prove x̃ ̸> x̄k by induction. For k = 1, by Lemma 5, x̄1 is the320

maximal solution for row i1 with upper bound x̄0. Since x̃ is also a solution, we must have x̃ ̸> x̄1.321

Assume the statement holds for cycle k − 1. Suppose x̃ > x̄k, then there exists j ∈ N such that322

x̃j > x̄k
j . If j /∈ Jk, then x̄k

j = x̄k−1
j , so x̃j > x̄k−1

j , contradicting the induction hypothesis. If323

j ∈ Jk, then x̄k
j = bik

(x̄k−1), so x̃j > bik
(x̄k−1). By definition of Jk, aikj ⊗ x̄k−1

j > bik
(x̄k−1),324

which implies aikj > bik
(x̄k−1). Consequently,325

aik
(x̃) =

n⨁︂
j=1

aikj ⊗ x̃j > bik
(x̄k−1).326

Since x̃ is a solution, bik
(x̃) = aik

(x̃) > bik
(x̄k−1), so327

n⨁︂
j=1

bikj ⊗ x̃j >
n⨁︂

j=1
bikj ⊗ x̄k−1

j .328

Thus there exists l ∈ N such that bikl ⊗ x̃l > bikl ⊗ x̄k−1
l , implying x̃l > x̄k−1

l . This again329

contradicts the induction hypothesis. Hence x̃ ̸> x̄k, completing the induction.330

Algorithm 1 produces a maximal solution for the linear system A⊗ x = B ⊗ x, as proved in331

Theorem 1.332

Theorem 1. The maximal solution x̄ of the system A⊗ x = B ⊗ x with A, B ∈ Rm×n is given333

by Algorithm 1, with x̄ = x̄K .334

Proof. By Lemma 11, x̄K is a solution of A ⊗ x = B ⊗ x. By Lemma 12, for any solution x̃,335

we have x̃ ̸> x̄k for every cycle k. In particular, for cycle K, x̃ ̸> x̄K . Hence x̄K is a maximal336

solution of A⊗ x = B ⊗ x.337

In one cycle, Algorithm 1 computes x̄k as a solution of A⊗ x = B ⊗ x. Since there are m338

rows and each row involves operations on n columns, the number of operations per cycle is m×n.339

Thus, each cycle has complexity O(mn). Lemma 10 shows that the number of cycles is K with340
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K ≤ m, meaning the maximum number of cycles required is m. Therefore, the total complexity341

is m×O(mn) = O(m2n).342

For the m× n case, the same result as Lemma 3 holds. That is, if x̄ is the maximal solution343

without constraints, then x̄ is the maximal solution with lower bound l if l ≤ x̄ and it has no344

solution if l ̸≤ x̄. The proof is analogous to the 1× n case.345

From Subsections 3.1 and 3.2, the system A⊗x = B⊗x always has a solution when there are346

no constraints or when an upper bound x ≤ u is given. For 1× n without constraints, Lemma347

2 explicitly constructs a solution. For 1× n with an upper bound, Lemma 5 provides a direct348

formula. For m× n, Algorithm 1 converges by Lemma 10 and produces a solution (Theorem 1).349

For a lower bound l ≤ x, the existence of the maximal solution depends on l (Lemma 3). The350

uniqueness of the maximal solution is given in Theorem 2.351

Theorem 2. The maximal solution of A⊗ x = B ⊗ x produced by Algorithm 1 is unique.352

Proof. Let x̄, ȳ be two maximal solutions. Define z̄ = max(x̄, ȳ). Using distributivity,353

A⊗ z̄ = (A⊗ x̄)⊕ (A⊗ ȳ) = (B ⊗ x̄)⊕ (B ⊗ ȳ) = B ⊗ z̄,354

so z̄ is a solution. Since x̄ ≤ z̄ and x̄ is maximal, x̄ = z̄. Similarly, ȳ = z̄. Hence, x̄ = ȳ.355

3.3. Application to Logistics Distribution Network Using Python356

This section presents an application of maximal solutions of two-sided linear systems in max-min357

algebra to the planning of logistics distribution infrastructure.358

Consider a transportation system connecting three industrial areas (A, B, and C) as the359

origin locations of goods to one main distribution center (T ). To reach the distribution center T ,360

each transport vehicle must pass through one of three transit points or toll gates (X, Y , and Z).361

The roads connecting the industrial areas to the toll gates are existing networks, while the roads362

connecting the toll gates to the distribution center are special access roads whose capacities are363

to be determined. The capacities of the existing roads, for both outward and return flows, may364

have different values. The distribution network scheme is shown in the following figure.365

Fig. 1: Schematic diagram of the logistics distribution network

The road capacities (in passenger car units per hour, smp/hour) for each segment are given366

in Table 1 below.367
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Table 1: Forward and return road capacity

Forward road capacity Return road capacity
Symbol Route Capacity (smp/hour) Symbol Route Capacity (smp/hour)

a11 A→ X 1500 b11 X → A 1000
a12 A→ Y 800 b12 Y → A 900
a13 A→ Z 1200 b13 Z → A 1300
a21 B → X 900 b21 X → B 800
a22 B → Y 1600 b22 Y → B 1100
a23 B → Z 1100 b23 Z → B 1200
a31 C → X 1300 b31 X → C 1400
a32 C → Y 700 b32 Y → C 1000
a33 C → Z 1700 b33 Z → C 1500

We aim to determine the maximal capacity of the special access roads from each toll gate368

to the distribution center, namely x = (x1, x2, x3), where x1, x2, x3 respectively denote the369

two-way road capacities from X, Y, Z to T in smp/hour. The purpose of determining these370

capacities is to ensure that the incoming and outgoing vehicle flows remain balanced. With such371

balance achieved, logistics circulation at the distribution center will run smoothly and the risk of372

congestion or truck accumulation in the distribution center area can be avoided. Based on Table373

1, the maximal road capacities for each area toward the distribution center are as follows.374

1. Area A375

(a) Forward capacity = max(min(a11, x1), min(a12, x2), min(a13, x3))376

(b) Return capacity = max(min(b11, x1), min(b12, x2), min(b13, x3))377

2. Area B378

(a) Forward capacity = max(min(a21, x1), min(a22, x2), min(a23, x3))379

(b) Return capacity = max(min(b21, x1), min(b22, x2), min(b23, x3))380

3. Area C381

(a) Forward capacity = max(min(a31, x1), min(a32, x2), min(a33, x3))382

(b) Return capacity = max(min(b31, x1), min(b32, x2), min(b33, x3))383

To avoid vehicle congestion at the distribution center T , the forward and return capacities384

must be balanced for each area. Thus, we obtain the following two-sided linear system:385

max(min(a11, x1), min(a12, x2), min(a13, x3)) = max(min(b11, x1), min(b12, x2), min(b13, x3))386

max(min(a21, x1), min(a22, x2), min(a23, x3)) = max(min(b21, x1), min(b22, x2), min(b23, x3))387

max(min(a31, x1), min(a32, x2), min(a33, x3)) = max(min(b31, x1), min(b32, x2), min(b33, x3))388

or equivalently, A⊗ x = B ⊗ x with389

A =

⎛⎜⎝a11 a12 a13
a21 a22 a23
a31 a32 a33

⎞⎟⎠ , B =

⎛⎜⎝b11 b12 b13
b21 b22 b23
b31 b32 b33

⎞⎟⎠ , and x =

⎛⎜⎝x1
x2
x3

⎞⎟⎠ .390

Applying Algorithm 1 to the system above, we obtain the maximal solution391

x = (1300, 1200, 1500)T .392

This means that the special access roads from toll gates X, Y , and Z to the distribution393

center T should be built with capacities of 1300 smp/hour, 1200 smp/hour, and 1500 smp/hour,394

respectively. With these capacities, the forward and return flows for each industrial area are395

balanced. Consequently, no congestion or truck accumulation occurs at the distribution center,396

and the logistics system operates efficiently.397
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4. Conclusion398

This paper provides a Python implementation of the algorithm for determining the maximal399

solution of two-sided linear systems in max-min algebra, along with a numerical application400

to a logistics distribution network. The theoretical results show that for the 1 × n case, the401

maximal solution can be explicitly constructed under three scenarios: without constraints, with402

a given upper bound, and with a given lower bound. These results are then generalized to403

the m × n case, where the algorithm terminates after at most m iterations and produces a404

unique maximal solution with complexity O(m2n). The implementation makes the algorithm405

accessible to practitioners, and the logistics example demonstrates how the model can be used to406

determine road capacities. While the example uses simulated data, the approach is applicable to407

capacity planning problems in logistics and transportation. Future work may include applying the408

algorithm to real-world data or extending the implementation to other programming languages.409
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476
1 import numpy as np477

2478

3 # Function to print a separator line479

4 def print_separator(title=""):480

5 print(f"\n{'='*50}")481

6 if title:482

7 print(f"{title}")483

8 print(f"{'='*50}")484
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9485

10 print("Enter␣the␣number␣of␣rows␣and␣columns")486

11 m = int(input("Number␣of␣rows␣␣␣␣:␣"))487

12 n = int(input("Number␣of␣columns␣:␣"))488

13489

14 print("Enter␣elements␣of␣matrix␣A")490

15 A = [[ float(input(f"a_{i+1},{j+1}=␣")) for j in range(n)] for i in range491

(m)]492

16 print("Enter␣elements␣of␣matrix␣B")493

17 B = [[ float(input(f"b_{i+1},{j+1}=␣")) for j in range(n)] for i in range494

(m)]495

18496

19 print(f"\nA␣=␣{np.array(A)}")497

20 print(f"B␣=␣{np.array(B)}")498

21499

22 k = 0500

23 x = [float('inf')] * n501

24502

25 print_separator("START␣ALGORITHM")503

26504

27 while k < m + 1:505

28 k += 1506

29507

30 # ========== Step 1 (swap sides) ==========508

31 for i in range(m):509

32 a_i = max(min(A[i][j], x[j]) for j in range(n))510

33 b_i = max(min(B[i][j], x[j]) for j in range(n))511

34 if a_i <= b_i:512

35 A[i], B[i] = B[i], A[i]513

36514

37 # ========== Step 2 (M_k and I_k) ==========515

38 rhs = []516

39 lhs = []517

40 M_k = []518

41 I_k = []519

42520

43 for i in range(m):521

44 a_i = max(min(A[i][j], x[j]) for j in range(n))522

45 b_i = max(min(B[i][j], x[j]) for j in range(n))523

46524

47 if a_i != b_i:525

48 M_k.append(i)526

49527

50 rhs.append(b_i)528

51 lhs.append(a_i)529

52530

53 # Display Step 1 & 2 results531

54 print_separator(f"ITERATION␣{k}")532

55 print(f"A␣=␣{np.array(A)}")533

56 print(f"B␣=␣{np.array(B)}")534

57 print(f"lhs␣(a_i)␣=␣{lhs}")535

58 print(f"rhs␣(b_i)␣=␣{rhs}")536

59 print(f"\nM_{k}␣=␣{[i+1␣for␣i␣in␣M_k]}")537

60538

61 # Check if M_k is empty (solution found)539

62 if not M_k:540

63 print(f"SOLUTION␣FOUND!")541

64 print(f"x␣=␣{np.array(x)}")542
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65 break543

66544

67 # Compute b_min and I_k545

68 b_min = min(rhs[i] for i in M_k)546

69 for i in M_k:547

70 if rhs[i] == b_min:548

71 I_k.append(i)549

72550

73 i_k = I_k [0]551

74 b_k = b_min552

75553

76 print(f"I_{k}␣=␣{[i+1␣for␣i␣in␣I_k]}")554

77 print(f"b_{k}␣=␣{b_k}")555

78 print(f"i_{k}␣=␣{i_k +1}")556

79557

80 # ========== Step 3 (J_k and update x) ===========558

81 J_k = []559

82 for j in range(n):560

83 if min(A[i_k][j], x[j]) > b_k:561

84 J_k.append(j)562

85563

86 # Update x564

87 for j in J_k:565

88 x[j] = b_k566

89567

90 print(f"J_{k}␣=␣{[j+1␣for␣j␣in␣J_k]}")568

91 print(f"x␣=␣{np.array(x)}")569

92570

93 # ========== Step 4 (Check solution) =============571

94 ai_new = []572

95 bi_new = []573

96 for i in range(m):574

97 a_i = max(min(A[i][j], x[j]) for j in range(n))575

98 b_i = max(min(B[i][j], x[j]) for j in range(n))576

99 ai_new.append(a_i)577

100 bi_new.append(b_i)578

101579

102 print(f"Solution␣check:␣ai␣=␣{ai_new},␣bi␣=␣{bi_new}")580

103581

104 if all(ai_new[i] == bi_new[i] for i in range(m)):582

105 print_separator("SOLUTION␣FOUND")583

106 print(f"x␣=␣{np.array(x)}")584

107 break585

108586

109 print_separator("END␣OF␣ALGORITHM")587588

Listing 1: Python implementation of Algorithm 1
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