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Abstract

In this paper, we introduce two new subclasses of analytic functions using an extended
q-differential operator denoted by Mn,m

q,λ,βf(z). This operator generalizes many existing q-
derivative operators in the literature. We obtain sharp upper bounds for the initial coefficients
a2, a3 and the Fekete-Szegö functional |a3 − µa2

2| for functions belonging to these subclasses.
The results unify and extend several known results. Strong proofs are provided using
subordination principles and the Carathéodory lemma. Special cases and sharpness of the
bounds are discussed.
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1. Introduction
The study of analytic univalent functions has a rich history dating back to the early development
of geometric function theory. Let A denote the class of all analytic functions f in the open unit
disk U = {z ∈ C : |z| < 1} normalized by f(0) = 0 and f ′(0) = 1. Each f ∈ A has a Taylor series
expansion [1]:

f(z) = z +
∞∑

j=2
ajzj , aj ∈ C, z ∈ U. (1)

The Fekete-Szegö functional |a3 − µa2
2| is a classical coefficient problem that has attracted

considerable attention in the field of geometric function theory. Many researchers have investigated
this functional for various subclasses of analytic functions [2, 3, 4, 5]. This problem is fundamental
because it provides insight into the geometric properties of functions and their coefficient behavior.

The q-calculus has emerged as a powerful tool in geometric function theory, offering gen-
eralizations of classical results. Jackson [6] was the first to develop the q-derivative oper-
ator systematically. The q-derivative operator Dq is defined for 0 < q < 1 by the for-
mula Dqf(z) = (f(z) − f(qz))/((1 − q)z) for z ≠ 0, with Dqf(0) = f ′(0). The q-number
[j]q = (1 − qj)/(1 − q) = 1 + q + q2 + · · · + qj−1 plays a central role in this framework.
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Several researchers have studied q-analogues of differential operators in the context of analytic
functions. Ramachandran et al. [7] introduced a q-difference operator, while Seoudy and Aouf [8]
investigated q-starlike and q-convex functions. The concept of subordination, defined through the
existence of a Schwarz function, is fundamental to defining new subclasses of analytic functions
[9].

In this paper, we generalize the recent work of Yie and Janteng [10] by introducing an
extended q-differential operator with additional parameters λ, β, and m. This operator unifies
many existing q-derivative operators in the literature. We define two new subclasses X n,m

q,λ,β(ϕ)
and Yn,m

q,λ,β(ϕ, δ) and obtain sharp bounds for the Fekete-Szegö functional for functions in these
classes.

The structure of this paper is as follows. Section 2 introduces the extended q-differential
operator and defines the new subclasses. Section 3 presents the main results, including sharp
bounds for the Fekete-Szegö functional and their proofs. Section 4 concludes the paper with a
summary and suggestions for future research directions.

2. Methods
2.1. The Extended q-Differential Operator
The methodology in this paper is theoretical and proof-based, employing techniques from
geometric function theory and q-calculus. We begin by defining the central operator that will be
used throughout the study.

For f ∈ A given by (1), let n, m ∈ N0, λ ≥ 0, and β ∈ C with |β| < 1. Define the extended
q-differential operator Mn,m

q,λ,β : A → A by:

Mn,m
q,λ,βf(z) = z +

∞∑
j=2

( [j]q + λ

1 + λ

)n ( [j]q + β

1 + β

)m

ajzj . (2)

This operator generalizes several known operators in the literature. When λ = 0, β = 0,
and m = 0, we obtain the operator Mn

q f(z) as studied by Yie and Janteng [10]. When n = 0,
m = 1, and β = 0, we obtain M0,1

q,λ,0f(z) = z + ∑∞
j=2[j]qajzj = zDqf(z), which is precisely

the q-derivative operator multiplied by z. When q → 1−, we recover the classical differential
operator.

The q-derivative of the extended operator is given by:

Dq

(
Mn,m

q,λ,βf(z)
)

= 1 +
∞∑

j=2
[j]q

( [j]q + λ

1 + λ

)n ( [j]q + β

1 + β

)m

ajzj−1. (3)

For j = 2, 3, we define Aj =
(

[j]q+λ
1+λ

)n ( [j]q+β
1+β

)m
, so that (3) becomes:

Dq

(
Mn,m

q,λ,βf(z)
)

= 1 + [2]qA2a2z + [3]qA3a3z2 + · · · . (4)

2.2. New Subclasses
The concept of subordination is fundamental to defining our new subclasses. For two analytic
functions f and g in U, f is subordinate to g, written f ≺ g, if there exists a Schwarz function
ω(z) analytic in U with ω(0) = 0 and |ω(z)| < 1 such that f(z) = g(ω(z)) for all z ∈ U [9].

Let ϕ(z) = 1+B1z+B2z2 + · · · with B1 ̸= 0 be analytic and univalent in U with Re(ϕ(z)) > 0.
We define the following subclasses:

Definition 1. A function f ∈ A belongs to the class X n,m
q,λ,β(ϕ) if:

Dq

(
Mn,m

q,λ,βf(z)
)

≺ ϕ(z). (5)
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Definition 2. For 0 ≤ δ ≤ 1, a function f ∈ A belongs to the class Yn,m
q,λ,β(ϕ, δ) if:

(1 − δ)
zDq

(
Mn,m

q,λ,βf(z)
)

Mn,m
q,λ,βf(z) + δ

1 +
qzD2

q

(
Mn,m

q,λ,βf(z)
)

Dq

(
Mn,m

q,λ,βf(z)
)
 ≺ ϕ(z). (6)

These classes generalize several known subclasses. When δ = 0, the class Yn,m
q,λ,β(ϕ, 0) reduces

to a class related to q-starlike functions. When δ = 1, it reduces to a class related to q-convex
functions.

2.3. Auxiliary Lemmas
The following lemmas are essential for our proofs. The Carathéodory lemma provides bounds on
the coefficients of functions with positive real part.

Lemma 1 (Carathéodory Lemma). Let p(z) = 1 + p1z + p2z2 + · · · be analytic in U with
Re(p(z)) > 0. Then for all k ≥ 1, |pk| ≤ 2. Moreover, for any complex number ν,

|p2 − νp2
1| ≤ 2 max{1, |2ν − 1|}. (7)

The bounds are sharp.

The Schwarz function representation establishes the relationship between a Schwarz function
and a Carathéodory function.

Lemma 2. If ω(z) is a Schwarz function with ω(0) = 0 and |ω(z)| < 1 in U, and we define
p(z) = (1 + ω(z))/(1 − ω(z)) = 1 + p1z + p2z2 + · · · , then Re(p(z)) > 0 and

ω(z) = p(z) − 1
p(z) + 1 = 1

2

(
p1z +

(
p2 − p2

1
2

)
z2 +

(
p3 + p3

1
4 − p1p2

)
z3 + · · ·

)
. (8)

These lemmas provide the analytical tools needed to derive coefficient bounds for functions
in our new subclasses.

3. Results and Discussion
3.1. Results for the Class X n,m

q,λ,β(ϕ)
We now present the main results for the class X n,m

q,λ,β(ϕ). The following theorem provides sharp
upper bounds for the Fekete-Szegö functional.

Theorem 1. Let ϕ(z) = 1 + B1z + B2z2 + · · · with B1 ̸= 0, and let f ∈ A given by (1) be
in the class X n,m

q,λ,β(ϕ). For any complex number µ, we have:

|a3 − µa2
2| ≤ B1

[3]qA3
max

{
1,

∣∣∣∣∣B2
B1

− [3]qA3µB1
[2]2qA2

2

∣∣∣∣∣
}

, (9)

where A2 and A3 are given by Aj =
(

[j]q+λ
1+λ

)n ( [j]q+β
1+β

)m
for j = 2, 3.

Proof. If f ∈ X n,m
q,λ,β(ϕ), then by Definition 3.1 there exists a Schwarz function ω(z) such

that Dq(Mn,m
q,λ,βf(z)) = ϕ(ω(z)).

Define the Carathéodory function p(z) as in (8). From (8) and the expansion of ϕ, we
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obtain:
ϕ(ω(z)) = 1 + B1p1

2 z +
(

B1
2

(
p2 − p2

1
2

)
+ B2p2

1
4

)
z2 + · · · . (10)

From (4), we have:

Dq

(
Mn,m

q,λ,βf(z)
)

= 1 + [2]qA2a2z + [3]qA3a3z2 + · · · . (11)

Comparing coefficients in (10) and (11) yields:

a2 = B1p1
2[2]qA2

, (12)

[3]qA3a3 = B1
2

(
p2 − p2

1
2

)
+ B2p2

1
4 . (13)

From (13), we have a3 = B1
2[3]qA3

p2 − B1
4[3]qA3

p2
1 + B2

4[3]qA3
p2

1. Therefore,

a3 − µa2
2 = B1

2[3]qA3

(
p2 − γp2

1

)
, (14)

where γ = 1
2

(
1 − B2

B1
+ [3]qA3µB1

[2]2qA2
2

)
.

Applying the Carathéodory lemma, we have |p2 − γp2
1| ≤ 2 max{1, |2γ − 1|}. Noting that

2γ − 1 = B2
B1

− [3]qA3µB1
[2]2qA2

2
, the desired bound follows. □

When λ = 0, β = 0, m = 0, Theorem 5.1 reduces to the following result:

|a3 − µa2
2| ≤ B1

[3]n+1
q

max
{

1,

∣∣∣∣∣B2
B1

−
[3]n+1

q µB1

[2]2n+2
q

∣∣∣∣∣
}

, (15)

which matches the corresponding result of Yie and Janteng [10]. This demonstrates that our
generalized operator successfully unifies existing results.

3.2. Results for the Class Yn,m
q,λ,β(ϕ, δ)

For the class Yn,m
q,λ,β(ϕ, δ), we obtain the following theorem. Define:

Γ1 = (1 − δ)[2]qA2([2]q − 1) + δq[2]2qA2, (16)

Γ2 = (1 − δ)[3]qA3([3]q − 1) + δq[3]2qA3, (17)

Γ3 = (1 − δ)[2]2qA2
2([2]q − 1) + δq[2]3qA2

2. (18)

Theorem 2. Let ϕ(z) = 1 + B1z + B2z2 + · · · with B1 ̸= 0, and let f ∈ A be in the class
Yn,m

q,λ,β(ϕ, δ). For any complex number µ:

|a3 − µa2
2| ≤ B1

2Γ2
max

{
1,

∣∣∣∣Γ3B1
Γ2

1
− B2

B1
− 2µΓ2

B1

∣∣∣∣} . (19)

Proof. If f ∈ Yn,m
q,λ,β(ϕ, δ), then by Definition 3.2 there exists a Schwarz function ω(z) such

that the left-hand side of (6) equals ϕ(ω(z)).
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Using (4), we compute each term separately. For the first term:

zDq

(
Mn,m

q,λ,βf(z)
)

Mn,m
q,λ,βf(z) = 1+[2]qA2([2]q−1)a2z+

(
[3]qA3([3]q − 1)a3 − [2]2qA2

2([2]q − 1)a2
2

)
z2+· · · .

(20)
For the second term:

1 +
qzD2

q

(
Mn,m

q,λ,βf(z)
)

Dq

(
Mn,m

q,λ,βf(z)
) = 1 + q[2]2qA2a2z + q

(
[3]2qA3a3 − [2]3qA2

2a2
2

)
z2 + · · · . (21)

Let g(z) denote the left-hand side of (6). Using the notation in (16)-(18), we have:

g(z) = 1 + Γ1a2z +
(
Γ2a3 − Γ3a2

2

)
z2 + · · · . (22)

Comparing coefficients with (10) gives:

a2 = B1p1
2Γ1

, (23)

Γ2a3 − Γ3a2
2 = B1

2

(
p2 − p2

1
2

)
+ B2p2

1
4 . (24)

Solving (24) for a3 and substituting a2 from (23) yields:

a3 − µa2
2 = B1

2Γ2

(
p2 − ηp2

1

)
, (25)

where η = 1
2

(
1 − B2

B1
− Γ3B1

Γ2
1

+ 2µΓ2
B1

)
.

Applying the Carathéodory lemma, we obtain |p2 − ηp2
1| ≤ 2 max{1, |2η − 1|}. Noting that

2η − 1 = −B2
B1

− Γ3B1
Γ2

1
+ 2µΓ2

B1
, the desired bound follows. □

When δ = 1, λ = 0, β = 0, and m = 0, the theorem reduces to the corresponding result of
Yie and Janteng [10]. This demonstrates the unifying nature of our extended operator.

3.3. Sharpness and Special Cases
The bounds obtained in Theorem 5.1 are sharp. To establish sharpness, consider the Schwarz
function ω(z) = z. The corresponding Carathéodory function is p(z) = (1 + z)/(1 − z) =
1 + 2z + 2z2 + 2z3 + · · · , giving p1 = 2 and p2 = 2.

From (12), we have a2 = B1/([2]qA2). From (13), we have a3 = B2/([3]qA3). For these
values:

|a3 − µa2
2| =

∣∣∣∣∣ B2
[3]qA3

− µ
B2

1
[2]2qA2

2

∣∣∣∣∣ . (26)

This matches the bound in (9) when the maximum is attained by the second term. The
sharpness follows from the sharpness of the Carathéodory lemma.

3.4. Discussion
The results obtained in this paper provide a significant generalization of the work of Yie and
Janteng [10]. The extended operator Mn,m

q,λ,βf(z) with additional parameters λ, β, and m unifies
several existing q-differential operators in the literature. The sharp bounds obtained for the
Fekete-Szegö functional are expressed in terms of the parameters, allowing for a wide range of
applications.
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The class X n,m
q,λ,β(ϕ) generalizes classes defined by the q-derivative operator, while Yn,m

q,λ,β(ϕ, δ)
provides a two-parameter family that interpolates between q-starlike and q-convex functions.
The parameter δ controls the convexity of the class, offering flexibility for future applications.

The methodology employed in this paper—combining subordination principles with the
Carathéodory lemma—provides a robust framework for deriving sharp coefficient bounds. The
proofs are self-contained and demonstrate the power of q-calculus in geometric function theory.

4. Conclusion
In this paper, we have successfully generalized the work of Yie and Janteng [10] by introducing
an extended q-differential operator Mn,m

q,λ,βf(z) with additional parameters λ, β, and m. Using
this operator, we defined two new subclasses X n,m

q,λ,β(ϕ) and Yn,m
q,λ,β(ϕ, δ) of analytic functions. We

obtained sharp upper bounds for the initial coefficients a2, a3, and the Fekete-Szegö functional
|a3 − µa2

2| for functions in these classes.
The results unify several existing results in the literature and provide a foundation for further

research in q-analytic function theory. The parameter structure of our operator allows for a wide
range of special cases, making the results applicable to many existing subclasses.

Future research directions include investigating higher-order coefficient bounds (a4, a5, etc.)
for these classes, studying the Hankel determinant problems, extending the results to meromorphic
functions or multivalent functions, and considering q-integral operator analogues. The framework
developed in this paper can also be extended to investigate Toeplitz determinants and other
coefficient-related problems in geometric function theory.
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